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Abstract. In this paper we study some properties of a totally x-paranormal operator
(defined below) on Hilbert space. In particular, we characterize a totally *-paranormal
operator. Also we show that Weyl’s theorem and the spectral mapping theorem hold for
totally *-paranormal operators through the local spectral theory. Finally, we show that
every totally *-paranormal operator satisfies an analogue of the single valued extension
property for VV2(D7 H) and some of totally *-paranormal operators have scalar extensions.
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1. INTRODUCTION AND PRELIMINARIES

Let H and K be complex Hilbert spaces and £ (H, K) denote the space of all
bounded linear operators from H to K. If H = K, we write .Z(H) instead of
Z(H,K). Recall that an operator T' € Z(H) is said to be hyponormal if TT* <
T*T, or equivalently, if | T*h|| < ||Th|| for every h € H. A larger class of operators
related to hyponormal operators is the following: T € Z(H) is called *-paranormal
if |T*Rh||? < || T?h||||k| for every h € H. Tt is known [2] that T is x-paranormal if and
only if T*2T2% — 2rTT* + 12 > 0 for each positive number r. This class of operators
was introduced and studied by S. M. Patel. In this paper we want to focus on a class
of x-paranormal operators which has the translation invariance property. The notion
of such operators is obviously inspired by the class of totally paranormal operators
in [16].

Definition 1.1. An operator T € Z(H) is said to be totally *-paranormal if
(T — N)*Rh||2 < ||[(T — N)2h]|||h|| for all h € H and all X € C.

The first author is supported by a grant (R14-2003-006-01000-0) from the Korea Research
Foundation.
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The class of totally x-paranormal operators forms a proper subclass of *-para-
normal operators (see Example 2.5). Since hyponormal operators are contained in
the class of totally #-paranormal operators (see Proposition 2.6) and the class of
hyponormal operators is now fairly well understood, we think that the study of the
class of totally *-paranormal operators has a bright future.

Recall that an operator T € .Z(H) is semi-Fredholm if its range ranT is closed
and either its null space ker T or H/ranT is finite dimensional. Also an operator
T € Z(H) is Fredholm if its range ranT is closed and both its null space ker T and
H/ranT is finite dimensional. The index of a semi-Fredholm operator T is defined
as

indexT = dim(ker T') — dim(H/ranT).

The semi-Fredholm spectrum osr(T) of T is the set {\ € C: (T — \) is not semi-
Fredholm} and g, (T) = C\ o5p(T).

An operator T € Z(H, K) is called Weyl if T is a Fredholm operator of index 0.
The Weyl spectrum w(T') of T is defined by

w(T)={re C: T — X\ is not Weyl}.

L. A. Coburn showed in [6] that Weyl’s theorem holds for hyponormal operators, i.e.,
that

o(T) — w(T) = mo0(T)

for each hyponormal operator T, where mo(T") denotes the set of isolated points of
o(T) that are eigenvalues of finite multiplicity.

The paper is organized as follows. In section one, we give some preliminary facts.
In section two, we study some properties of a totally x-paranormal operator on
Hilbert space. In particular, we characterize a totally *-paranormal operator. Also
we show that Weyl’s theorem and the spectral mapping theorem hold for totally
x-paranormal operators. Finally, we show that every totally s-paranormal operator
satisfies an analogue of the single valued extension property for W2(D, H) and some
of totally x-paranormal operators have scalar extensions.

2. TOTALLY #-PARANORMAL OPERATORS
In this section, we study some properties of totally *-paranormal operators. We

start with the following lemma which summarizes the basic properties of such oper-
ators.
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Lemma 2.1. If T is totally *-paranormal, then ker T C ker T*, ker T = ker T2,
r(T) = ||T||, and T| 4 is a totally x-paranormal operator, where r(T) denotes the
spectral radius of T and .# is any invariant subspace for T

The following theorem gives a characterization of a totally *-paranormal operator.

Theorem 2.2. If T is totally x-paranormal, then
(1) IT*hI* + (T, h)| < 2| Th|>

for every h € H.

Proof. Since T is totally *-paranormal, 7' — X is *-paranormal for every A € C.
Therefore,
(T* = N(T = N2 —=20(T =\ (T* =N +7r* >0

for each positive number r.

Set A = e’ for every 0 < § < 2n and ¢ > 0. Then for each positive o
(T* — e *)*(T — 0e'*)? — 20°(T — 0e')(T* — 0e™ %) + o* > 0.
Letting ¢ — oo, we have
20T 4 eT0T2 L 4T T - 2TT* > 0

for every 0 < 0 < 2n. If h € H, then

4| Th||? = 2||T*h|* = (e720T2%h, h) — (e=120T2h, h) = 2| T*h||* — 2Re (e 72°T2h, h).
Therefore, by the arbitrariness of 6,

2T > |T*R|12 + [(T2h, )

for every h € H. O

From Theorem 2.2 we can show that the class of totally #-paranormal operators
forms a proper subclass of the class of x-paranormal operators.

Corollary 2.3. Let T be a weighted shift with weights {a,, }52. If 2|ag|* <
|oag—1|? for some positive integer k, then T is not totally x-paranormal.

Proof. Let {e,}52, be an orthonormal basis of a Hilbert space H. Then
Te, = apeny1 and T¥e, = @,_1€,_1. Since 2|ax|? < |ag_1|? for some positive
integer k, we have

IT*exll* + 1{T%ex, ex)| > 2[|Tex*.

Therefore by Theorem 2.2 T is not totally *-paranormal. (]
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Corollary 2.4. Let T be a weighted shift with weights {a,}5° . If 2Jag|? <
|oag—1|? for some positive integer k and |y, 1| < |ay||ant1| for each positive integer
n, then T is not totally x-paranormal, but is x-paranormal.

Proof. Let {e,}>2, be an orthonormal basis of a Hilbert space H. Then Te,, =
anént1 and T%e, = @p_1e,—1. By Corollary 2.3, T is not totally x-paranormal.
Therefore it suffices to prove that T is x-paranormal. Now

T is *-paranormal < T**T? — 2rTT* + 12 > 0

& |oznozn+1|2 — 27’|0¢n,1|2 +r2>0

for each r > 0 and each positive integer n. Therefore, |a,,—1]|? < |ay||an,1] for each
positive integer n. Thus T is *-paranormal. O

Next we give an example of Corollary 2.4.

Example 2.5. Let {e,}52, be an orthonormal basis of a Hilbert space H, and
let T be a weighted shift defined as Tey = %el, Te, = %62, and Te; = e;4q for
1, and a; = 1 for i > 2. Therefore 2|a;|? < |ao|* and
|atn—1]? < |an||ant1] for each positive integer n. By Corollary 2.4, T is not totally

i > 2. Thena():%,oq:

x-paranormal, but is x-paranormal.

The following proposition shows that hyponormal operators are contained in the
class of totally *-paranormal operators.

Proposition 2.6. Every hyponormal operator is totally x-paranormal.

Proof. LetT € #(H) be hyponormal. Since the class of hyponormal operators
has the translation invariance property, we have

(T = )"l < (T = M)Al

for all h € H and all A € C. Therefore

(T = X)*Rl[* = (T = \)(T = \)*h, )
< (T = N)*(T — \)h, h)
< (T =T = MAlll|A]
<™ = N)2Rll]A]

O

We remark here that there exists an M-hyponormal operator which is not totally

*-paranormal.
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Example 2.7. Let {e,}2, be an orthonormal basis of a Hilbert space H, and
let T be a weighted shift defined as T'ey = ey, Te; = 2e2, and Te; = e; 41 for i > 2.
Then T is an M-hyponormal operator (see [22]). But since 2|as|? < |a1]?, T is not
totally x-paranormal from Corollary 2.3.

We say that an operator T has finite ascent if for every A € C there is an n € N
such that ker(T — \)" = ker(T — \)"*! for every A € C. Recall that an operator
T € Z(H) is said to satisfy the single valued extension property if for any open
subset U in C, the function

T—X: 0(U,H) — OU,H)

defined by the usual pointwise multiplication is one-to-one, where &'(U, H) denotes
the Frechet space of H-valued analytic functions in U with respect to uniform topol-

ogy.

Proposition 2.8. Every totally x-paranormal operator has the single valued
extension property.

Proof. By Lemma 2.1, T — X has finite ascent for each A. Hence T has the
single valued extension property by [16]. O

Recall that an operator X € Z(H, K) is called a quasiaffinity if it has trivial kernel
and dense range. An operator S € .Z(H) is said to be a quasiaffine transform of an
operator T' € .Z(K) if there is a quasiaffinity X € Z(H, K) such that XS =TX.

Corollary 2.9 ([16, Proposition 1.8]). Let T be any totally x-paranormal oper-
ator. If S is any quasiaffine transform of T', then S has the single valued extension

property.

Proof. Since ker(S — \) C ker(S — \)?, it suffices to show that ker(S — \)? C
ker(S—\). If z € ker(S — \)?, then (S —\)?z = 0. Let X be a quasiaffinity such that
XS =TX. Then X(S —\)2x = 0. Hence (T — \)?Xx = 0. Thus Xz € ker(T — \)%
Since ker(T — \) = ker(T — \)? by the proof of Proposition 2.8, Xz € ker(T — \).
Therefore, X (S — Az = (T — A\)Xa = 0. Since X is one-to-one, (S — X\)x = 0. Thus
x € ker(S — \). O

Corollary 2.10. Let T be any totally x-paranormal operator. If f: G — C
is analytic function nonconstant on every component of G where G is open and
G D o(T), then f(T) has the single valued extension property.

Proof. The proof follows from Proposition 2.8 and [7, Theorem 1.5]. O

1269



If T has the single valued extension property, then for any = € H there exists a
unique maximal open set o7 (z)(D o(T')) and a unique H-valued analytic function f
defined in or(x) such that (T'— X)f(A) = z, A € or(x). Moreover, if F is a closed
set in C and or(xz) = C\ or(z), then

Hp(F)={x€ H: op(z) C F}
is a linear subspace (not necessarily closed) of H (see [7]).

Corollary 2.11. IfT is totally x-paranormal, then

Hr({\}) = {z € H: lim (T~ \)"e]"/" = 0}.

Proof. Since T has the single valued extension property by Proposition 2.8,
the proof follows from [16]. O

Corollary 2.12. Let S and T be totally *-paranormal operators in .£(H). If
AS = TA, then for any closed set F' C C,

AHg(F) C Hp(F).

Proof. Since S and T have the single valued extension property by Proposi-
tion 2.8, if © € Hg(F), then og(x) C F. Hence F°¢ C pg(x). So there exists an
analytic H-valued function f defined on F'¢ such that

(S=NfA) =z, AeF-
Since AS =TA,

(T — NAF(N) = A(S — N f(\) = Az, A€ Fe.

Since Af: F°¢ — H is analytic, F° C pr(Azx), i.e., or(Ax) C F. Hence Az € Hr(F),
ie., AHg(F) C Hp(F). O

We consider Weyl’s theorem for totally *-paranormal operators through the local
spectral theory.
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Lemma 2.13. If T is totally x-paranormal, then it is isoloid (i.e., isoc(T) C
op(T))-
Proof. Since T has the translation invariance property, it suffices to show that

if 0 € isoo(T) then 0 € 0,(T). Choose ¢ > 0 sufficiently small that 0 is the only
point of o(T") contained in or on the circle |\| = p. Define

E = / (M —T)~ 1 d
[A=e

Then F is the Riesz idempotent corresponding to 0. So .# = EH is an invariant sub-
space for T, .# # {0}, and o(T|.») = {0}. Since T'| 4 is also totally *-paranormal,
T|.# = 0. Therefore, T' is not one-to-one. Thus 0 € o,(T). O

Theorem 2.14. Weyl’s theorem holds for any totally x-paranormal operator.

Proof. If T is totally x-paranormal, then it has the single valued extension
property from Proposition 2.8. By [9, Theorem 2], it suffices to show that Hr({\})
is finite dimensional for A € moo(T). If A € mpo(T'), then A € isoo(T) and 0 <
dimker(T" — X\) < oo. Since ker(T' — A) is a reducing subspace for T — A, write
T—X=0&®(Ty — A\), where 0 denotes the zero operator on ker(T'— \) and 77 — A =
(T = Ml(ker(r—x))+ is injective. Therefore,

o(T —\) = {0} Ua(Ty — A).

If Ty — X is not invertible, 0 € (T3 — A). Since o(T — A) = {0} Uo(Th — ),
o(T — X)) = o(Ty — A). Since A € mpo(T), A € isoo(Ty). Since T is totally *-
paranormal, it is easy to show that T is totally *-paranormal. Since T3 is isoloid by
Lemma 2.13, A € 0p(T1). Therefore, ker(Th — A) # {0}. So we have a contradiction.
Thus T} — X is invertible. Therefore, (T — \)((ker(T — \))*) = (ker(T — \))*. Thus
(ker(T — A\))* C ran(T — \). Since ker(T — \) C ker(T — \)* = (ran(T — \))*,

ran(T — \) C (ker(T — )\))J‘ Cran(T — ).

Therefore, ran(T — ) = (ker(T'— \))*. Thus ran(T — ) is closed. Since dim ker(7T —
A) < 00, T — X is semi-Fredholm. By [17, Lemma 1], Hy({\}) is finite dimensional.
O

Next we show that the spectral mapping theorem holds for totally s-paranormal
operators. Furthermore, Weyl’s theorem holds for f(T'), where T is a totally *-
paranormal operator and f is analytic in a neighborhood of o(T).
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Theorem 2.15. If T is a totally x-paranormal operator and f is analytic on a
neighborhood of o(T), then

Proof. Suppose that p is any polynomial. Let p(A) —p =a(A—=X1)...(A=Ay,).
Then we have
p(T)—pl =a(T —MI)... (T — N\ I).

Since T is totally x-paranormal, T'— A;I are commuting totally *-paranormal oper-
ators for each i = 1,2,...,n. It follows that

AEwp(T)) < p(T) — pl  is Weyl
S a(T —MI).. (T —M\I) is Weyl
< T — NI is Weyl foreach i =1,2,...,n
<N ¢w(T) foreachi=1,2,...,n
& p ¢ p(w(T)).

Thus
(2) w(p(T)) = p(w(T)).

Next suppose r is any rational function with poles off o(T"). Write r = g, where
p and ¢ are polynomials and ¢ has no zeros in o(7T"). Then

r(T) = AL = (p— Aa)(T)(a(T)) .
By the proof of (2),
(p — Aq)(T) is Weyl < p — A\q has no zeros in w(T).
Thus we have

A¢w(r(T)) < (p—Ag)T) is Weyl
< p—A¢ has no zeros in o(T)
& (p—Ag)(x)q(x) " #0 for any z € o(T)
&g r(w(T),

ie.w(r(T)) = r(w(T)) for any rational function r with poles off o(T"). If f is analytic
on a neighborhood of o(T'), then by Runge’s theorem, there is a sequence {r,} of
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rational functions with poles off ¢(T"). Note that the mapping T — w(T) is upper
semi-continuous at T' by [18, Theorem 1]. Since each 7, (T") commutes with f(T), it
follows from [18] that

fw(T) = lim 7y (w(T)) = lim w(ry(T)) = w(f(T)).

n—oo n—oo

Thus f(w(T)) = w(f(T)). 0

Corollary 2.16. IfT is totally x-paranormal, then Weyl’s theorem holds for f(T')
where f is analytic on o(T).

Proof. Since T is totally *-paranormal, it is isoloid by Lemma 2.13. Also
Weyl’s theorem holds for 7" by Theorem 2.14. If f is analytic in a neighborhood of
o(T), it follows from [18] and [19], or [10] that

fw(T)) = f(o(T) = m00(T)) = o(f(T)) — moo(f(T))-

Since f(w(T)) = w(f(T)) by Theorem 2.15,

w(f(T)) = o(f(T)) = moo(f(T))-
Therefore, f(T) satisfies Weyl’s theorem. O

C.Kitai showed (in [14]) that hyponormal operators are not hypercyclic. We
generalize Kitai’s theorem to the class of totally *-paranormal operators. Recall
that if T € Z(H) and « € H, then {T"x}5°, is called the orbit of  under T', and
is denoted by orb(T,x). If orb(T,x) is dense in H, then T is called a hypercyclic
operator. Recall that an operator 7' is said to be semi-Fredholm if ran T is closed and
either ker T or H/ranT is finite dimensional. The semi-Fredholm spectrum o3¢ (7T)
of T is the set {A € C: T — A is not semi-Fredholm}. At this point we cannot prove
that every totally x-paranormal operator is not hypercyclic.

Proposition 2.17. If T is a totally x-paranormal operator with o(T) # osp(T),
then it is not hypercyclic.

Proof. If T is hypercyclic, 0,(T*) = 0 by [14, Corollary 2.4]. By Lemma 2.1,
op(T) = 0. So we have a contradiction. O

Corollary 2.18. If T is an invertible totally x-paranormal operator with o(T) #
osr(T), then T and T—! have a common nontrivial invariant closed set.

Proof. Since T is not hypercyclic from Theorem 2.17, the proof follows from
[14, Theorem 2.15]. O
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Theorem 2.19. Let T be a totally -paranormal operator in £ (H). If T* is
hypercyclic, then o(T|_4) N (C\ D) # 0 for every hyperinvariant subspace .# # (0)
of T where D is the unit disk.

Proof. Suppose that T* is hypercyclic. Let S = T'|_ 4 for every hyperinvariant
subspace .# # (0) of T. If x is a hypercyclic vector for T*, then P 4z is hypercyclic
for S* = P 4T*| 4. Since S is a totally x-paranormal operator, it is easy to show that
S is normaloid, i.e., #(S) = ||.S]| = ||.9*|| where r(S) denotes the spectral radius of S.
Since S* is hypercyclic, ||S*|| > 1. Hence 7(S) > 1. Thus o(T|.)N(C\ D) #0. O

Recall that the joint point spectrum of 7' is defined by 0;,(T) = {A € C: there
exists a non-zero vector f such that Tf = Af and T*f = Af }. Also the joint
approximate point spectrum of T is defined by ¢4, (T) = {A € C: there exists a
sequence { f,,} of unit vectors such that TL]LH;Q (T =N fnll = nlingo (T = X)*fnl = 0}.

Lemma 2.20. If T is totally *-paranormal, then ¢ ., (T") = 04,(T). In particular,
ojp(T) = op(T).

Proof. It is clear that 0jqp(T) C 0ap(T). Let A € 0ap(T"). Then there exists a
sequence {h,} of unit vectors such that

Tim (7 = A)h | = 0.
Since ||(T — A)*hn||? < (T — A)?hy||, we get

Tim (T = X)*ha| = 0.
Therefore, X € 04, (T). O

Proposition 2.21. If T is totally *-paranormal, then

o(T) = oap(T*)".

Proof. It is known that for any T € Z(H)
o(T) = oap(T)Uo(T*)"

by [12, Problem 73]. It follows from Lemma 2.20 that 04,(T") = 0jap(T"). From the
definition of joint approximate point spectrum, it is clear that for any T € Z(H)
Tjap(T) = 0jap(T™)" C 0ap(T™)".
Therefore,
Tap(T') = 0jap(T) C 0ap(T™)".
Since 0(T') = oqp(T)Uo(T*)*, 0(T) C 04p(T). On the other hand, o(T") = 04, (T) U
o(T*)* D o(T*)*. So we conclude that o(T) = 04, (T™)*. O
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Halmos showed in [12] that a partial isometry is subnormal if and only if it is the
direct sum of an isometry and zero. We generalize this theorem to the case of a
totally *-paranormal operator.

Proposition 2.22. A partial isometry T is quasinormal (i.e., (T*T)T = T(T*T))
if and only if T is x-paranormal.

Proof. Assume 7T is a partial isometry and *-paranormal operator. Since ker T’
is a reducing subspace for 7', T = 0 & A where A = T'| (e, 1)+ is isometry. Hence
(T*T)T =T(T*T).

The converse implication is trivial. (|

The next result shows that every totally x-paranormal operator satisfies an ana-
logue of the single valued extension property for W2(D, H). First of all, let us define
a special Sobolev type space. Let D be a bounded open subset of C. W?2(D, H) with
respect to 0 will be the space of those functions f € L?(D, H) whose derivatives Jf,
02 f in the sense of distributions still belong to L?(D, H). Endowed with the norm

2
112 = D_I10°£15 s
i=0
W?2(D, H) becomes a Hilbert space contained continuously in L?(D, H).

Theorem 2.23. Let D be an arbitrary bounded disk in C. If T is totally *-
paranormal, then the operator

T—-X: W¥D,H) — W?(D,H)
is one-to-one.
Proof. Let f € W?(D,H) be such that (T — \)f =0, i.e., ||[(T — \)f||wz = 0.

Then for i = 1,2, we have

(T =)0 fll2.p = 0.
Hence for i = 1,2, we get

(T = X)?0" fll2,0/10" f|l2,0 = 0.

Since T is totally #-paranormal, for i = 1,2

(T = N0 flI3,p = 0.

By [20, Proposition 2.1], we obtain || (I—P) f||2,p = 0 where P denotes the orthogonal
projection of L?(D, H) onto the Bergman space A%(D,H). Hence (T — \)Pf =
(T — M\)f = 0. Since T has the single valued extension property by Proposition 2.8,
f=Pf=0. Hence T — X is one-to-one. 0
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Corollary 2.24. If an operator T is a nilpotent perturbation of a totally -
paranormal operator S, i.e., T'=S + N where S is totally *-paranormal, S and N
commute, and N™ = 0, then T — ) is one-to-one on W2(D, H).

Proof. If f € W2(D, H) is such that (T — \)f = 0, then

(3) (S=ANf=-N/f

Hence (S — A\)N9='f = —NJf for j = 1,2,...,m. We prove that N/ f = 0 for
j=0,1,...,m —1 by induction. Since N™ = 0,

(S—ANN™1f = _N™f=0.

Since S — ) is one-to-one from Theorem 2.23, N™~!f = 0. Assume it is true when
j =k, ie, N¥f=0. From (3), we get

(S —NNF-1f=_NFf=O0.

Since S — X is one-to-one from Theorem 2.23, N*~1f = 0. By induction, we have
f=0. Hence T — ) is one-to-one. O

Corollary 2.25. Let T € £ (H) be any totally x-paranormal operator. If S =
VTV* where V is an isometry, then S — X\: W2(D, H) — W?(D, H) is one-to-one.

Proof. If f € W?(D, H) is such that (S — \)f = 0, then
(T - \NV*3'f=0

for i = 0,1,2. From Theorem 2.23, we get V*0'f = 0 for i = 0,1,2. Hence
VTV*0'f = SO'f = 0 for i = 0,1,2. Thus \d*f = 0 for i = 0,1,2. By an ap-
plication of [20, Proposition 2.1] with 7' = (0), we have

(I = P)fll2.0 =0,

where P denotes the orthogonal projection of L?(D, H) onto the Bergman space
A%(D, H). Hence A\f = APf = 0. From [8, Corollary 10.7], there exists a constant
¢ > 0 such that

c[[Pfll2,p < [[APf|l2,0 = 0.

So f = Pf=0. Thus S — X is one-to-one. O
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An operator S € Z(H) is called scalar of order m if there exists a continuous
unital homomorphism of ®: CJ*(C) — Z(H) such that ®(z) = S, where as usual z
stands for the identity function on C and C§*(C) is the space of compactly supported
functions on C, continuously differentiable of order m, with the topology of uniform
convergence on compact subsets. An operator is called subscalar if it is, up to

similarity, the restriction of a scalar operator to an invariant subspace.

Problem 2.26. Is every totally x-paranormal operator subscalar?

Next proposition shows that every quasinilpotent totally #-paranormal operator
is subscalar.

Theorem 2.27. Let p(T) — A be x-paranormal for all A € C, where p is a
nonconstant polynomial. If o(T) = {0}, then T is subscalar.

Proof. Since p(T') — A be *-paranormal for all A € C, we may write
p(z) =czF(z—21)... (2 — zm)
where z; 0 fori=1,...,m, c € C, and k > 1. Since o(T) = {0}, by the spectral
mapping theorem o(p(T)) = p(c(T)) = {0}. Since p(T') — A be *-paranormal for all
AeCando(p(T)) = {0},
p(T) =cT*(T - 2z1)...(T — zn) = 0.

Since T — z; are invertible for i = 1,...,m, T* = 0. By [15], T is subscalar. |

Theorem 2.28. Let T € Z(H) be any totally x-paranormal operator. If T has
the property that sup || fn||2,p < oo whenever ||[(T — A) fn

2,p — 0 asn — oo, then

n
T is subscalar of order 2.

Proof. Consider an arbitrary bounded open disk D in C which contains o(7')
and the quotient space

H(D)=W?*D,H)/(T - \W?2(D, H)

endowed with the Hilbert space norm. The class of a vector f or an operator A on
H(D) will be denoted by f , respectively A. Let M be the operator of multiplica-
tion by z on W2(D, H). Then M is a scalar operator of order 2 and has a spectral
distribution ®. Let S = M. Since (T — A\)W2(D, H) is invariant under every oper-
ator My, f € CZ(C), we infer that S is a scalar operator of order 2 with spectral
distribution .
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Consider the natural map V: H — H(D) defined by Vh = fé/h, for h € H,
where 1 ® h denotes the constant function sending any z € D to h. Then VT = SV.
In particular ran V' is an invariant subspace for S. In order to complete the proof, it
suffices to show that V is one-to-one and has closed range.

Let h, € H and f,, € W2(D, H) be sequences such that

(4) Tlim (T = N)fo + 1.® hallw2 = 0.

It suffices to show that lim h, = 0. By the definition of the norm of Sobolev space
(4) implies

(5) Tim_ (|7 = N3 fullen =0

for ¢ = 1,2. Since T has the property that sup | fnll2,p < oo whenever ||(T —
n

A)fnll2,p — 0 as n — oo,
(6) i ([T = 23 full2,p 3 fulla.o =0
for i = 1,2. Since T is totally *-paranormal,
T (T = 2 fulp = 0
for i = 1,2. By [20, Proposition 2.1],
7) T [[(I = P)fullon =0

where P denotes the orthogonal projection of L?(D,H) onto the Bergman space
A%(D, H). Substituting (7) into (4), we obtain

Hm (T = A Pfn + 16 hy|

2,0 = 0.
Let T be a curve in D surrounding o(T"). Then for z € T
Jim P40 + (T =01 @ o)l =0
uniformly. Hence by Riesz-Dunford functional calculus,
=0.

lim
n—oo

1
— (AN dA + Ry,
/FPf() +

2mi

But since (2mi)~* [ Pf,(A)dX = 0 by Cauchy’s theorem, lim h, = 0. Thus V is

n—oo

one-to-one and has closed range. g
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Recall that if U is a nonempty open set in C and if €2 C U has the property that

sup [f(A)] = sup [f(A)
AeQ BeU

for all f bounded and analytic on U, then € is said to be dominating for U. If we
apply Theorem 2.28 and [11], we obtain the following.

Corollary 2.29. Let T € Z(H) be any totally x-paranormal operator. If T has

the properties that sup || fn|l2,p < oo whenever |[(T — A) fnll2,p — 0 as n — oo and

n
that o(T) N U is dominating for some nonempty open set U C C, then T has a

nontrivial invariant subspace.
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