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Abstract. In this paper we use cohomology of Lie algebras to study the variety of laws
associated with filiform Lie algebras of a given dimension. As the main result, we describe
a constructive way to find a small set of polynomials which define this variety. It allows
to improve previous results related with the cardinal of this set. We have also computed
explicitly these polynomials in the case of dimensions 11 and 12.
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INTRODUCTION

Filiform Lie algebras were introduced by M. Vergne in the late 60’s of the past
century [1]. However, before that, Blackburn studied the analogous class of finite
p-groups and used the term mazimal class to call them, which is also now used for
Lie algebras [2]. In fact, both the terms filiform and mazimal class are synony-
mous.

Vergne showed that, within the variety of nilpotent Lie multiplications on a fixed
vector space, non-filiforms can be relegated to small-dimensional components; thus,
from an intuitive point of view, it is possible to consider that quite a lot of nilpotent
Lie algebras are filiform, in spite of this last subset not being dense in the space
of nilpotent Lie algebras. Apart from that, complex filiform Lie algebras are the
most structured subset of nilpotent Lie algebras, with respect to an adapted basis.
In this sense, we can study and classify them easier than the set of nilpotent Lie
algebras.
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So, in earlier papers, some of us have deeply studied these algebras and obtained
quite a lot of results about them. Indeed, we already got the classification of those
having dimensions 10, 11 and 12 (see [3], for instance). Moreover, we think that this
study can be also considered a small step forward in the problem of the classification
of these algebras, although it is not the principal objective of this work.

It is already known that the usual cohomology space of degree 2 of the model
filiform Lie algebra with values in its adjoint module is closely related with the
study of filiform Lie algebras. For each dimension, it is possible to associate this
space with an affine algebraic variety. Polynomials defining this variety are preserved
when the dimension increases, although the number of them certainly increases. In
fact, all polynomials defining these varieties are homogeneous of degree two and
when increasing the degree by one, the only polynomials which are added are linear
in the new variables. This suggests that each component of the variety of filiform
Lie algebras of dimension n + 1 may be a bundle over the corresponding component
of the variety of dimension n with affine fibres (see [4], [5]).

So, apart from describing the variety, another aim of this paper is to significantly
reduce the number of these polynomials, for each dimension. In the paper we also
describe an algorithm which allows to determine in a computational way the variety
of these algebras. It is suitable for being used in the case of bigger dimensions.

Indeed, this algorithm can be useful for studying the irreducible component of
filiform Lie algebras of dimension greater than or equal to 12, which is actually an
open problem. Moreover, some techniques related with Grobner basis allow us to
conjecture that the number of polynomials given by the algorithm could be minimal.

The algorithm can be easily implemented in any symbolic computational package.
Concretely, we have used MAPLE in our study.

1. COHOMOLOGY OF LIE ALGEBRAS

Let G be a Lie algebra over an arbitrary field K and let V' be a G-module. We
will denote the p-co-chain space of G having values in V by C?(G, V), with p > 0. It
is the space of p-linear alternating mappings of G? into V' for p > 1 and the space of
the constant functions from G into V' for p = 0.

We now consider the coboundary operator d, defined as usual starting from the
representation of G associated with V' according to

d: CP(G,V) — C*1(G,V)

as
do(x) =xp for pc COG, V), 2€Gif p=0
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and

p+1

dp(zy,.. . xpp1) = > (1) T @ep) (@1, day o Tpya)
s=1
+ Z (fl)sﬂcp([:rs,xt],xl,...,:i:s,...,:Et,...,xp+1)
1<s<t<p+1

ifp>1for e CP(G, V) and 1,...,2p41 € G where the symbol means that the
letter is omitted.

We will denote by Z?(G, V) and BP(G, V') the p-cocycles and p-coboundaries of G,
respectively, with values in V.

Finally, H?(G,V) = Z?(G,V)/BP(G, V) will denote the cohomology space of G of
degree p with values in V.

If G is a filtered Lie algebra, G = |J S; and V a filtered G-module, V = |J V;, we
i€z i€z
can consider the filtration C7(G,V) = |J FrC?(G,V) in the co-chains space where
kez

chj(g,V) = {C € OJ(Q,V) C(SCZ'I,. . .,Iij) c ‘/i1+...+ij+k7 X € Sl}

Then, as usual, we can provide the coboundary, cocycle and cohomology spaces,
respectively, by the corresponding filtrations

721G, V)= ] 2/ (G, V), B(GV)=|JFRB(GV),

kez kez
HI(G,V) = U F.HI(G,V), with FyH’(G, V)= F,Z?/F,B’.
kez

By taking into consideration the gradation associated with any of these filtrations,
we have

CJ(Q,V):@C’ZJ(Q,V), ZJ(Q,V): EBZf(Q,V),

i€z <yA
BIG.V)=PBl(G.v) HIGV)=PH/GV).
€7 €7
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2. COHOMOLOGY OF FILIFORM LIE ALGEBRAS

Let us recall that in a complex Lie algebra G, one can consider the lower central
series (G)1 =G, (G)2 =[G,G],....(G)k = [(G)k-1,G], ... It is said that G is filiform
if dim(G)x =n —k for k > 2, with n = dim G. Note that filiform Lie algebras are a
subset of nilpotent Lie algebras.

If we denote by L, the model filiform Lie algebra of dimension n and basis
{e1,...,en}, then its bracket products are defined by [e1,e;] = €;41 for 2 <i < n—1.
For a general overview of this kind of algebras the reader can consult [1].

In this section we will describe cohomology spaces of the complex model Lie alge-
bra L, having values in its adjoint module.

The algebra L,, is filtered by considering the lower central series L,, = |J (Ln):,
i>1

where (L,)1 = L, and for ¢ > 2 we have (L,); = (€it1,...,¢€n). So, we

can consider the following descending filtration in the 2-cocycles space of L,:

FkZQ(Ln,Ln) = {(p S ZQ(Ln,Ln)Z SD((LR)U(LR)]) - (Ln)i+j+k}- We have

Z2(Lp,Ly) = \J FuZ%(Ln,Ly).
k>—1
It is proved in [6] that the cohomology class of 2-cocycles ¥, s for 2 < k, 2k < s < n

defined by

es if i=k,

(2.1) Vk,s (€5, €iq1) = {0 ik

Yrs(er,e)) =0 for 2<i<n

constitutes a basis of FyH?(L,, L,). The definition of these cocycles will be written
out in Section 4 after equation (4.1) in this paper.

3. INTEGRABILITY IN THE COHOMOLOGY SPACE OF FILIFORM LIE ALGEBRAS

Let us denote by p the law of a Lie algebra G. It is known that elements of Z2(G, G)
can be considered as infinitesimal deformations of p. Then we will say that ¢ €
Z%(G,G) is linearity prolongable or integrable if the law defined by [a, bl = p(a,b) +
¥(a,b) for a,b € G satisfies the Jacobi identity. The Lie algebra obtained starting
from this law will be denoted by G.

It is immediate that ¢ € Z2(G,G) will be integrable if and only if

(’l/) © "/))(av b, C) = 1/’(7/1(1% C)7 a) + ¢(1/)(Cv a’)v b) + 1/’(77/1(@’ b)7 C) =0
for all a,b,c € G.
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The study of the cohomology space of the model filiform Lie algebra will supply us
a lot of information on filiform Lie algebras. According to Vergne (see [1]), every com-
plex filiform Lie algebra is isomorphic to a Lie algebra (Ly)y for ¢ € FyH?*(Ly, Ly,).

By considering the previous notation, the following result is valid, as we can see
in [7].

Proposition 3.1. The cocycle ¢ = 3" ay stbx.s € FoH?*(Ln, Ly,), where ay s # 0
for a pair (k, s) such that s = 2k < n, is not integrable.

So, if ¢ € FyH?(Ly,, L,) is integrable and defines a filiform Lie algebra, then either
VY € (Ymn) + F1H?*(Ly, Ly) if n is even, for m = in, or ¢ € FyH?*(Ly, Ly,) if n is
odd.

Proposition 3.2. The dimension of FyH?(Ly, L,) is $(n? — 6n + 9) if n is odd,

or $(n* — 6n + 8) if n is even.

Proof. We know a basis of the space FyH?(L,, L,) constituted by the coho-
mology classes of ¥y, s, see (2.1). As FyH?(Ly, L,) C FoH?(Ly, L,), it is sufficient to
check that Fy H?(Ly, L,) is generated by the cohomology classes of ¥, s with 2 < k,
2k +1 < s < n, because the linear independence of them is immediate, starting from
the definition of vy . O

From now on, we will denote by w the dimension of Fy H?(L,, L,). Let us con-
sider the associated gradation: FyH?*(L,,L,) = @ H?(L,,L,). Then, if ¢ €
i>1

FyH?*(Ly, Ly,), we can denote ¢ = ¥, + 41 + ... + tb,, where ¢; € H?(Ly, Ly),
U £ 0,7 > 1.
The cocycle ,- will be named the sill cocycle. 1t is easy to prove

Theorem 3.3. If 1 is integrable, then its sill cocycle is also integrable.

The algebra (L), is named the sill algebra of the Lie algebra (Ly,)y.
So, a first step to determine if v € FoH?(L,, L,) is integrable will be to obtain
those 1; € H?(Ly, Ly,) for i > 1 which are integrable.
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4. STRUCTURE OF FILIFORM LIE ALGEBRAS

In this section we will study the elements of HZ(L,,, L) with i > 0, due to their
important role in the structure of filiform Lie algebras.

By considering the natural gradation defined on L,,, if ¢; € H?(L,,, L,) with i > 0,
we can write

= Zak,sﬂ)k,s with s =2k +71<n
k>2

For every pair (k,s) with 2 < k, 2k < s < n, since ¥ s € Z?(Ly, Ly), when the
coboundary operator d is applied, we obtain

doys(er,ei,ej) =0,
that is
(4.1) Ui,s(ei, e5) = ler, Yn,s(eisej—1)] — Yr s(€iy1,€5-1)

for2<i<ji<n
Starting from the definition of ¢, ; (2.1) and using (4.1), we have

If k<, then ¢y s(e;,e;)
If k=14, then ¢y s(e;,e;)

0, Vj>i.
(ad )J F=L(ey), Vi >i.
(—

j—k—1 o

—1

If k>4, then ¢y (es,e;)

Vj>i, i+j—2k—1>0 and
Ursleie;) =0, Vj>i, i+j—2k—1<0.

So, we conclude that

—q j—k—1 i4j—2k—
(4.2) Vr.s(ei ej) = (=1)F (j b )(adel) BEAELE
for2<i<k<j<n k—i<j—k—1,and ¢y s(e;,e;) = 0 otherwise, provided
that 2 <i < j <
By virtue of Proposition 3.1, for n even and 7« = 0, we can assume ¥y = a%mnw%MH,
because in the other case 1y would not be integrable and thus it would not be of

interest for our study. So,

Yoleir€5) = a1, (1) ey, j=n+1—i, 2<i< in,
0 otherwise.

Yolei,ej) =
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Fixing i > 1, ¢; € H?(Ly, Ly,) for any 2 < ¢ < [";Z] and denoting by t; the

coefficients aj, 2x+; we have

Vileq, eq1) = Z tetn,s(€q, €q+1) = tq¥q,2q+i(€qs €q41) = tq€aqi-
s=2k-+1

According to (4.1), for 2 < ¢ < [25%] we also obtain

(5]
¢i(6q,6q+2) = Z tl¢l,21+i(€q»6q+2)
l=q
= tqle1, Yg,2q+i(€q, €q+1)] = tg2g4144-

Finally, by using (4.2) for 2 < ¢ < [257%], ¢+2<p<n+1—q—1i, we have

2
2z (=) p—l—1
Yileq, ep) = ; tihravi(eq, ep) = ; (_1)lqtl( l—gq )6P+q+i—1-

Example 1. For n =11 and ¢ = 1, let us consider

5 5
Yy = Z ks 2k 1k, 2k+1 = Z LWk, 2k+1-

k=2 k=2

Then G}, (t2, t3,ta,t5) = (L11)y, has the following structure:

[e1, €] [e2,e0] = (

[ea, es] = (ta — 4ts + 3t4)ero, [e2,e7] = (t2 — 3t3 + t4)eg,
[e2, €6] = (ta — 2t3)es, [e2,e5] = (t2 — t3)er,
[e2, e4] = taes, [e2, €3] = taes,

le3, es] = (t3 — 3t +ts5)e1r, [e3, e7] = (t3 — 2t4)eqo,
[e3, e6] = (t3 — ta)eo, [e3, e5] = t3es,

[e3, e4] = tzer, lea, e7] = (t4 —t5)en,
les,e6] =1t [es,e5] =1

les,es] =t
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5. VARIETY OF GRADED FILIFORM LIE ALGEBRAS

As the space Fo H?(L,,, L,) is generated by the cohomology class of 2-cocycles ¥y s
for 2 < k, 2k < s < n, the constants ay s allow us to define an element ¢ €
FoH*(L,, L,) as follows:

w = Z ak,s"/}k,s-

Starting from Propositions 3.1 and 3.2 we can denote by M ™ the affine algebraic vari-
ety in the complex (w+1)-dimensional affine space C**!, defined by the polynomials
in Clag,s| obtained from considering 1 o (eq, ep,e,) =0forall2 < g <p <r < n.
The decomposition FoH?(L,, L,) = @ H?(Ly,Ly) allows us to conclude that
i>0
U M C M™, where M is the affine algebraic variety defined by the polynomials
i>0
obtained by considering v; o ¥;(eq,ep,er) = 0, for all 2 < ¢ < p < r < n when
t; € H2(Ly, Ly,).
For i = 0, Proposition 3.1 involves M = (a%n)n, 0,...,0)}. For i > 1, the space
HZ2(L,, Ly,) is generated by the cohomology classes of ¥y s with s = 2k + i, k > 2,
s < n. So, to obtain M it is sufficient to determine the constants ay 2x+i such that

(%3] (5]
vy = E Ok 2k +iWVk,2k+i = E LWk, 2k+i
k=2 k=2

is integrable. That is, ¥, o ¥;(eq, €p, ) = 0 for 2 < p < ¢ < r < n. But taking into
consideration the structure of ¢; € H?(L,, L,) considered in the previous section,

we have
YioYileq, ep,er) = Py repigiri2i-2

where Pqi;;;,r is a homogeneous polynomial of degree 2 in Clta,... it %4]], provided

q+p+r+2i—2< n, because it is identically zero in the other case.

So, the variety M;" is defined by {P}7, . = 0: q¢+p+r+2i—2 < n}. Considering
ar,s =0 for s # 2k + i, we have M C M".

Remark 1. If we denote by Q7 , with i > 1 the coefficient of the field eqqpyi—1
in 9;(eq, €p), that is, if

(B4
_ l—q D — -1 Y]
Yileg, €p) = E (1) tl( I—q epta+i—1 = Qg pCpta+i—1,
l=q
then we have
ii o _ )i i ey i i i
Pq,pm T Xq,p¥ptqgti—l,r Qq,rQqHH*LP + Qp,erJrHi*Lq'

1288



Example 2. By continuing with the notation from the previous example, the
polynomials defining the variety M;i! are

P3 i 6 =0,
1,1 __
Pyys =0,
Py ¢ = —313 + Btaty + tats + 2tata — 615 + tats — 2tats,

21,?41,5 —dtgty + 65 — tats + 2tats — tats,
P217’31,5 tsty + 2toty — 3t§,

PhE, = taty + 2oty — 383,

Proposition 5.1. Under the conditionsi > 1,2 < g <p < n,p+q+i—1<n—1,
we have

i _ i i
ap q+1,p+Qq,p+1'

Proof. It isimmediate by using the basic properties of combinatorial numbers.
O

Proposition 5.2.

_ pii

P =P - P q+1,p,r—1

qp,T q,p,r—1 ¢,p+1,r—1
fori >21,2<qg<p<r,p+q+r+2i—2<n.

Proof. It follows from the last result and from Remark 1. Indeed, if we denote
qu}l’T B P;:;,Tfl + P11+1 r—1 + Pt;qzl p,r—1 (CL) + (b) + (C)7 where

(a’) =Q; p+q 1+i,r : p+q 14+¢,r—1 + Q;,p+lQZp+q+i,7‘71 + Q;+1,pQ;+q7i,7‘71
i

q,p( pta—14i,r p+q—1+i,r—1) T (Qgpr1 + Qur1.p)@prgrinr1

duetop+q+i<n—r+2—i<n—landp+q—2+2i=n—r<n—1, wecan
use the previous proposition and thus we have

. [ i i _
(a) = — pratir—1 + Qg pQpigtir—1 =0
In a similar way it is easy to obtain
_ [ i 7 i 7
(b) - q+7‘+z 1,p + Q ,r—qu+r—2+i,p - q,r—qu+r—2+i,p+1
7Qq+1,7‘—1Qq+7‘+i—1,p

;,r—l(Qg+r—2+i,p - Q31+r—2+i,p+1) + (_ ;,r - Qf]-i—l,r—l)Qf]—i-r—i—i—l,p
= ( zz,rfl - Qfm - thtl,rfl)therlJri,p =0
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and

(c) = : Qp+r+1 1,9 Q;,rle;vLTfQJri,q +Q;+1,T*1Q;+T*1+ivq
+ Qz,rlep+T*2+’iqq+1

= ( ;J,’I" + Q;hLl,'rfl - Q;,rfl)Q;erflJri,q = 07

which completes the proof. O

Example 3. By continuing with Example 2, we have

Remark 2. By considering again the structure of cocycles in the spaces
HZ(Ly,Ly) for i > 1, it is easy to check that if @}, denotes the coefficient of
eprqti—1 i Yieq, ep) for ¥; € HZ (L1, Lyp_1) we have Q) , = Q! forall2 < g <p
with p+qg+i—1< n—1, where Qi represents the correspondmg coefficient for
Y; € H*(Ly, Ly,) such that ¢Z|Ln 1 X Ln 1= ;.

So, by denoting by Pfllp , the associated polynomial with 1;, we have verified that

szlpr P;;T for2<g<p<r<n, withp+qg+r+2i—2<n—1.
As a consequence of this note, if we define M*~* = M~ " when n —i is odd (that

is [25%] = [2==*]) and M" = M ' x C when n — i is even, we have

So, an inductive method on the dimension n can be used to obtain the variety M,
once the variety M i"_l is known. In fact, we have

Proposition 5.3. Given a fixed i > 1, we have M,* = ]\/4\1-”71 NN for alln € N,
where N,' is the algebraic variety defined by

{P;fw p+qg+r+2i—2=n}.

Finally, we are going to see that the number of polynomials required to define N
can be notably reduced by using Proposition 5.2. As a consequence of it, any
polynomial P(; ; - defining N is a linear combination of polynomials PZ’; p1 With
q+2p+1+42i—2=n, and of polynomials of Mi"_l. To see it, we prove

1290



Theorem 5.4. The subvariety M]* C ]\//.71-”71 is defined by

41 n—2i—7 ,
° P2+2k7n*22i*1,k,"’22"+17k for 0 < 3k < #=5—, if n is odd.
o Pii _ _ < 3 < n=20=10 o )
sp2k,n=2im2 g n—2i_p for 0 < 3k < ~—, if n is even

Proof. From Proposition 5.2 we have

i . pl _ piyi
(5-1) Pq,p,r - Pq,p-i-l,r—l Pq+1,P,T—1

for2<g<p<r,p+qg+r+2i—2=n, since ph Minf1 = 0. Now, by

q,p,r—1
recurrence on ¢, p, v in (5.1), we obtain that any Jacobi polynomial defining N/ in
M is a linear combination of Pyl oo with ¢ +2p+1+2i—2=n. O

6. VARIETY OF FILIFORM LIE ALGEBRAS

Let us consider ¢ = Y ak ks = 1 + ... + ¢ € FoH?*(Ly, Ly), where ¢; =
>k 2k+iVk2k+i- We will study in this section the variety M™, with n arbitrary,

k
defined starting from

po=wrovr+ Y. Piowy+ Y. Piot...,

i+j=204+1 i+j=2042

that is, (¢ 0o 9)(eq,ep,e,) =0for 2< g<p<r < n.
If we denote by P the polynomial obtained from (v; o ¢;)(eq, €5, €,), we have

Ll  j
(61) (w © w)(efb €p, eT) = Pq,p,req+17+7‘+2l—2 + § Pg,gj),reQ+P+T+2l+1—2
i+j=20+1

2%
+. > Pl eq
i+j=n+2—p—q—r

where Py = Qg pQprq+j—1.r — QurQrigrj—1p T Qprlpirsj1,q forany i,j > 0.
In this expression, for i > 1, Q) , follows the habitual notation from Remark 1, while
for i =0,

q.p

0 otherwise

following the structure of 1y from Section 4.
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Proposition 6.1. fz,p = Qfﬁl-,p + wa+1 forq+p+i—1<n—-1,9i>0.

Proof. For ¢« < 1, the result follows from Proposition 5.1. When ¢ = 0,
if p4+ g < n, then Qg’p = 2+1,p = Qg,pﬂ = 0, whereas if ¢ + p = n, then

0, =0=(=1) " (1)1 =Q0,, , +QI, 1 O

As a consequence, we have the following results. The proof of each of them is
similar to the one made in Proposition 5.2.

Proposition 6.2. Giveni,j > 1,ifg+p+r+i+j—2 < n withq <p <r, then

i,j _ pbJ _ pi,J _ pig
Pq,pﬂ”_Pq,p,r—l Pq,p-&-l,r—l Pq+17p7T—1'

Proposition 6.3. Ifq+p+r+v—2=mn withq <p <r, then

0, v __ 0,v 0,v
Pq,p,r - 7Pq,p+1-,rfl B Pq+1-,p-,7“*1'

Proposition 6.4. Ifn is even and Ulnn # 0, then | = 0 with g = a%nmd)én,n
in expression (6.1). In this case, holds ¢, o1y = 0 Vv > 0. Moreover, for ¢ < p <,
ifr#n+2—q—p—v, then

o © 'l/)v(eqyep»er) =0.

Proof. Under the hypothesis, by taking into consideration the structure of vy,
we have, for any 2 < ¢ < p < r, that ¢, o o(eq, €p, €7) = Ahy (e, €,,) for a certain A
which is a multiple of Alnn and a certain k > 2. As v > 0, we have ¢, (e, e,) = 0,
since k+n—1> n.

Moreover, if r #n +2 — g —p — v, then

Yo © 'l/)v(eqa €p, 67«) = 1/)0(1/)1)(6(17 ep)7 67«) + 1/}0(%(67«, 6(1)7 ep) + 1/)0(1/)1)(6;77 67«), eq)
= Qg pYoleqiprv—1,€r) + Q7 sYo(eriqiv—1,€p)
+ Qz,rd)o (6P+T+7J*17 eq)

= Q1,0+ Q1 0+@p,0=0

Remark 3. Denoting L), . = >, PiJ forv > 2, q < p <r, we have the

1+j=v
following results:

1292



e Either for n odd or for n even with a1,, ,, = 0, we have [ > 1 in (6.1) and thus

—nn

we can write

n+2—q—p—r

(W ov)(eq ep, er) = Z Ly prepratr—2+v-

v=2][
e If n is even and @lnn # 0, then ! = 0 in (6.1) and Proposition 6.4, for ¢ < p < r,
implies

n+2—q—p—r

0, 2—
(Yo w)(eq» €p, er) = § LZ,p,rep+q+T72+v + Pq ;;lj TP e,
v=2

So, under this notation, the following result follows as an immediate consequence
of Proposition 6.2.

Theorem 6.5. For2<g<p<r<n,q+p+r+v—2<n, we have

L =1L

q,p,T q,p,r—1

L’U

¢,p+1,r—1

_ LY

q+1,p,r—1-

Example 4. Let us consider the algebra (L11)y, where

Y= 1/)1+1/12+1/13+1/)4+1/f5 +1/)6+1/17
- Z tz’(/)z 21+1 + Z hzwz 2142 + Z fz'(/)z 2143 + Z gzwz 2144

=2 =2 =2 =2
3
+ Z ki 2i+5 4 dat)a 10 + bata 11,
i=2

defined by

[e1,e;] = €41 for 2 <4< 10,
eg] = (t2 — Btz + 6ty — t5)e11,
[e2, es] = (t2 — 4tz + 3ta)ero + (ha — 4hs + 3ha)enn,
] = (t2 — 3tz + t4)eg + (ha — 3hs + hq)ero
+ (f2 = 3f3 + fa)en,
[ea, e6] = (t2 — 2t3)es + (ha — 2hg)eg + (f2 — 2f3)e1o
+ (92 — 2g3)eur,
[ea, €s] = (t2 —t3)er + (ha — ha)es + (f2 — f3)eo + (92 — g3)ero
+ (k2 — k3)enn,
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[ ] = taee + haer + faes + gaeg + kaero + dzen,

[ ] = taes + haee + faer + gaes + kaeg + daeio + baenn,
[ ] = (t3 — 3ts + t5)enn,

[ | = (ts — 2ta)erp + (hs — 2h4)enn,

[ ] = (t3 —ta)eg + (h3 — ha)ero + (f3 — fa)enr,

[e3, e5] = tzes 4 haeg + fzeio + gseir,

[ ] = tzer + hzes + fzeg + gzeio + kzein,

[ ] = (ta — ts)en,

[ ] = tse10 + haern,

les, e5] =
[es, eq]

taeg + haeio + faern,

Computing (¢ o ¥)(e2,e3,e4) = (¥ o ¥)(e2,e3,e5) = (¢ 0 P)(ez,eq,e5) = (Y o
¥)(ez, e3,e) = 0, and continuing with the usual notation, we conclude that the
algebraic variety M!! C C'6 is defined by the polynomials

L3 56 = —3t3 + Btty + tats + 2tuts — 6t + tats — 2tats,

L3 4 5 = —4tsty + 613 — tats + 2tts — t3ts,

L3 55 = tats + 2taty — 313,

L3 4 5 = 3haty — Ttshs + tshy + 3hsts + 2t2hy,

L3 5 4 = tsty + 2taty — 313,

L3 54 = 2tahy + 3hsty — Ttshs + tsha + 3hots,

L%,3,4 = 3hghy — 4h3 — 8t3f3 + tsfa + 6 f23ts — fats + 2t fa,
+ 3hohg + 4foty — 2fots.

2 _ g2 2 2 _ 72 3. _ 73
We observe that L5545 = L5355 — L3545, L5335 = L334, L3535 = L534. So, we
can say that M is also defined by L2, -, L35, L3, and L3, ,.

Example 5. Let us consider the algebra (L12)y, where

Y =10+ Y1 +1/)2+¢3+1/14+1/)5+1/16+1/17+1/18
- 21/16 12 + Ztﬂ/}z 2i+1 + thwz 2142 + Zfz’(/)z 2143 + Zgzwz 2i+4

=2 1=2 =2 =2

3 3
+ Z kit 2i45 + Z diti 2i46 + b2t 11 + 1212 12,

1=2 1=2

1294



defined by

[61761] €i4+1 fOI' 2 < ’L g 117

[e2, e11] = zeiz,

[e2, e10] = (t2 — 6t3 + 10ty — 4t5)eqa,

[e2, e9] = (t2 — Bt3 + 6t4 — t5)e11 + (ha — bhg + 6hy — hs)ea,
[ea, e8] = (ta — 4ts + 3ta)ero + (ha — 4hs + 3ha)ern

+ (f2 — 4fs + 3fa)era,
[e2, e7] = (t2 — 3tz + ta)eg + (ha — 3hs + ha)ero
+ (f2 = 3fs+ fa)err + (g2 — 393 + ga)e12,
[e2, e6] = (t2 — 2t3)es + (ha — 2h3)eg + (f2 — 2f3)e10
+ (92 — 2g3)e11 + (k2 — 2k3)e12,
[ea, €5] = (t2 — t3)er + (ha — ha)es + (f2 — f3)eo + (92 — g3)ewo
+ (k2 — k3)e11 + (da — d3)ei2,

[e2, e4] = taes + haer + faes + gaeg + kae1g + daerr + baera,

[e2, €3] = taes + haes + faer + gaes + kaeg + daeig + baerr + l2erz,
[es, e10] = —zeiz,

les, eg] = (ts — 4t4 + 3t5)eqa,

[e3, e8] = (t3 — 3ta +t5)e1n + (hg — 3ha + hs)era,

[es, e7] = (t3 — 2ta)e10 + (hg — 2ha)er1 + (f3 — 2fa)era,

le3, e6] = (t3 — ta)eg + (hs — ha)ero + (fs — fa)err + (g3 — ga)erz,

[es, es5] = tzes + haeg + faeio + gaeir + ke,

[e3, e4] = tzer + haes + faeg + gseio + kserr + dzeiz,

[ea; 9] = ze12,

lea, es] = (ta — 2t5)e12,

lea, 7] = (ta — t5)err + (ha —t5)e12,

[e4, €] = tae10 + haer1 + fre12,

lea, e7] = taeg + haeio + fie11 + gaera,

[es, es] = —zeia,

les, €7]

les, eq] =

[es, e7]
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Computing now (1) o ¥)(e2,e3,e4) = (1 o ¥)(e2,e3,e5) = (¢ o )(ea,eq,65) =
(Y op)(e2,es,e6) = (Y o))(es,eq,e5) = (Y o))(ez,eq,e6) = (¢ 0 )(ez,es5,€6)
(Y otp)(ez,e3,e7) = (Y op)(ez,eq,e7) = (Y 0h)(ez, e3,es) = 0, we obtain

Py g = =2tz — t52 + 332,

Py =2tyz +ts5z — 3tsz,

P20”32,7 = hyz — 2h3z,

L3 57 = —A4tats + Otsty + Ststs + 2tats + Stats — 3t5 — 1643,

Pyys = —2taz — tsz + 3t3z,

P207@42,6 = —hyz — 2h3z,

L3 46 = —4tsty + 10t] — dtyts + 2ots — Atsts,

P)s = —2foz+ faz + faz,

L3 36 = —3t3 + Btgty + tts + 2taty — 613 + tats — 2tats,

L3 3 g = —Ttshs + 2tahy + 3tshy + 6tshy + tshs + Ttyhs — 16t4hy
+ tahs + 2hsts 4 4tshy — 2tahs — 3hats,

P;gf,5 = hyz + 2h3z,

L3 45 = —4t] + 3tats + 3tats,

PYPs=2foz — faz — fsz,

L3 4 5 = —Atsty + 613 — tats + 2tots — tats,

L3 45 = —btshy — tshs — dtshy + 16t4hy — tyhs — 2tshy — 4tshy + 2tahs + 3hats,

L3 55 = taty + 2taty — 313,

L3 4 5 = 3haty — Ttshs + tshy + 3hats + 2t2hy,

L3 55 = 3hshy — 4h3 — 8tsfs + tsfs + 6 fsts — fats + 2tafs + 3hoha,
+ 4 foty — 2fots,

P20,7?i4 = —2koz — k3z,

L3 54 = tsts + 2taty — 313,

L3 4 4 = 2tahy + 3hsty — Ttshs + tshy + 3haty,

L3 54 = 3hghy — 4h3 — 8tsfs +tsf1 + 6 fsta — fats + 2tafs + 3hohy,
+ 4 foty — 2fots,

L3 5 4 = —9h3fs + 3hsfs — tsgs + t3gs + 6 fshy — fahs + 10gsta,
—4gsts + 2tagy + 3ha fy + 4 fahy — 2 fahs + 5gaty — Stsga.

. ) . . 0,5
The algebraic variety M'? C C?! is defined by the polynomials Lg,3)4 + Py,
4 3 0,3 2 0,2 3 0,3 2 2 0,2 2 0,2

L3sss Ly as+ Py L3 as+Psas LosetPalse Lase LaaetPone LagrtPas7,
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P207’51,6, P20,Q4177, P207’31,8, with polynomials defining M, that is L3 5 4, L3 5 4, L3 5 4 and
L% 4,5°

In this case we obtain the following relations among them: L3 5 5 = L3 3 4; PYl. =

0,1 0,1 0,1 0,3 0,3 0 2

—Py5e; Pysg = 01232477 L3 36“‘0]23236 =L335— L3, 02132,4,5a L3 ,4.,6+P2,4.,6 =
L2,4,5 L3,4,5 P3y s L3 37t Plsg = L3 ,3,6 L2,4,6 —Pyie

So, we have deduced the following result, whose proof is a consequence of Re-
mark 2.

Proposition 6.6. If¢+p+r+v—-2<n—1,v>2,then L? , =LY where

q9,p,T q,p,7?

E}I’ p,r 18 the polynomial obtained by considering the cocycle Y € FoH*(Lp—1,Lp_1)

with ¢|Lp_1 X Ly_1 = 1.
Note that this proposition is easily checkable in the previous two examples.
It is easy to see that the following result follows from Proposition 3 2: dim Fy H?
(Lp, Ly) —dim FyH?(L,, 1, L,,—1) is either 2”4* if n is even, or 22=2 if n is odd
Let us now denote M"~! = M1 x C*, if n is odd or M"~! = M" !

if n is even. The following result is then vahd, as a consequence of the previous

proposition.

Corollary 6.7. The following implications hold:
e Ifn is odd, then M™ C M" !an ,_; =0.

e Ifn is even, then M™ |a —0C M1,

—nn

If N™ denotes the algebraic affine variety in C**! defined, respectively, by polyno-
mials LY+ PJY and Plomt v o ifnisodd, for2< g <p<r,
qg+p+r+v—2=n,v > <l<m<t<n,l+m+t=n+1, then the following

theorem holds:

if n is even, or by L

Theorem 6.8. M" = ]\/4\’“1 N N™ for all n € N.

In the same way as we did in the previous section, the number of polynomials
required to define N™ can be also notably reduced. It can be made by using Theo-
rem 6.5 if n is odd, or the same theorem and Proposition 6.3 when n is even. So, we
have

Theorem 6.9. The subvariety M™ C M1 is defined in the following way:
e if n is odd, by polynomials L; 1, o, ,,4+1 for any 2 <v <n—7, %H <
n—1—v
Z)< T2
e ifn is even, by polynomials Lnle v—2p.p, p+1+P3f1 v—2pppt1 for2 <v<n—T7,
"H L <p< ”—MandP Corge1 With n<l< o 2,

Proof. It is sufficient to use the recurrence method on ¢, p, r from Theorem 6.5
and Proposition 6.3. ([
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Example 6. By applying this result to the previous examples, we can say that the
variety M'? is given by the polynomials defining M'! (or M), that is L3 3 4, L3 3 4,
L3 4.4, L3 45, and those defining N'?: L34, + Py 4, L3 45 + Py sy L3 45+P3?,f,5v
P 20 5,6°

To compute all the above polynomials defining the variety M™, any symbolic
computation package can be used. Indeed, we have designed an algorithm which
allows to obtain them. We will consider n > 9 due to the fact that for less values,
no polynomial relation appears when describing the variety. A brief description of
the algorithm follows.

Algorithm.

Input: The integer n > 9.
Output: The variety M™ of laws of complex filiform Lie algebras of dimension n.

Method:

Step 1: Define polynomials Q! ,

If n is even, also define @

fori>1,2<qg<p<n,3<p+qg+i—1<n

qp,forQ\q\n,p:n—l—l—q.

Step 2: For each m with 9 < m < n, use previous step to compute phi where

= q,p,p+17
i,j>1,2<i+j<m—7, 2« p <l g = 1—i— j—2p.

Step 3: For each m with 9 < m < n, compute Ly, . = . Z _ Pq:;jo,p+1~
i,j>1, itj=v
Step 4: If n is even, for & <[ < —2 compute P 21 LI+l and for 2 < v <n-—171,

n+§—v <pg = % U,q_n+1—v—2pcomputeP If n is odd, this

q,p,p+1-
stage is not needed.
Step 5: If n is odd, the variety M™ is defined by polynomials Lj , .,. Other-
0,
wise, by polynomials L7 1 9y p41 + Poii—v—2pppi1s Pnlorgier and
Ly i1 v_2pppt1 Where 9 <m <n—1.

To conclude the paper it is convenient to note that this reduction in the number of
polynomials has been explicitly checked by us in the following cases: in dimension 12
we reduce from 17 polynomials to 8; in dimension 13, from 25 to 11; in dimension 14,
from 48 to 18; in dimension 15, from 64 to 23; and so on, in dimension 18, from 203
to 55. This proves that the algorithm significantly reduces the number of polynomials
defining the variety.
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