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Abstract. Two categories Set(Q2) and SetF(Q) of fuzzy sets over an MV -algebra Q
are investigated. Full subcategories of these categories are introduced consisting of objects
(sub(A, d), o), where sub(A, §) is a subset of all extensional subobjects of an object (A4, §). It
is proved that all these subcategories are quasi-reflective subcategories in the corresponding
categories.
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INTRODUCTION

In a fuzzy set theory there are several categories which play an important role in
fuzzy logic interpretation. Two of these categories of fuzzy sets over an M V-algebra
Q = (L,®,—) will be investigated in the paper. The first one is the category Set ()
with objects (A, ) where A is a set and §: A x A — Q is a similarity relation such
that

(i) Vzed) (z,z) =1,
(i) (Vo,yeA) d(x,y) =0y, ),

(i) (Vz,y,z€ A) d(x,y) ®4(y,2) < d(x, 2).

A morphism f: (4,d) — (B,7) in Set(2) is a map f: A x B — ( satisfying the
following conditions.

(1) (Va,2 € A)(Vy € B) d(z,2) @ f(z,y) < f(z,9),
(2) (Vz € A)(Vy,z € B) ~(y,2)® f(z,y) < f(z,2),
(3) (Vz e A)(Vy,z€ B) f(z,y) @ f(x,2) < (Y, 2),
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4) (Ve A) 1=V{f(z,y): y € B}.
If f: A - B and g: B — C are two morphisms then their composition is the
function go f: A x C' — € such that

go f(w,2) =\ (f(z.y) @ g(y,2)).

yeB

The other category SetF () will have the same objects as the category Set({2). A
morphism f: (A4,0) — (B,7) in SetF(Q2) is a map f: A — B such that (Vz,y €
A) A(f(2), f(y) = (z,y).

In [9] we investigated some principal properties of the category SetF(Q) and we
proved that the extensional subobjects of objects (A,d) in this category SetF(Q)
can be identified with some characteristic morphism (A,d) — (9*,u). Namely
we proved that if S: SetF(2) — Set is a functor such that S(4,d) = {s:
s is an extensional subobject of (A,d)} then there exists a natural isomorphism

¢: S(—) — Homgetr(a)(—, 27).

This classification property, which is one of the most important properties of a
topos category, is frequently used for interpretation of formulas of fuzzy logic in the
category SetF () in such a way that interpretation of a fuzzy logic formula is defined
as a special extensional subobject of some object (A, d). Hence, it seems natural that
extensional subobjects of objects in the category SetF(£2) play an important role for
further investigation of that category.

In this paper we are interested in the following problem related to extensional
subobjects. For any object (A,d) of the category SetF(f2) we can define a set
QA9 of all (or some special, respectively) extensional subobjects of (A,d). This
set can be transformed (in several different ways) into an object of the category
SetF (). In that way we obtain a full subcategory Q5¢tF(2) of the category SetF(Q)
consisting of these special objects. We will be interested in conditions under which
that subcategory Q5etF(?) is a quasi-reflective subcategory in SetF(Q2). Recall that
a subcategory L of a category K is a quasi-reflective subcategory in K if there exists
a functor G: K — L such that for any object a € K there is a morphism a —% G(a)
such that for any object b € L and any morphism f: ¢ — b (in K) there exists
a morphism (in general non unique) f: G(a) — b such that the following diagram

commutes:
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A functor G is then called a quasi-reflector. We will be interested in several subcat-
egories of the category SetF(Q) consisting of various objects (sub(A4,d), o), where
sub(4, §) will be a subset of the set of all extensional subobjects of (A, ) and o will
be a similarity relation defined on that subset. We prove that all these subcategories
are quasi-reflective subcategories in the category SetF(2). We also introduce the
notion of a weak singleton extensional subobject of (A, §) in the category Set({2) and
we prove that a subcategory consisting of these subobjects is also a quasi-reflective
subcategory of the category Set(02).

SUBCATEGORIES OF EXTENSIONAL SUBOBJECTS

We show firstly a simple result which states the existence of a functor between the
categories SetF ({2) and Set ().

Lemma 1. There exists a functor F': SetF(Q2) — Set(f2).

Proof. TFor (4,6) € SetF(Q) we set F(A,J) = (A,0) and for a morphism
f: (4,8) — (B,v) in SetF(Q2) we define a map F(f): A x B — Q such that
F(f)(a,b) = v(f(a),b) for any a € A,b € B. Then F(f) is a morphism in Set(f2).
In fact, we have for example

F(f)(a’a b) ® 5(@, a/) = V(f(a’)v b) ® 6((1’ a/)

Recall that an extensional subobject of (A,d) in the category SetF(Q2) is a map
s: A — Q such that

s(z) @ 0(x,y) < s(y).

An extensional subobject can be defined in the category Set({2) as well. In fact,
it is clear that (€2, <) is an object in SetF(Q2), where oo « 3 = (a — B) A (8 — «).
Then s is an extensional subobject of (A, d) in the category SetF(Q) if s: (A4,d) —
(Q,<) is a morphism in SetF ().
subobject of (A,0) in Set(Q) if s: (A,

)®

(1) (Va,a’ € A)(a € Q) s(a,

Analogously s will be called an eztensional
d) — (2, «>) is a morphism in Set(f2), i.e.
d(a, ') < s(a’, ),

(2) (Va e A)(VB,a €Q) s(a,a)® (a < B) < s(a,f),

3) Vae A)(a,B€Q) s(a,a)®s(a,f) <a—

(4) (Vze A) 1=V s(z,a).

aeQ)
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An extensional subobject s of (A, d) in SetF () is called normal if \/ s(a) = 1.
a€A
Then an extensional subobject ¢ of (4,¢) in Set(Q) is called normal if \/ t(a,1)
a€A
= 1. Moreover, we say that ¢ is a weak singleton of (A,¢) in Set(?) if ¢ is a normal

extensional subobject of (A4, d) in Set(Q?) and t(a,1)®¢(b,1) < §(a,b) for all a,b € A.
A special normal extensional subobject in SetF((?) is called a singleton. Recall that
an extensional subobject s: A — Q of (A, d) (in the category SetF(Q2)) is a singleton
if it satisfies the condition

(Vz,y € A)  s(z) ®s(y) < (z,y).

It is clear that the map {a} = d(a,—): A — Q is an example of a singleton for any
a € A. On the other hand an object (A, ) is called complete if for any singleton s
of (A, 9) there exists a € A such that s = §(a, —).

Let (A,0) be an object of Set(2) (or SetF(2)). We introduce the following

notation.

QA9 = {5: s is an extensional subobject of (A,d) in SetF(Q)},

QgA’S) = {s: s is an extensional and normal subobject of (A4, J) in SetF(2)},

w-singl(A4,d) = {s: s is a weak singleton of (A4,¢) in Set(Q)},
singl(A,8) = {s € QgA’é): s is singleton of (A,0) in SetF(2)}.

All the previous sets can be transformed into objects of categories Set(f2) and
SetF(1), respectively. In fact, for any object (A,d) and for any s,t € Q49 p g€
w-singl(A4, §) we set

a(5,t) = o(as)(s,t) = )\ s(@) < t(@),
€A
V s(z) @t(x), if s#t,

T(s,t) = T(a,5)(5,1) = {weA

1 if s=t,

o(p,q) = 0.0y 0) = J\ p(,1) = g, 1).
€A
Lemma 2. For any object (A,0) there exists a morphism " singl(A, ), 4 s))
— (w-singl(4, ), 0(4,5))-
Proof. For s € singl(A,0) we set §(a, ) = s(a) <> a. It is then clear that
§ = F(s) (see Lemma 1), since s: (4,d) — (€, <) is a morphism in SetF(Q2). It
follows that § is an extensional (and clearly normal) subobject in Set(2). Since s is a
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singleton, § is a weak singleton. Moreover according to Lemma 5 for any s,t € QgA’J)
we have

0,8 =\ (s(a) = 1) = (t(a) = 1)

acA

- /\ s(a) < t(a) = (a5 (s,1).

a€A
O
Lemma 3. For any object (A,d) the pairs (Q(A"s),o(A,(;)), (Q(A’é),T(A,(;)),

w-singl(A, d), 0a.s5y) and (singl(A,d),74.s)), respectively are objects of the cate-
g (A,9) g (A,9)
gory Set(Q)) (and SetF(), simultaneously).

The proof of this lemma can be done by a simple computation.

Lemma 4. Let Q be an MV -algebra. Let {a;}icr and {b;};c;r be two sets of
elements of 2 and let p: I — I be a bijection map.

(1) V ai = Vbier = A(a; < by),

el el jel
(2) ANai= Nbi> /\(a]<—>b )
el el jerI

The proof can be done by a simple computation and will be omitted.

Lemma 5. Let §) be an MV -algebra.
(1) (Va,b,z€Q) (xa)— (x—b)=a<b
(2) (Va,b,c,d€ Q) (a+c) (b d) = (ab)(cd).

Proof. (1) We have
(e z)®(a—b)=a<b,
(a=b)@(x—x)=a<Db,
and it follows that

(z = a) = (zob)=(z—aA(a—1) < (r—b)Ab— )

>(@—a)o (e =) A(@— ) o (b—2) Zacb

(2) According to Lemma 4 we have
(@=c) = (bed=(a—c)A(c—a)) < ((b—dA(d—D)
((@—=¢) = (b—=d)A((c—a)=(d—D)
(@a=bd)@(cod)A((cod@(aeb)=(aob)(cod).

O
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We consider the following subcategories of the categories Set(§)) and SetF (),
respectively.

(1) A full subcategory SetF(2)comp < SetF(Q) consisting of complete objects
of the category SetF(Q),

(2) A full subcategory QSetF(2) <, SetF(Q) with objects (Q(A’S),O'(A75)) for any
object (A4,9),

(3) A full subcategory QsetF Y, SetF(2) with objects (4%, 74 5)) for any
object (A, 4),

(4) A full subcategory Qset(m — Set(Q2) with objects (QEA’(S),T(A@) for any
object (A, 4),

(5) A full subcategory QSet() — Set(Q) with objects (w-singl(4, ), 0(a,4)) for
any object (A,0).

Theorem 1. There is a functor C: SetF(Q2) — SetF(Q)comp which is a quasi-
reflector.

Proof. Let (A,J) be an object in SetF(£2). We show first that (singl(A, d),7)
is a complete object. Let S be a singleton in (singl(A,d),7(4,5)). Then we define a
map es: A — Q such that

es() = \/ tx)@S®).
tesingl(A,d)

We show that es € singl(4,6). It is easy to see that eg is a normal extensional
subobject. Moreover, we have

es(r)@es(y) = \/  tz)@p(y) ® S(t) @ S(p)

t,pEsingl(A,d)

<V wesmertn= t<w>®(\/t<a>®p<a>®p<y>)

t,pEsingl(A,d) t,pEsingl(A,d)
< Ve (Visian)< Vo) <)
t,pEsingl(A,d) a€A t€singl(A,d)
Then S = {es}. In fact, let s € singl(A,d), then we have
{eshs) =g les, )=\ \/ taz)@SE) @ s)

xE€A te€singl(A,S)
\V (\/ t(x) ®S(z)> ® S(t)
t€singl(A,5) ‘z€A

=V  mas(st) @S(t) = mas(s,s) @ S(s) = S(s),

tesingl(A,d)
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and on the other hand since 7(s,t) ® S(t) < S(s), we obtain that {es}(s) = S(s).
We define a functor
C: SetF(?) — SetF(Q)comp

such that C(A,d) = (singl(A,0),7(a,5)) and for a morphism f: (A,0) — (B,7)
in SetF(2) we set C(f) = f, where f(s)(b) = \/ s(a) ® y(f(a),b). Then f is

a€A
a morphism in SetF(Q)comp. In fact it is clear that f(s) is a normal extensional

subobject in (B,~). For any b, c € B we have

Fo® e fis)e) =\ s@) @ sly) ©r(f(2),b) ®7(f(y),c)

z,y€A

<V S@,y) @7(f(2),b) ®@1(f(@),0)

z,y€A

<V @), f) ©3(f(2),0) @ (f(y)s )

z,y€A

<V 20, f ) @1(fy),e) < (b o).

z,yEA

Hence f(s) is a singleton in (B,~v). We show further that f: (singl(A4,4),7(4,5)) —
(singl(B, ), T(B,y)) is a morphism in SetF (). In fact, we have

T (f =\/ f(s )(0)

beB

=\ (\/ s(z) @W(m),b)) ® ( \ ) ®v(f(y>7b))

beB ‘zcA yeA

>\ V s(@) @ y(f(x),b) @ t(x) @ 7(f(x),b)

beBxzcA

> \/ s(@) @(f(@), f(2) ® t) © 7 (f(x), f(2))

z€A

= \/ s(x) @ t(x) = 7(a,6) (5, 1).

z€A

Let us now consider the singleton map
(4,9) i — C(A,0) = (singl(4,0),T(a,s))-

We show that C' is a quasi-reflector. Since 7({z},{y}) = d(z,y), it is clear that
{-} is a morphism in SetF (). Moreover let (B,~y) be a complete object and let
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f: (A 0) — (B,v) be a morphism in SetF(2). Then there exists a morphism
f: (singl(A,d),7) — (B,) such that the following diagram commutes:

(A, 6) (Slngl 10),T(A,5))
fl l"
(B,7) =——

The map f is defined as follows. Let s € singl(A, §). Then C(f)(s) = f(s): B — Qis
a singleton in (B, ). Since (B, ~) is complete, there exists the unique element b € B
such that f(s) = {b}. Weset f(s) = b. We show that f is a morphism in SetF(Q). In

fact, leE f(s)_: b, f(t) = ¢. Then we have v(f(s), f(t)) = ~v(b,c) = 78,y ({b}, {c}) =
7B, (F(5), F(t)) = T(a,6)(s,t) since f is a morphism in SetF (). We show that the
above mentioned diagram commutes. In fact, let a € A, then we have f({a}) = b,

where f({a}) = {b}. But we have f({a})(y) = V {a}(z)@r(f(2),y) = V 6(a, )@

1(f(2),y) = d(a,a) @ (fla),y) = v(f(a),y) = {f( )}(y). On the other hand we
have f({a})(y) < \E/Av(f(a),f(af)) ®y(f(z),y) < \E/Av( (a),y) = v(f(a),y) =

{f(a)}(y). Hence we have {b} = f({a}) = {f(a)} and it follows that b = f(a). O

Theorem 2. There exists a functor D: SetF(Q) — QStF(2) which is a quasi-
reflector.

Proof. Let (A4,6) be an object of SetF(Q2) and let f: (A,§) — (B,v) be a
morphism in SetF(f2). We define a functor D: SetF(Q) — QSetF() guch that
D(4,8) = (W 049, D(f): D(4,8) = D(B,7),
(Vs € Q4N (Wb e B) D(f)(s)(b) = \/ s(x) @ (b, f(2)).

z€A

It is clear that this definition is correct.
Now let (A, d) be an object in SetF(Q2). We consider the map

(4,6) =5 D(A,6) = (04D, (4 5)).

We show that this map is a morphism in SetF (). In fact, for z,y € A we have

oas{ah{yh) = A 8a,z) < d(a.y)

acA

> N\ (6(a.x) — b(x,y) ® §(a, 2)) A (8(a,y) — b(a,y) ® 8(z,y))
acA

> 0(z,y).

638



On the other hand we have o({z}, {y}) < §(x,y) and it follows that o({x},{y}) =

(. y)-
Finally, let f: (4,6) — (2", 0(5.,)) be a morphism in SetF(Q2). Then there
exists a morphism f such that the following diagram commutes.

(4,6) L T

I

(Q(B”Y)v U(B,’y)) - (Q(B,’Y)v U(B,’y))
The morphism f: QA9 B is defined as follows.

(vs € Q) (e B) f(s)b) = \/ F@)(B) @ oras({ahs).
z€A

This definition is correct. In fact, we show first that f(s) € QB). Let b,c € B,
then we have

f( ) ®'7 (b, C \/ f ®0‘(A’5)({CL'},S) ®'7(bvc)

z€A

<V f@)() @ oas{z},s) = f(s)(0).

z€A
Further, f is a morphism in SetF(Q) In fact, we have
o(B,y)(f /\ f(s )(D).
bEB
According to Lemma 4 and Lemma 5 we have

ﬂmeﬂmm(vf@<®qu@ ) (vf ®mmﬂdﬁ)
ceEA

acA

> N\ (F@)(0) @ o(a5){x},8) = f(@)(b) ® o145 ({2}, 1))

T€EA
> /\ o5 {a},s) < ows({a},t)
acA
= d(a,x) < s(z) ) < d(a,y) < t(y)
A=)~ (pon-)
> A\ N\ Gla,2) = s(@) = (3(a,2) < t(x))
acAzeA
> N\ N 6(a.z) < da,2) ® (s(z) < t(x))
acEAzeA
— /\ s(z) < t(x) = o(a,6)(s,1).
T€A

639



It follows that o(p ) (f(s), () = 0(a,5)(5,t). We show that the diagram commutes.
In fact, let a € A,b € B. Then

FHah) ) =\ f@)(b) ® o045 {},{a})

€A
= \/ f(2)(b) ® 6(x,a) \/ f(@)() ® 0B~ (f(2), fla))
€A T€EA
—\/ @b e ( A F@)) - f<a><y>)
zEA yEB
—\/ A @0 e (@) < faw) < \ f@)0) o (F@)b) — fao)
r€AyEB €A
<V f 1)) — @) < F@)0).

z€A

On the other hand we have

Fah®) = \/ F(@)(0) ®d(z,a) > f(a)(b).

TEA
Hence the diagram commutes and D: SetF(Q) — QStF(?) is a quasi-reflector. [

It should be observed that f is the smallest morphism for which the above diagram
commutes. In fact, let g: D(A,d) — (QE), 0(B,)) be a morphism in SetF(2) such
that the diagram commutes. Then for any s € Q49 b € B we have

=\ f@)(b) ® o(a6)({a},s)

acA
<V H@)b) ® o5 (9{a}),9(s) = \/ F(@)(b) @ 0(5.)(f(a),9(s))
acA acA
<\ fa®e A\ fla 5)(x)
acA r€EB
<\ f@)(b) @ (f(a)(b) — g(5)(b)) < g(s)(b)-
acA

Theorem 3. There exists a functor E: SetF(Q2) — Q;etF(Q)

reflector.

which is a quasi-

Proof. Let (A4,0) be an object in SetF () and let f: (A,§) — (B,7) be a
morphism in SetF(£2). We define a functor E such that
B(4,0) = (@, 7a5), E(f): B(A,0) = E(B,7),
(Vs € Q4N (Wb e B) D(f)(s)(b) = \/ s(x) @ (b, f(2)).

z€A
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It is clear that 7(44)(s,t) < 7(5.4)(E(f)(s), E(f)(t)) for any s,t € Q49 and it
follows that F is defined correctly. We consider a map

(4,8) L2 (@49, 74.5)
such that {—}(a)(b) = 7(a,5)({a}, {b}). Since 74 5)({a}, {b}) = d(a,b), the definition

is correct.
Finally, let f: (A,0) — (Q(BW),T(B,Y)) be a morphism in SetF(2). Then there
exists a morphism f such that the following diagram commutes.

(A4,0) — 1~ B(4,0)
fl lf
(Q(B,’Y)v T(B,’y)) - (Q(B,’Y)v T(B,V))

The morphism f: E(A,d) — Q) is defined as follows.

(Vs € Q) (wb e B)  f(s)(b) = \/ f(2)(b) @ Tay({z},8) = \/ fl=

z€A r€A

We show that f is a morphism in SetF (). In fact, let s, € Q49 Then we have

Ty (f -V V f@ (2)(y) ® s(z) @ 1(2)

yeEB x,z€EA

V ( V @) ®f(2)(y)) ® s(z) © t(2)

r,zEA “y€EB

=V 7 (@), f(2) @ s( >\ b@2) @s@) @)
z,zEA IZEA

> \/ s(z) @ t(x) = 7(a.5)(s,1).
T€EA

The above mentioned diagram commutes. In fact, let © € A,b € B. Then we have

fah)) =\ f@)(b) ® {a}(z) > f(a)(b),

z€A

FHap®) =\ F@)0) @ da,a)

z€A

<V f(@)(0) © 75,4 (f (), f(a))

€A
<\ F@0) @ o (f(2), f(a) < fla)(®d).
€A
Hence, E: SetF(Q) — Q%etF(Q) is a quasi-reflector. O
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Theorem 4. There exists a functor G: Set()) — Qieg(ﬂ) which is a quasi-
reflector.

Proof. The functor G is defined by G(A,0) = (Q§A76),T(A75)) which is con-
sidered as an object of a category Set(Q). Let f: (A,6) — (B,7) be a mor-
phism in Set(€?). The morphism G(f) will be defined later. First let us define
a morphism v(4 5 = v: (A,0) — G(A,0d) in Set(Q2) such that v = F({—}), where
{-}: (4,0) — (QgA’J),T(A,(;)) is a singleton morphism in SetF(Q}) and F is the
functor from Lemma 1. This definition is correct since for any a,b € A we have
T(a,5)({a}, {b}) = d(a,b) as can easily be proved. Then for any object (B,v) and
any morphism f: (A,d) — (QgB’V),T(B,,Y)) in Set(Q) there exists a morphism f in
Set(Q2) such that the following diagram commutes.

U(A,8)

(4,5) G(A, )
fl y
QP 75.4y) =— QP 75

In fact, we set

(vs € AN e Q) flst) =\ Flat) @ vias(,s).

T€EA
Then we have
\/ f(s,t): \/ \/ flz,t) @ v(z, s)
tEQEBW) tEQﬁB’W) z€A
“V (V swn)sutes) = Vs = V (i)
T€A tegng,‘Y) T€A z€A
> \/ s(x) =1.
T€EA
Further,

fs,y@ f(s,t) = \/ fla,t) @ f(bt') ©@v(a,s) ®v(b,s)

a,be A
<V flat)@ fb,t)@8(a,b) < \/ f(b,1) @ f(b, ') < T(as)(t,1).
a,beA bEA

The other properties of a morphism in Set({2) can be proved analogously.
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We show that the diagram commutes. In fact, let a € A, t € QgB"Y). Then we have

(fo U)(avt) = \/ U(a’ S) ® f(sa t)

A8
st

=V vase ( \ f@t) @, s))

A,S
seQA®) zEA

> v(a, {a}) ® \/ f(z,1) @ v(x,{a})

z€A

=V f@.t)@v(x,{a}) = f(a,1),

z€A

and on the other hand we have

fov a,t) \/ \/ T(a,5)({a}, s ®T(A75)({SC},S) ® f(z,t)

seQ(4:®) z€A
<V Vel {zh) @ fat) = \/ 6(a,2) ® f(2,t) < flat).
SEQEA’J) z€A T€A

—

The morphism G(f): G(A,d) — G(B,v) will be defined by G(f) = v, o f.
Hence, more explicitly, we have

G, t) =\ V @) @ v U,t) @ vas(z,s).

rcAyeB

O

Theorem 5. There exists a functor H: Set(2) — Q5tY) which is a quasi-

reflector.

Proof. Let (A,0) be an object in Set(2). We set H(A,d) = (w-singl(4,9),
0(a,5))- For an element a € A we define a morphism [a]: (4,5) — (2, ) in the
category Set(2) such that [a](z,«) = F({a})(z,«), for any z € A,a € Q, where
F is the functor from Lemma 1 and {a}: (4,6) — (£,<) is a morphism in the
category SetF(Q2) such that {a}(z) = d(a,x). Then [a] is a normal extensional
subobject of (4,4) in a category Set(Q). Since [a|(z,1) ® [a](y,1) < d(z,y) we
obtain that [a] is a weak singleton. Moreover, since o(4,5)([a], [b]) = d(a, b) we obtain
that [—]: (A,d) — (w-singl(4, ), 0(4,5)) is a morphism in SetF(2).

We define a morphism u = u(4,5): (4,6) — H(A,0) = (w-singl(4, ), 0(a,5)) in
Set(Q) such that u(a,s) = F([—])(a,s) for all a € A, s € w-singl(A,d), where F is
the functor from Lemma 1.
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Let f: (A,6) — (w-singl(B,7), 0(B,y)) be a morphism in Set(Q2). Then we define
a morphism f: (w-singl(4,9), 0(4,5)) — (w-singl(B,7), 0(5,)) by

f(S,t) = \/ f(:l?,t) ® u(m, S)a

z€A

for all s € w-singl(A, 8),¢ € w-singl(B,~). Then f is a morphism in Set(£2). In fact,

we have

Voodso=V( V  fe@o)eus

tew-singl(B,y) €A *tew-singl(B,7)

= \/ u(z,s) = \/ /\ §(z,y) < s(y,1) = \/ s(z,1) =1.

€A rzEAyYEA z€A
Moreover, the following diagram commutes.

u

(A,8) ————— (w-singl(A, ), 0(a,s))

i |7

(W_Singl(Ba 7)7 Q(B,’y)) E— (W_Singl(B7 ’Y)a Q(B,V))

In fact, we have

fo u(a,t) = \/ u(a, s) ® f(s,t)

sew-singl(A,d)

Vo s o\ ues) @ f)

s€w-singl(A,d) T€EA

u(a,[a) ® \/ ulz, [a]) @ f(z,t)

z€A

V ula, la]) © f(x,t) > f(a,1),

z€A

WV

and on the other hand

f o u(aat) < \/ Q(A,t?)([a]’ [x]) ® f(mat) = \/ 5($,(1) ® f(aj’t) < f(a7t)'

z€A z€A

Let f: (A,0) — (B,~) be a morphism in Set(2). The morphism H(f) will be
defined as u(p ) o f. O
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