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1. INTRODUCTION

Let f: N — [0, 00[ be a nonzero function, let A C N and n € N. We denote

A= > f)

a€A,an

and define

o As() ; A
d¢(A) = liminf and df(A) = limsup ,
s =R ) s(A) =T 5 )

i.e. the lower and the upper f-densities of the set A, respectively. Put moreover

Dy(A) = (ds(A).ds(A)) € {(z,y);  €[0,1], y € [0, 2]}.

We call D¢(A) the f-density point of the set A. Two important cases of densities are

those of asymptotic densities (denoted by d, d) with f(n) = 1, n € N, and logarithmic
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densities (denoted by §,0) with f(n) = 1/n, n € N. There is a well known relation
between these four values (see, for instance, [2], p.241-242)

@ 0<d(A4) <4(4) <5(4) <d(4) <1

which holds for every A C N. Also, examples of sets are known for which the values
of the asymptotic densities differ from the corresponding ones of the logarithmic
densities. There exist even sets with arbitrary prescribed values of all four densities
respecting the relation (I) (see [4]). In this paper we will deal with the class of
densities determined by weight functions f,(n) = n®, « € [—1,00[. Notice that the
asymptotic densities correspond to a = 0 and the logarithmic densities correspond
toa = —1.

In the sequel we shall write A, in place of A¢, and d,,, dw, Dq in place of d fo UZ fo
and Dy, respectively, and moreover we shall use the term a-density point instead
of the f,-density point.

In [6] it is proved that both the upper and lower a-densities vary monotonously
with respect to the parameter «. This provides an extension of inequalities (I): Let
—1 < a < B < oco. Then the inequalities

(R) ds(A) <d,(A) and  do(A) < dp(A)

hold for every A C N.

A natural question arises whether the coordinates of the a-density point of a set A
depend on the parameter o continuously. The aim of the present paper is to discuss
this problem. As there are no well known examples of sets with different a-density
points for « € [—1, 0o, we will start with the following example. It shows that there
are sets A C N for which both the functions « — d, (A) and a +— d, (A) are injective
on [—1,00].

o0

Example 1. Let a > 1 be a real number. Denote 4 = [J][a?*], [a®***1]] NN,
k=0

where [r] means the integer part of the real number r, i.e. the largest integer less

than or equal to r. Then for every a € [—1, 00|

B a+1
d(A) = — and du(4) = —°

aa+1 + 1 aot—i-l + 1

First, let @« > —1. Then both densities can be calculated using the technique
in [5], integrating the function z® in the corresponding intervals and cancelling the
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constant multipliers 1/(a + 1):

[a2k+l]

zn: Z 7o zn: (a2k+1)a+1 _ (a2k)a+1

_ . k=0 i=[a2*]4+1 . k=
do(A) = hfl_iljp T 111131_}801(1? (a2nt1)atl
> e
j=1
n
Z (a2a+2)k (a2o+2)nt+l_q
T 41 k=0 _ +1 . a?et2—1
= nan;O(aa —-1) (a2nFT)ot] = (a""" — 1)1111_{1;0 (a2 FT)otT
1 a?an+2n+2a+2 aa—i—l

= aa+l + 1 nh_)H;o a2an+2n+a+l = aa+1 + 1

and, similarly, or using the fact that in this case d,(A) = do(A)/a*t!, we get

1

d,(A) = prESEnER

Calculation of d_,(A) and d_1(A) can be performed using the same technique to get
1

d_,(4) = 5 =d1(A).
Notice that the same result can be obtained using Theorem 2 below on continuity
at o = —1, as the set A fulfils its assumptions and

a®tl 1 1

ozl}r—nl+ actl +1 - ozl}l—nl+ actl +1 - 5

2. CONTINUITY ON ]—1, 00[

Now we are going to answer the question about the continuity of the dependence
of a-density points on the parameter «. First we will consider the case a € |—1, oo.

Theorem 1. Let o € |—1,00[ and § > 0. Then for every set A C N

26 - - 26
do (A) — doi5(A)] < P and [do(A) —dags(A)| < P
Proof. We calculate
Aa(n)  Aats(n) a® a®to
An(A) = - - - S
W= [em | DI w e D D vy
na+1 Ot+5 noc+(5+1

(a+1) Y Tl (atsy1) Y L oEE

netl N, (n) neto+IN, 5 (n) |

a€A,an a€A,an
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Denote

noc+1 na+5+1
a+1 . a+d+1
=1 d larly, ————— =1
Ne () +e¢e1(n) and, similarly, Nots () +ea(n)

and notice that both
e1(n) — 0, go(n) — 0 as n— oo.

Let us continue the calculation:

a® a®
An(A) = |(@+1) Y 1 tam(a+) > T
a€A,an a€A,an
aa+5 aa+5
a€A,an a€A,an
a+1 o a\?® o adts
= | et Z “ (1 B (E) ) - potstl Z “
a€A,an a€A,an
team) g Y el —my Y a
a€A,an a€A,an
< S1(n) + S2(n) + [e1(n)[S3(n) + |e2(n)[Sa(n)
where
a+1 o a\?®
Sim) = 20t (1-(3)):
asn
S ( )_ 4 Z a+§
2\n) = oo+l a )
asn
a—+1 o
53(”’) = no+l a
asn
and e
_ a a+d
Sa(n) = — o 2
asn
It is cl that
is clear tha S 5 _ 5
im n) = <
n—oo 2 ato+1 Sa+1
and also
lim S3(n) = lim S4(n) =1.
We have
"L ke ko 1
s =@+03 () (1= () )3
) =@+ (3 =)<
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The last sum is an integral sum of the (integrable) function ¢(x) = (1 —z°) in the
interval [0, 1]; hence

1 1 § §
_ — < .
a+l a+d+1 (a+1)(a+d+1)  (a+1)?2

Thus we have

4o (A) = dpyy 5(A)| < limsup A, (A)

n—oo

< lim (S1(n) 4+ 92(n) + |e1(n)[93(n) + [e2(n)[Sa(n))
0 0 26
Sa+1 +a+1 Fo+0= a+1

The corresponding inequality for the upper densities can be derived by simple ob-
servation that

|do(A) = dats(A)| = (1 —do(N = A)) = (1 = d 5(N = A))|
26
=|d,(N—A) — — < —
|—a( A) da+5(N A)| a+ 1
as the last inequality has already been proved for all subsets of N. O

Remark 1. Since for all @« > —1 and all § such that 0 < § < a + 1 we have
o — 6 > —1, the statement of the theorem can be applied to the pair a —§ > —1 and
a=(a—20)+4 to get

for all A c N.

Thus we have direct consequences of the above theorem.

Corollary 1. Given a set A C N, the function o« — D, (A) is Lipschitzian on
each closed half-line [ag, oo, with ag > —1 fixed.
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Corollary 2. Given a set A C N, the function o — D, (A) is continuous on
]_ 17 OO[

3. THE CONTINUITY AT —1

Let A be a fixed subset of N. In this section we shall study continuity of the
a-density points as o — —1F. We assume that the set A C N is neither finite nor
cofinite, so that it can be written in the form

A=NnN <§1]ambn])

for two suitable sequences of integers (a,)n>1 and (b, )n>1 such that a,, < b, < apt1
for every n. We recall that

No(n) ="k neN
k=1

By an application of Theorem 8.2 of [1], we are able to calculate the upper and lower
a-densities of A as follows:

Theorem A. The following relations hold:

n—1

(Na (0x) = Na (ax))

i ™

= lim inf =2
(1) da(4) = 1n—>oof Na (an) ’
) ' gl(Na (b) = Na (ar))
do(A) = llyrln_)solcljp N ()

The following result is also easy to prove:

Lemma B. For a > —1 the values d,(A) and d,,(A) can be also calculated as

NgE!

07— at)

(2) do(A) = lim sup 2=

n—oo

hate
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and

n—1
S (05 — 0t

o k=1
(3) doz (A) = lﬂgf a111+oz ’
while for « = —1 we have
> (log by, — logay)
4 7oA = I k=1
(4) d-_1(4) im sup oz, :
n—1
> (log by, — log ay)
. . k=
(5) d_y(A) = liminf #= oo
respectively.

Lemma B follows from the equivalence relations, as n — oo,

T((n +1)et —potl)y for a > —1,
')’La ~ «

log(n + 1) — logn fora = -1

using the same arguments as in Theorem 3.2 of [1] or in Lemma 1 of [5].
In the sequel we set, for each n,

C, =logb, —logay,; B,=Ilogb, —logb,_1; A, =1loga, —loga,_1.

Also we will suppose that the sequence (Bj)n>1 is bounded (assumption (H)).
This easily implies that (A,),>1 and (Cp),>1 are bounded as well.
We have the following result.

Theorem 2. In addition to assumption (H), suppose that
(6) L = liminf C, > 0.

Then we have

(7) lim da(4) = d-1(4),
(®) limd (A) = d_y(4).

The following example shows that assumption (H) cannot be dropped.
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oo

Example 2. For the set A =NnN ( U ]ambn]> with

n=1
an =n((n — 1)) by = (n!)?,

assumption (H) is not satisfied.

In fact, we have
C, = log(n!)? —logn((n — 1)!)? = logn,

which is not bounded. Now, by means of Theorem A and relations (2), (3), (4) and
(5) it is easy to verify that

hence neither of the functions a + d, (A), a + d,(A) is continuous at —1.
Theorem 2 covers evidently the rather relevant case of sets such as the set E, of
numbers beginning by a fixed digit » (r € {1,2,...,9}), i.e.

E,=Nn (G ]r10”—1,(r+1)10“—1]),

n=1
but it is not useful for instance for the set of even numbers (or the set of multiples

of any other integer, of course). In fact, here we have a,, = 2n — 1, b, = 2n and

lim inf (log b, — log a,,) = 0.

n—oo

Observe that in this case the limit

L Jogbn —logan . - Cn
n—oo logb, —logb,_1 n—oo B,

exists (= 1/2).
In fact, for a general set A = NN ( U Jan, bn]> the following result holds (we keep
n=1

the notation used for Theorem 2):
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Theorem 3. Let assumption (H) hold and suppose that the limit

lim —*
n—oo n
exists and is equal to L. Put by = 1. Then
(i) A possesses logarithmic density d_1(A) = L;
(ii) there exists ay and a positive constant ¢ such that for —1 < oo < oy we have

YO =) Y G
(9) lim sup |22 — - ML <e(l+a).
TEAX O =0IT) X Ba
k=1 k=1

The rest of this section is devoted to the proofs of Theorems 2 and 3.

Proof of Theorem 2. We shall prove relation (7) only, since (8) has an
identical proof (simply replace (b,) with (a,) and use the part of Theorem A that
concerns lower density, along with relations (3) and (5)). We start with a remark.

Remark 2. Since C,, < B, and C,, < A,41, assumption (6) implies that also
M =liminf B,, > 0 and N = liminf A4,, > 0.

n—oo n—oo

We need a famous result:
Lemma (Abel) [3]. Let (1), and (sy), be any two sequences of real numbers.

Then
;Tksk = (im)sn _”Z—:l (Xk:rh)(skﬂ _ Sk)

k=1 k=1 “h=1

In (2), the fraction can be replaced by

(b — o)

M=
M=

S - o)

(10) b71—b+a 1 =

=
Il
—
—~
S
o
I
—_
~—

(b = b19)

NE

k

Il
-

Concerning its numerator, Abel’s lemma will be applied with

b]1€+a _ a]1€+a
Tk = Ok; Sk = 077
k
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so we obtain

(11) Z(bllc+a _ 1+a — (Zok)
k=1
b1+0t 1+a b1+a 1+a

_kz:;(};(jh)(lcﬂ_%ﬂ_ k Ckk )

Cr41

b1+a _ a1+a

As to the denominator of (10), another application of Abel’s lemma with

14+« 14+«
bk — bk—l

ry = DBy, S = 5 ;
&

gives

n e 1+a _ b1+a _ b1+a
(12) Z(bk L ZBk

k=1
bl—‘roz bl+a bl+a bl—‘roz

_;(};Bh)<k+l E Y B_k k—1>.

By 1

In view of the above formulas (11) and (12), in order to get the statement of Theo-
rem 2 it will be enough to show that

1+ 1+«
bn — Qyp

13 li —_—
(13) im sup 1+ a)Cobl™

a——11+ pn

-1|=0,

1+« 1+ b1+a

-1, k
Y (3 ¢ (Bt
— h Cr1 Ck

(14) lim sup =L0=1 =0,

am-1t n (1+ a)bl+e (él Cr)

and two analogous relations concerning (12) (with By, replacing Cj and bg_; replac-
ing ag).

We shall prove only (13) and (14).

In order to get (13), put, for > 0,

1—e™®
H =
(0) = ——,
and recall the inequality
|H(z) — 1] < g
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Hence

1+ 1+«
bn — Gy

S —_—
LT T aptec,

(1+ a)sup Cy,

N =

—1|=sup|H((1+a)C,) — 1| <

which concludes the proof of (13).
The proof of (14) is longer. We remark that, by assumption (H) and relation (6),

we have
n

> Ck

. k=1
lim inf
n—o0 Og n

> 0.

This allows us to replace the term Y C} in the denominator of (14) by logb,; so,
k=1
we shall prove that

n—1, k biiclx_alljr? bk+a_ai+a
x (X 0n) (e - )
(15) lim sup 2= =L =0
g Wl I+a e
a1+ (1 4+ )by *logby,

We now need some lemmas.

Lemma 1. The sequence (n/logb,,), is bounded.

Proof. Recall that M = liminf B,, > 0; fix &, with 0 < ¢ < M. There exists

n—oo

an integer ng such that, for n > ng, we have

Bn 2 M - g,

hence, for n > k > ng, we get

(16) logb,, — logby = Z Bp > (M —¢)(n—k).
h=k+1

In particular, for n > k = ny we find
log b, > logby,, + (M —€)(n —ng),

which completes the proof. O
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Lemma 2. Let (Dy); and (Ey)y be any two positive bounded sequences and let
m be a nonnegative integer. Then

n—1 k
> ( Dh)b,lcj;ilEk = O(bL**loghy,).
k=1 h=1

Proof. Since (Dy)y and (Ey )i are bounded, it is enough to prove the statement
for Dy, = Ej, =1 for every k, i.e. for the sequence

n—1
14+«
k=1

Let £,n9 be as in Lemma 1, and let n > k > ng. Relation (16) can be written in the

equivalent form
Dktm (M=) (n—k—m)
bn X )

hence there exist positive constants ¢; and co such that for n > ng — 1 we have

n—1 no n—1
> kb Y kb X (kg /)
k=1 k=1

_ k=no+1
bit®loghb,  bit%logh, log by,
n—1
—(M—¢)(14a)(n—k—m)
e
< a +n kz:zl < = + 2 -
= b log b, log by, = bt log b, log by’
as
n—1 0 —(M—¢e)(14a)(1—m)
—(M—¢)(14a)(n—k—m) —(M—¢)(14a)i _ © _
;e < ;: € T 1 e Grot) ~ P
An application of Lemma 1 completes the proof of Lemma 2. O

Lemma 3. For every integer k we have

ktl  RH1 E | < (14 @), 0 Bry1 + (1 + a)G(a)b e,
Crt1 Ck

1+ 1+« 1+ 14+«
b b, —a

where GG is a function such that

lim G(a)=0.

a——1+
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Proof. The reader can verify the equality

bl—i—oz _ 1+« bl-i-a _ a1+0t

a
L _ & e = (14 )’ Y H((1 + @) Bi1 ) H((1 + @)Cri1) Brsa
Crt1 Ck

+ (1 +a)(H((1+ a)Cri1) — H((1 + a)Cr)) by ™

by substituting H(z) = (1 —e™®)/x (with corresponding arguments) into its right
hand side.
It is now enough to recall that 0 < H(x) < 1 and to put

G(a) = sgp [H((1+ a)Cry1) — H((1 + a)Cy)|.

The fact that lim G(a) = 0 follows from the Lagrange theorem:

a——1+

[H((1 4 a)Cri1) — H((1+a)Ck)| < 2(1 + a)(Sup Ci) sup |H' ()],

and it is easily verified that

rze Tt —14e7 " 1—e™% l—e®—z

X

N
N o

sup |H'(z)| = sup
xr T

x

Relation (15) now follows by applying Lemma 3 and Lemma 2 with m = 0 and
m = 1. This concludes the proof of Theorem 2.

Proof of Theorem 3. (i) is immediate, since

> Ck
. k=1 Cn
d_1(A) = lim = = lim B =L
> B "
k=1

by Cesaro’s theorem.
(ii) We need some algebra in order to write the first member of (9) in a suitable
manner. By reducing to the common denominator we get that it is equal to

zn: b1+a( — e~ (1+a) Ck) i b1+a( e—(1+a)Bk)Ch
k= k=

h,k=1 h,k=1

a A= m
Z bl"rot( e—(1+a)Bk)Bh
k=

h,k=1
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Recall the definition of the function H (see Lemma 3). Then each summand in the
denominator of the fraction A in (17) is equal to

(18) (14 a)b, ™ H((1 + o) By) By Bg.

Moreover, in the first (second) parenthesis of the numerator of A we subtract and
add the term (1 + «)C% ((1 + «) By, respectively) and separate the sums in order to
split the fraction A of (17) into tree summands

A=R-S5+T,

where (recall the expression (18))

R="2
(1+a) > b H((1+a)Bi) BBy
h,k=1
S bt (1 — e~ (OB _ (14 a)B,)C),
h,k=1
S = n 7
(1+a) 35 b H((1+a)Bx) By By
h,k=1
> bt CkBr— Y b TChBy
T k=L h,k=1

S b t*H((1 4 a)By,) BBy
h,k=1

We recall the inequality (z > 0)

1,2

0 § e_z -1 +x g 7
and remark that, since (B,,) is positive and bounded, we have

lim supH((1+«a)Bg) =1,

a——11T

hence there exists cg > —1 such that for —1 < a < ap we have

1
sup H((1 + a)By) > 3’
k
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so that
(1+ )? . bt C2 B,
R< L~ < (14 ) (sup Cy)
k

(1+a) 3 bTB,B,
h

TtJ=

—

21

(since Ck g Bk).
In an analogous way we also find

S < (14 a)(sup By).
k
Last, for —1 < a < ag we have

S b tCk By — O By
=1

>

(19) T <

b, " H((1 + ) By) By, By

h 1

by " BBi|(Ck/Bk) — (Cn/B)|
h 1

< 0

(1/2)(2 b}jaBk) log bn

k=1

= T

Fix ¢ > 0 and ng such that, for n > ng, we have

Cn
L—€<B—<L+€.

n

As the sequence (C,,/B,,) is bounded, the last term of (19) is not greater than

. no no
S bt B By|(Cy/By) — (Cin/By)| 3 B, §2 yreap,
h,k=1 = p)
“ T, T + 4e,
(1/2) ( Z b]1€+04Bk;> IOg bn g On Z b}ll-‘roth
k=1 =

where c3 and ¢4 are suitable positive constants. Now the statement follows since
n

(log b,,) and (Z b,lfo‘Bh) go to oo. O
h=1
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4. AN OPEN PROBLEM

Problem. We have seen that to any given set A C N we can attach a pair of

functions
dy: [-1,00[— [0,1] and da: [-1,00[— [0,1],

both continuous in the interval ]—1, 00| and such that d, is nonincreasing, da is
nondecreasing and d 4(a) < da(a) for all o € [—1,00].
A natural question that arises is:
For which pairs of functions d,d with properties listed above there exists a set
A C N such that
dy=d and dy=d?
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