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Abstract. We present new formulae providing equivalent quasi-norms on Lorentz-
Karamata spaces. Our results are based on properties of certain averaging operators on the
cone of non-negative and non-increasing functions in convenient weighted Lebesgue spaces.
We also illustrate connections between our results and mapping properties of such classical
operators as the fractional maximal operator and the Riesz potential (and their variants)
on the Lorentz-Karamata spaces.
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1. INTRODUCTION

In [9], [14] and [15] new characterisations of Lorentz spaces were given by means of
quasi-norms that were shown to be equivalent to the classical ones. However, Lorentz
spaces (and their special cases, the Lebesgue spaces) are but the simplest of a whole
scale of spaces of proven usefulness in analysis, such as those of Lorentz-Zygmund and
generalised Lorentz-Zygmund type. The Lorentz-Karamata spaces, defined by means
of slowly varying functions, contain all these spaces and are currently attracting
a good deal of attention, not least because they enable results involving them to
be proved with no more difficulty than is needed to give the ad hoc arguments
necessary to establish the corresponding results in more specialised spaces. For an
account of these spaces, together with illustrations of their usefulness, we refer to [5]
and [13]. There is a standard way of defining Lorentz-Karamata spaces by means
of quasi-norms; here we provide alternative characterisations by means of equivalent

quasi-norms.
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To explain our results in a little more detail, let (£2, 1) be a totally o-finite measure
space with a non-atomic measure u. A non-negative measurable function b on (0, o)
is called slowly varying if, given any ¢ > 0, the functions ¢t — ¢°b(t) and t —— t~b(t)
are respectively equivalent to non-decreasing and non-increasing functions on (0, 0o).
Suppose that p,q € (0, 00] and that b is slowly varying. Then the Lorentz-Karamata
space Ly 4 is the set of all y-measurable functions f on 2 such that

1£ 11,0 3= 18777 96(8) (1) g,0,00) < 00-

Here f* is the non-increasing rearrangement of f and [-[|, o ) is the usual Lebesgue
quasi-norm on (0,00). The Lorentz, Lorentz-Zygmund and generalised Lorentz-
Zygmund spaces are all special cases of these spaces, obtained by making particular
choices of the slowly varying function b. We show that if p,r, s € (0, 00], ¢ € (—00,0)
and a, b are slowly varying, 0 # a # oo, then

D) ot et
Fros Htl/q 1/ %”71/17 Ya=1/sq(7) f (r)||5,(07t)HT

,(0,00)

is a quasi-norm equivalent to |||| A corresponding statement holds when ¢ €

b
(0,00) or when the function f* ispféplaced by its maximal function f** (see Theo-
rems 3.1, 3.2, 3.5 and 3.6 below). These results extend those given in [9] and [14]
for Lorentz spaces and, in particular, they generalize and complement the result of
A. P. Calderén (cf. Remark 3.7 below).

We also illustrate (see Section 4) connection of our results with the mapping
properties of such classical operators as the maximal operator and the Riesz potential,
together with their variants, in the context of Lorentz-Karamata spaces. Some ideas
that explain our original motivation are mentioned at the end of Section 4. However,
we do not follow these ideas in the proofs of Theorems 3.1, 3.2, 3.5 and 3.6; our proofs
of these theorems are based on properties of certain averaging operators on the cone
of non-negative and non-increasing functions in convenient weighted Lebesgue spaces

(cf. Remark 3.3 below).

2. PRELIMINARIES

Given any quasi-Banach spaces X and Y, we write X — Y if X C Y and the
natural embedding of X in Y is continuous; X = Y means that X — Y and ¥ — X.
We write A < B (or A2 B) if A< ¢B (or cA > B) for some positive constant ¢
independent of appropriate quantities involved in A and B; A =~ B means that A < B
and B < A. Throughout the paper we use the abbreviation LHS(x) (RHS(x)) for
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the left(right)-hand side of the relation (). By xs we shall mean the characteristic
function of the set S.

Let (22, ) be a totally o-finite measure space with a non-atomic measure . We
denote by M(£, i) the set of all u-measurable functions on Q and by M™*(Q, ) the
subset of this consisting of all non-negative functions; when €2 is an interval (a,b) C R
and p is Lebesgue measure on this interval, we shall denote these sets by M(a, b) and
M™(a,b), respectively; when 2 = R™ and p is Lebesgue measure dx we shall write
M(R™) instead of M(R",dz). By M™(a,b;T) and M™(a,b;|) we shall mean the
subsets of M ™ (a,b) containing all non-decreasing and all non-increasing functions,
respectively. Given any f € M(Q, n), the non-increasing rearrangement f* of f is
defined by

@) =inf{A > 0: p{x e Q: |[f(z)] > A} <t}, t € (0,00),

and we write f**(t *tlfo s)ds, t > 0.If ¢ € (0,00] and —00 < ¢ < d <
[y, (c,a) Will stand for the usual Lebesgue quasi-norm on (¢,d) with respect to
Lebesgue measure.

A function b € M™(0,00) is called slowly varying on (0,00) if given any & > 0,
there are functions g. € M™(0,00;1) and g_. € M™(0,00;|) such that

t°b(t) =~ g-(t) and t°b(t) = g_.(t) for all ¢t € (0,00).

Here we follow the definition given in [11]; for other definitions see, for example, [3]
and [5]. The family of all slowly varying functions is denoted by SV; it includes not
only powers of iterated logarithms and the broken logarithmic functions of [10], but
also such functions as t — exp (|logt|*), a € (0,1). (The last mentioned function
has the interesting property that it tends to infinity more quickly than any positive
power of the logarithmic function.)

We shall need the following properties of elements of SV, for which we refer to
[11], Proposition 2.2 and Remark 2.3(i).

Lemma 2.1. Let b, by and bs belong to SV. Then
(i) biby € SV and b" € SV for each r € R;
(ii) given positive numbers € and k, there are positive constants c¢. and C. such that

cemin{k ™%, k°}b(t) < b(kt) < Comax{k™°%,k°}b(t) for allt > 0;
1) ifa >0 and q € (0, 00|, then for allt > 0,
iii) if 0 and 0 hen for all 0

17 9b(T) g, 0,0y = t°b(t) and |77 9b(7) | (1,00) &t D(D);
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(iv) there exists d € SV N C(0,00) such that b~ d;
(v) ifh € M*(0,00;1) and t/h’(t) € M*(0,00;1) for some § > 0, then bo h € SV.

Next we define the Lorentz-Karamata spaces. Given any p,q € (0,00] and any
b € SV, the Lorentz-Karamata space Ly, ¢ p = Ly (82, 1) is the set of all f € M(Q, u)
such that

(2.1) 1F 11y, = IE/27H9B() (1)l 4,(0,00) < 0.

Particular choices of b give well-known spaces. Obviously when b is the function
identically equal to 1, the corresponding Lorentz-Karamata space coincides with the
Lorentz space Ly, ;. Moreover, if m € N and

b(t):Hlio‘i(t) for t >0, where aq,...,am € R,

i=1

and, for ¢ > 0,
ll(t) =14+ \logt\ R ll(t) = ll(li_l(t)) ifi>1,

then the Lorentz-Karamata space Ly 45 is the generalised Lorentz-Zygmund space
Ly q.ar,....an of [7], which in turn becomes the Lorentz-Zygmund space L?*¢(log L)**
of Bennett and Rudnick [1] when m = 1.

Two further lemmas will be needed. For the first we refer to [11], Lemma 2.7.

Lemma 2.2. Let 1 < P < o0, v € R\ {0} and suppose that d € SV.
(i) The inequality

(2.2) t=YP () /O g(r)dr

SV Ed()g (1) p0,00)
P,(0,00)

holds for all g € M™(0,00) if and only if v < 0.
(ii) The inequality

(2.3) S YA ()9 (1) b 0,00)

P,(0,00)

=1Pq(r) /t " () dr

holds for all g € M™(0,00) if and only if v > 0.

The next is Theorem 2.2 of [12].
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Lemma 2.3. Let 0 < P < Q < 1 and suppose that k: (0,00) x (0,00) — [0, o] is
Lebesgue measurable. Then there is a constant C' € [0,00) such that the inequality

< Cllv®g®llp 0,00
Q.(0,00)

(2.4) Hw(t) /O "kt 7)g(r) dr

holds for all g € M*(0,00;]) if and only if

(2.5) Hw(t) /ng(t,T) dr

< Cllo@®)lp, o,y forall o€ (0,00).
Q,(0,00)

3. MAIN RESULTS

Our first alternative way of characterising the Lorentz-Karamata space L g is
contained in the following.

Theorem 3.1. Let p,r,s € (0,00], ¢ € (—00,0) and suppose that a,b € SV,
0 # a # oo. Then for all f € M(Q, ),

Y pafe g e
B Wl = [ I @) £ D 00

r.(0.00)
Proof. Let f € M(Q,u). Then f* € M(0,00;|) and for all ¢t > 0,
I PO s a () £ () 0,0 = £ ITPTY T o a() g 0,-
Moreover, since 1/p —1/g > 0 and a € SV, it follows from Lemma 2.1 (iii) that

(3.2) ||Tl/p_1/q_1/sa(7)||S’(07t) ~ /P aq(t) for all t > 0.

Hence
RHS(3.1) 2 [P~ 7b(t) £*(£) |, (0,00) = LHS(3.1).

To prove the reverse estimate, we distinguish several cases.
(i) Let s = 1. Then

(3:3) RHS(3.1) = tl/q_l/rﬁ/t TPl g (7) f () dr
0

a(t)

7,(0,00)
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If r € [1, 00], we apply the Hardy-type inequality (2.2), with P=r,v =1/¢,d =b/a
and g(1) = 7V/P=Y9=1q(1) f*(7), and obtain, for all f € M(Q, u),

(3.4) RHS(3.1) < [[tYP7Y7b(t) f*(£)]],-.(0,00) = LHS(3.1).
Ifr€(0,1), we put P=Q =r and
k(t,7) = X(0,0(T)T/P Y9 a(1), w(t) = 171 b(1) Ja(t), v(t) = /P71 7b(t)
for all 7,t € (0,00). Then the inequality
(3.5) RHS(3.1) < CLHS(3.1)

(where C is a positive constant independent of f) can be rewritten as (2.4). Thus
by Lemma 2.3, inequality (3.5) holds if and only if (2.5) is satisfied. Moreover, for
all o € (0,00),

4

(3.6) LHS(2.5)5Hw(t) /0 k(t,7) dr

4
4 Hw(t)/ k(t, ) dr
Q,(0,0) 0 Q,(0,0)

= Ly + Lo.

Then
L, =

7

t
t/a=1/r @ / Tl/Pfl/qfla(T) dr
0 r,(0,0)

a(t)

and on using (3.2) with s = 1 we arrive at

(3.7 Ly =~ Htl/p_l/Tb(t) for all o € (0, 00).

7,(0,0)

In a similar way we obtain

Ly = tl/q—l/T®/QTl/p—l/q—la(T) dr

a(t) Jo

7,(e,00)

- 1, 0(t)
~ olt/P—1/a H 1/q=1/r

r,(0,00)

Since ¢ < 0, Lemma 2.1 (iii) implies that

Htl/q—l/r%

. 0'/(0)/a(0) for all g € (0,0).
7,(0,00

Hence
(3.8) Ly = 0Y/Pb(p) for all g € (0, 00).
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We claim that

(3.9) Ly S Ly

To justify this, take € € (0,00) and observe that for all ¢ € (0, 00),
(3.10) 127706 0,0) = 1875577200 11, (0/2.0)-

Since the function ¢ — ¢t7¢b(¢) is equivalent to some g € M(0,00;]) on (0,00), we
see that

RHS(3.10) 2 0 b(o)[[t"/7* /" |11, (p/2,0) & 0"/7D(0) for all ¢ € (0, 00).
Together with (3.10), this gives
IE/P =2 b(t) 10,00 Z 0"/Pb(0) for all o € (0, 00).

Our claim (3.9) now follows on using (3.7) and (3.8).
By (3.6), (3.9) and (3.7),

LHS(2.5) < [[t"/*7Y7b(t)]],.0,0) = RHS(2.5) for all o € (0, 00).

Hence (2.5) is satisfied, and so (3.5) also holds. This completes the proof of case (i).
(ii) Assume now that s = co. Then

b(t
RHS(3.1) = Htl/q*”’”(—)esssupTl/”*l/qa(T)f*(T)
a 7€(0,t)

r,(0,00) ’

Using the estimate

esssup 7/P~H (1) f* (1) & esssup (/ ot/PmH a1 (o) do) fr ()
7€(0,t) 7€(0,t) 0

Sesssup/ ot/P=1a=14(5) f* (o) do
r€(0,t) JO

t
:/ /71914 (5) 1 (0) do

0

for all f € M(Q, ) and every t € (0,00), we find that

t
RHS(3.1) < tl/q—l/T@/ ot/PVi14(5) f*(0) do = RHS(3.3).

a(t) Jo

7,(0,00)

The result now follows from part (i).
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(iii) Suppose finally that s € (0,00). Let f € M(Q, ). Putting h = |f|*, P = p/s,
Q=q/s,R=r/s, b=">° and @ = a®, we have

T 1/s
(311)  RHS(3.1) = tl/Q—l/R@/ VPUQ-TG () (7) dr

a(t) Jo

R,(0,00) .

Applying the same method as that used to estimate RHS(3.3), we obtain

RES(3.11) S /7 B8 )l fo o) = LHS(3:1),
which, together with (3.11), implies that RHS(3.1) < LHS(3.1). O

Now we turn to the situation in which the parameter ¢ is positive.

Theoerem 3.2. Let p,r,s € (0,00], ¢ € (0,00) and suppose that a,b € SV,
0#Za# oo If p=gqandr € (0,1), we additionally suppose that a is equivalent to
a monotone function on (0,00). Then for all f € M(Q, p),

b(t)

3.12 e Htl/‘H/’“
312) [l -

T O T I

Proof. This follows the general line of the proof of Theorem 3.1 but with addi-
tional technical complications. Let f € M(Q, u). Then f* € M(0,00;]) and for all
G (O’ OO)’

(313) [PV (r) FH(T) s 1,00y = TPV () £ (),

(t,2t)

FrEOIrPY a1 | 00

Furthermore, by Lemma 2.1 (ii) (with ¢ = 1 and x = 7/¢) we have for all T € (¢, 2t)
that

a(t) = a(zt> Ch max{é %}a( ) < Cy max{i 2:} (t) = 2Ca(t)

t
and
t t t 1
a(t) = a(—t) > ¢1 min {—, %}a(t) > mln{2t t} a(t) = §cla(t),
which means that
(3.14) a(T) = a(t) for all 7 € (t,2t) and every ¢ € (0, 00).
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Thus for all ¢t € (0, c0),
||Tl/p_1/q_1/sa(7')||s,(t,2t) ~ a(t)HTl/p_l/q_l/s||s,(t,2t) ~ a(t)tl/p_l/q.

Together with (3.13), the last estimate implies that

_ b(t) —1 *
> |[s1/q—1/7 28] 1/p—1/q
(3.15) RHS(3.12) 2 |¢ Ok TACOl I

= [[tYP=Tb(1) £ (2) ], (0,00) A~ LHS(3.12),

the final estimate following from a change of variables and use of Lemma 2.1 (ii).
To establish the reverse estimate, we distinguish several cases.
(i) Let s = 1. Then

(3.16) RHS(3.12) =

tl/q_l/r% /too Tl/p_l/q_l(l(T)f*(T) dr

r,(0,00)

If r € [1, 0], we apply the Hardy-type inequality (2.3) (with P =r, v =1/q,d=10b/a
and g(7) = 71/P=1/9714(7) f*(7)) to show that for all f € M(Q, p),

(3.17) RHS(3.16) < [[tY7Y"b(t) £*(t).(0,00) = LHS(3.12).
Ifre (0,1), we put P=Q =r and
E(t,7) = X(t,00)(T)TP7Y 0 a(7), w(t) = t1/9717b(t) fa(t), v(t) = t1/P~1/"b(t)
for all ¢, 7 € (0,00). Then the inequality
(3.18) RHS(3.12) < C LHS(3.12)

(where C' is a positive constant independent of f) can be rewritten as (2.4). Conse-
quently, by Lemma 2.3, inequality (2.4) holds if and only if (2.5) is satisfied. More-
over, for all g € (0, 00),

(3.19) LHS(2.5) < Hw(t) /ng(t,f) dr

+uo [*rerar

Q,(0,0) Q,(0,00)

= Ll + LQ.
In our case we have

(3.20) L=

tl/q—l/T@ /Q Tl/P—l/q—la(T) dr
t

a(t)

r,(0,0)
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and

b(t e
Ly = tl/q_l/Tﬁ/ X(t,oo)(T)Tl/p_l/q_la(T) dr =0.
a’(t) 0 T,(Q,(X))
Since RHS(2.5) = C' ||t1/P*1/Tb(t)HT (0.0’ (2.5) can be rewritten as
b(t e
(3.21) tl/q*/’”ﬁ/ T/pmlata(r) dr < CIEP Y701, 0,0)
a’(t) t r,(0,0)

for all o € (0,00). To verify (3.21), we distinguish three cases.
(i-1) Assume that 1/p —1/g < 0. Then, by Lemma 2.1 (iii),

/Q Tl/p_l/q_la(T) dr < /00 Tl/p_l/q_l(l(’]') dr ~ tl/p_l/qa(t)

t t

for all ¢ € (0, o). Hence
LHS(3.21) < [[tY27Y7b(8) 0.0

which means that (3.21) holds.
(i-2) Suppose that 1/p —1/q > 0. Then p < g and since g < oo, we see that p < oo.
Therefore by Lemma 2.1 (iii),

(3.22) ||t1/p_1/Tb(t)||r’(Oyg) ~ 0'/7b(p) for all p € (0, 00).

Moreover, again by Lemma 2.1 (iii),
0 e
/ Tl/p_l/q_la(T) dr < / Tl/p_l/q_l(l(’]') dr =~ gl/p_l/qa(g) for all ¢t € (0, o),
t 0

and since 1/¢ > 0 this implies that

_ L, b(t)
3.23) LHS(3.21) < 0"/7~ "/ Htl/q 1/r 0E)
(3.23) 3:21) S e (0) oL

~ 0"/ 4a(0)0'/*b(0) /a(e) = ¢"/7b(e) for all ¢ € (0, 00).

Estimates (3.22) and (3.23) show that (3.21) is satisfied.
(i-3) Finally we assume that p = ¢. Then p < oo and so (3.22) holds. Moreover,

tl/pl/r% /thla(T) dr

tl/p_l/r% /tQT_la(T) dr

(3.24) LHS(3.21) <

7,(0,0/2)

+

r,(0/2,0)
=:Li; + Lo.
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To estimate L2, we deduce from Lemma 2.1 (ii) that
(3.25) a(t) = a(p) = a(t) for all 7.t € (9/2, 0).

Hence, for all 7,t € (0/2, 0),

(3.26) /gfla(T) dr ~ a(t) /Qfl dr = a(t)(In o — Int).
t t

Using the mean value theorem we obtain, for some ¢y € (¢, o),
(3.27) Ing—Int=(g—1t)/te < (0—1)/t <1 forallt € (g/2,0).
The combination of estimates (3.25)—(3.27) gives
(3.28) Liz S [P770(8) [, (0/2,0) = 0'/7b(0).-

To estimate Lq1, assume first that
(3.29) a is equivalent to a non-increasing function on (0, 00).

Then 0
/ 7 a(r)dr S a(t)(Ing —1Int) for all t € (0, 0/2),
t

and so

(3.30) Ly < [[YP7Y7b(t)(In o — Int)]],.0,0/2)-
Furthermore, integration by parts and Lemma 2.1 (iii) give
(3.31) (RHS(3.30))" ~ [(t'/7b(t)(In g — Int))"]2/?

0/2
+ / P~V p()) (Inp — Int)" "t dt
0

0/2
~ (0'/Pb(0))" + / /P~ p(t)) (In o — Int)" ' dt.
0

By the mean value theorem, for some ty € (¢, o),
(332) Inpg—Int=(o—t)/te =2 (0—t)/o=1—t/p>1/2 forallt e (0,0/2).

Since r € (0,1), the last estimate and (3.31) give

o/2
(RHS(3.30))" < (0'/7b(0))" +/O (/P=1rh(t)) dt ~ (0M/7b(0))"
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Thus
(3.33) Li1 S 0"7b(0).
Next, assume that
(3.34) a is equivalent to a non-decreasing function on (0, 00).

Then using integration by parts and properties of slowly varying functions, we obtain

(3.35) I~ [(tl/p@/tQT_la(T) dT)T] 0/2

a(t) 0

n /09/2 (tl/P%)r(/thla(T) dT)T_ltla(t) dt

=: N1 + Ns.

Take € € (0,00). Then using properties of slowly varying functions, we find that

(3.36) Ny = thr/%i (tl/p% /th—la(T) dT)T — Jlim (tl/p%/tQT_la(T) dT>T
= lm (tl/p% /tQT—Ea(T)TE—l d7>r
= Jim. (Wﬂ% /t Qrsa(T)T—E—l d7->r
~ (€'/7b(e)" = Jim (t/7b(t)(1 = (t/0)))" = (/"b(e))

Since r € (0,1) and (3.34) holds, we have
0/2 b\ " 0 r—1
Na < / (tl/”_l/T(—)) (a(t)/ 71 dT) a(t) dt
0 a(t) ¢
0/2
= / (P~ h(t)" (In o — Int)"dt.
0
Together with (3.32) this implies that

(3.37) Ny < /Q/Q(tl/p—wb(t))r dt ~ (Ql/pb(g))r.
0
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The estimates (3.35)—(3.37) show that again (3.33) holds. The desired inequality
(3.21) follows from (3.24), (3.28), (3.33) and (3.22).
(i) Suppose that s = co. Then

RHS(3.12) = Htl/q‘w@ esssup 7!/P~14a(7) f*(7)

a(t TE(t,00)

r,(0,00)

Using the estimate

esssup Tl/pil/qa(T)f*(T) A esssup (/ ol/P=1/a-1 do) a(t)f* (1)
/2

TE(t,00) TE(t,00)
A2 esssup (/ ot/P=V i1 (q) da) f(7)
TE(t,00) T/2

gesssup/ ot/P=1a 1 (6) f* (o) do
/2

TE(t,00)

:/ ot/P=1a 1 (0) f* (o) do
t/2
for all f € M(Q, ) and every t € (0,00), we find that

RHS(3.12) < ~ RHS(3.16).

7,(0,00)

b(t) 1 *
1/q-1/r 1/p—1/q—1
t/9 0 /t/2 o a(o)f*(o)do

The result now follows from case (i).
(iii) Suppose finally that s € (0,00). Let f € M(Q, ). Putting h = |f|*, P = p/s,
Q=gq/s, R=r/s, b=">° and a = a®, we obtain

Y 0o 1/s
tl/Qfl/RE}ﬂ/ Tl/Pfl/Qfla(T)h*(T) dr

a(t) J,

(3.38) RHS(3.12) =

R7(0,OO)'

Application of the same method as that used to estimate RHS(3.16) gives

RHS(3.38) < ||t/ =Y/ Fb(t)h* (1)[|{ 59, ooy = LHS(3.12),

which, together with (3.38), implies that RHS(3.12) < LHS(3.12) and completes the
proof of the theorem. O

Remark 3.3. To explain the idea behind (3.1), let X = L"(v), where the weight
v is given by v(t) = t/P=1/"h(t) (t € (0,00)) and L"(v) is the weighted Lebesgue
space defined by
L"(v) = {g € M(0,00): |lgllx < oo},
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where ||g|[x = [lgv]l,. (0,00) - Consider the weighted averaging operator 7' given by

1 —1/q—1/s
(3.39) (T'g)(t) = WHTUP Va5 a(7)g(7) ||, 0,0), t € (0,00).

Then (cf. the proof of Theorem 3.1)
(a) T is bounded on X if r € [1, x];
(b) T is bounded on X N M™(0,00; |) if r € (0,1);
(c) T has a bounded inverse on X N M™(0, c0; |).
Consequently

(3.40) lgllx ~ |Tg|lx forall g e X NMT(0,00;]).

Thus if f € M(£, ), the estimate (3.1) follows from (3.40) on putting g = f*, since

lgllx = 182770 () (Ol 0,00) = 1 1,0

and o)
T _ Htl/qfl/r_ 1/p—1/q—1/s * s H )
Tl “ale a7 Olaoa,
Similarly, replacing the operator T from (3.39) by S, where

(Sg)(t) = m||7'1/p_l/q_l/sa(7')g(7)||s,(t,oo)7 t € (0,00),

one can explain the idea behind (3.12).

Remark 3.4. Expressions similar to RHS(3.1) (or RHS(3.12)), with the limiting
value ¢ = oo (or ¢ = —oo) appeared in [11] in connection with “limiting” real
interpolation to define spaces that, in general, differ from Lorentz-Zygmund ones.
Our results show that in the non-limiting case (that is, when ¢ is finite) the situation
is quite different.

Now define the spaces L, 1) by

Lprpy = {f € M) [[fll prp) < o0}
where
£l oy = NP7 TB(E) F7* () 1, 0,00)-

Note that [|f|, s is obtained from | f||
Theorems 3.1 and 3.2 only two facts concerning f* were used: f* is non-increasing

prb by replacing f* by f**. In the proofs of

and it is right-continuous on (0, 00). Since f** has both these properties, the following
variants of Theorems 3.1 and 3.2 hold.
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Theorem 3.5. Let p,r,s € (0,00], ¢ € (—0,0) and suppose that a,b € SV,
0 a # oo. Then for all f € M(Q, p),

—1/r t - —1/s
(B41) W fllgray = || a%u Y15 (1) £ (1) s 0.0

r,(0,00) ’

Theorem 3.6. Let p,r,s € (0,00], ¢ € (0,00) and suppose that a,b € SV,
0#Za# oo If p=gqandr € (0,1), we additionally suppose that a is equivalent to
a monotone function on (0,00). Then for all f € M(Q, p),

— rb(t) — —1/s *x
(342) Wl gy = [/ 2SI 0l 7 0l

r,(0,00) '

In the following remark we present some particular cases of Theorems 3.1 and 3.2.
The result mentioned in part (i) of this remark will be used in the next section.

Remark 3.7. (i) Let 1 <p < 00,0 <r <ooandbe€ SV. Then, by Theorem 3.1
(with1/g=—-14+1/p,a=1and s = 1),

(3.43) 1F 1Ly 2 IE2H70() £ (), 0,00) = 11l

for all f € M(Q, u). (Note that (3.43) with b =1 corresponds to Theorem 6 of [4].)
(ii) Let 0 < p < 00, 0 < r < 00 and b € SV. Then, by Theorem 3.2 (with ¢ = p,
a=1ands=1),

/P11 /Oo T () dr
t

(3.44) 11l =

r,(0,00)

for all f € M(Q, ) (which is a “dual result” to (3.43)).
(i) Let 0 < p < 1,0 < r < oo and b € SV. Then, by Theorem 3.2 (with
1/¢g=-14+1/p,a=1and s =1),

/P4 () (/ 1 dT>

for all f € M(Q, 1) (which is a counterpart of (3.43)).
(iv) Let 0 < p < 00, 0 < 7 < o0 and b € SV, with b equivalent to a monotone
function on (0,00) if p = r € (0,1). Then, by Theorem 3.2 (with ¢ = r, a = b and

5 = o),

(3.45) 1l =

7,(0,00)

(3.46) 1£11,.r6 2 T esssup 7 /2=17b(7) £*(7) 1 (0,00)

TE(t,00)
for all f € M(Q, p).
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(v) Let 0 <p < 00,0 <7< oo0andbe SV. Then, by Theorem 3.2 (with ¢ =7,
a=1and s = 00),

(3.47) 1£1l,.0.0 2 11b(t) esssup /P77 £4(7)|1, 0,00)

TE(t,00)

for all f € M(Q, p).

(vi) Let 0 < p < 00,0 <7 < 0o and b € SV, with b equivalent to a monotone
function on (0,00) if 7 € (0,1). Then, by Theorem 3.2 (with ¢ = p, a = b and
s = 00),

(3.48) £l 2 /P71 esssup b(T) £(7) 1 0,00)
i €(t,00)

for all f € M(Q, p).

4. MAXIMAL OPERATORS AND RIESZ POTENTIALS

Here we present interesting connections between Theorem 3.6 and the actions of
these classical operators, and some of their generalisations, on the Lorentz-Karamata
spaces we have been considering. Throughout this section the measure space (2, u)
will be taken to be (R™,dz), and we shall assume that v € [0,n) and a € SV,
0 # a # oo, satisfy

(4.1) either v € (0,n), or vy =0and a = d € M(0, 003 |).

The fractional mazimal operator M, , is defined by

1 13 13
42)  (Myaf)(@) Zzggm/qu(yﬂdy’ feMR"), zeR",

where the supremum is taken over all cubes () in R" with sides parallel to the
coordinate axes. When a = 1, this is just the usual fractional maximal operator,
which becomes the classical Hardy-Littlewood maximal operator when v = 0; if a is
a power of the logarithm, then the operator becomes one of those fractional maximal
operators studied in [8] and [16].
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Theorem 4.1. Suppose that v € [0,n) and a € SV, 0 # a # oo, satisfy (4.1).
Then there is a positive constant C', depending only on n, vy and a such that, for all
f € M(R") and every t € (0,00),

(4.3) (M, f) (1) <C sup 77/"{a(r)} (7).

t<T<00

Inequality (4.3) is sharp in the sense that for every ¢ € M(0,00;]) there exists
a function f € M(R") such that f* = ¢ a.e. on (0,00) and, for all t € (0, c0),

(4.4) (Moaf) (1) = ¢ sup 77/ {a(r)} " f**(7),

t<T<o0
where ¢ is positive constant which again depends only on n, v and a.

The proof of this theorem can be carried out in a way similar to that of Theorem 3.1
in [8]; we omit the details.

Remark 4.2. Let the assumptions of Theorem 4.1 hold. Then the mappings

(45) M’Y,a: Ll(Rn) - Ln/(n—’y),oo,a(Rn)
and
(4.6) Mot Lyjyoo1/a(R") — L(R")

are bounded. We refer to [8], Lemma 3.6 for a similar statement.

Now we turn to operators of Riesz potential type. Given
(4.7 v € (0,n) and a € SV, 0 # a # oo,
let

(4.8) (Iy,af)(@) = (gy,a x f) (z)
:/ 1) dy, f € M(R"), z € R,

re lz —y|" " allz —yl)

where

(4.9) 9v.a(®) = l2["7" /a(|z]).

When a is the function identically equal to 1, I, , is just the classical Riesz poten-
tial I,. A routine computation shows that

(4.10) g2 olt) = 0 falt/7).
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By O’Neil’s convolution inequality,

(Ly,af) (1) < tgl (O f7 (1) + / 95.q(T)f*(7)dr forall t > 0.
t

)

Moreover, by (4.10),

(4.11) g (t) = gl 4 () & /a8 if 4 € (0,n).

Hence

sk < t’Y/” sk < T’Y/nil *
(412)  (Iyaf) () < (Iy.af)™ () S f (t)+/t Wf (r)dr
o0 rv/n-1 oo
%/t mf**(T)dT%/t gi,a(T)f**(T)dT-
To justify the last line, note that by Fubini’s theorem,
< * * % _ 977
[ s @ar= [TEL (] oa0)ar
:/f (/ g'yj_ )dT>dO'
e [T dT> o

t'y/n 1 O,'y/n 1
~ tl/n /f d0'+/ f 1/n) s

00 % oo _vy/n—2 y/n—1
/ %) / T grail foralls>o.
s T s a(rl/m) a(s'/m)

since

Thus by (4.12),

o v/n-1
ety 05 [ T

The arguments above lead to

Theorem 4.3. Suppose that v and a satisfy (4.7). Then there is a positive
constant C, depending only on n, v and a, such that, for all f € M(R") and every
€ (0, 00),

7Y/n— 1
(4.13) (Iy,af)"( / l/n (r)dr
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This inequality is sharp in the sense that for every ¢ € M™*(0,00; |) there is a func-
tion f € M(R™) such that f* = ¢ a.e. on (0,00) and, for all t € (0, 00),

FY/n—1

(4.14) (o)) [ T ar

where ¢ is a positive constant which again depends only on n, v and a.

Proof. That (4.13) holds follows from the arguments leading up to the theorem.
The sharpness assertion (4.14) may be proved by arguments similar to those in the
proof of Lemma 3.4 in [6]. O

Remark 4.4. It is interesting to compare the estimates (4.3) and (4.13) for
(M of)*(t) and (I, f)*(t), respectively. The right-hand sides of both are of the
form

I77/ 2 d(r) 7 (7) s 1,000
for some s € (0,00] and d € SV: for (4.3), s = oo and d = 1/a, while for (4.13),
s=1and d(r) = 1/a(r"/") (7 € (0,0)).

Remark 4.5. Assume that (4.7) holds. Then the mappings

(4.15) Lot LYR™) = Ly jtn—n),00,a(2/m) (RY)
and
(4.16) Lyat Lyjyaiga@/my(RY) — L2(R™)

are bounded. (Compare (4.5) and (4.6) with (4.15) and (4.16).) Indeed, by (4.10),
sup 1/ na(t/M)g? (1) < oo,
0<t<oo
so that
Grv,a € Ln/(nfﬂy),oo,a(tl/")(Rn) =X

Hence

(aD@ =] [ grale = 050) 20| < 9l 161

forall f e X' = Ly jya1 @y (RY), and (4.16) follows. Since [,/m = I, q, We see
that

/

I’Yﬂl: (Loo([Rn))l - (Ln/'y,l,l/a(tl/”)(Rn)) ’
which coincides with (4.15).

Next we turn to the mapping properties of our version of the Riesz potential.
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Theorem 4.6. Let v € (0,n), 1 <p <n/vy,1/¢g=1/p—v/n,1 <r < oo and

a,B e SV,0%# a# co. Then

(417) I%ai Lp,r,B(t)/a(tl/”)(Rn) — Lq,nB(Rn).

Proof. Forall f € L, pu)/a@r/m(R"),

(418)  [Lyaflyp = 11797 BE) o f) (1) o) < Mo + Mo,
where

py/n=1 i
(4.19) Ny o= ||tV B(t) —— /f*(or)da

a(tt/n) Jo (0,00
and

v/n—1
(4.20) Ny := ||t/ 71/ B(1) / £ UTda
n) r,(0,00)

Using Lemma 2.2 (i) together with the fact that 1/q = 1/p — v/n, we obtain

B(t ¢
(4.21) I tf/i / J*(0)do
a ) 0 r,(0,00)
B(t)
1/p—1/r * —
o L T B M—

Similarly, applying Lemma 2.2 (ii), we arrive at

ty/n—1
a(t!/m)

- ol

(4.22) N S || B £ (1)

r,(0,00)

,(0,00) = Hf”Pﬂ"vB(t)/a(tl/n) .

The result now follows from (4.18), (4.21) and (4.22).

O

Corresponding to this we have the following for the fractional maximal operator.
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Theorem 4.7. Let v € (0,n), 1 <p <n/y,1/¢=1/p—7/n, 1<
a,B e SV,0# a# oo, Then

r < oo and

(4.23) Mot Ly yg/a(R") = Ly g(R™).
Proof. Forall feL,, /n(R"),
1Mo afllyp 5 = 179 BE)(Myyaf)* (60,00
SV B(E) sup 7 (1) [a(T) 0,00
t<T<00
Since
/n 1
swp 7/ ()falr) = s T [ r@as [ o)}
t<T <00 t<T<00 a
t’Y/n 1 ov/n—1
/ ff(e)do+ sup / f*(o)do
t<T<oco Jt Q(U)
t’Y/n 1 o0 5v/n—1
- / oot [ f*(0) do
0 t a(o)
we obtain
(424) ||Mfy,af||q r,B ~ Nl + N27
where el gt
t/m=
Ny = ||[tY YT B(¢) /f*(a)do
0 7,(0,00)
and fat
o0 Y/ n—
Ny = tl/q_l/TB(t)/ _ f*(o)do
t a(U) 7,(0,00)

(cf. (4.19) and (4.20)). Using the same arguments as those deployed in the proof of

Theorem 4.6 to estimate the quantities (4.19) and (4.20), we find that
(425) Nl 5 ||f||p,r,B/a and N2 5 ||f||p,’r’,B/a .

The result now follows from (4.24) and (4.25).

We conclude by mentioning some interesting connections between Theorem 3.6

and mapping properties of some classical operators and their variants. To explain

these, assume that (Q,u) =
=n(l/p—1/q); then v € (0,

(R™,dx), 0 < p < g < ooand 1/p < 1+ 1/q. Put

n). Let a € SV, 0 # a # .
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(i) Consider the maximal operator M., ,. By Theorem 4.1,

(Myaaf) () S sup 7/a(r) f*(7)

t<T<00
(= |72 971 2a(7) £ (7) s t.00) With 5 = 00).

Given the space Lg,;/q(R") =: Y, where b € SV and r € [1,00], put Y =
Lg.rb/a((0,00)). Then it can be shown that the space X,

(4.26) X ={fe M(R"): | fllx < oo},
where

Ifllx ==l t<su£) T'Y/"a(T)f**(T)H? (= RHS(3.42) with s = 00)

is the largest rearrangement-invariant Banach function space which is mapped by
M., 1/, into Y. On the other hand, by Theorem 4.7,

M’y,l/a5 L(pmb)(Rn) — L(q,r,b/a)(Rn) =Y.

(Note that, by (3.43), prr’b(Rn) = L(pmb)(Rn) and Lq,r,b/a(Rn) = L(q,r,b/a)(Rn)
when p > 1 and ¢ > 1.) Hence L, ,;(R") C X and so (by [2], Chapter 1, Theo-
rem 1.8), L, rp)(R™) — X. However, by Theorem 3.6, L, 4 (R") = X.

(ii) Put a(t) = 1/a(t™) (t € (0,00)) and consider the Riesz-type operator I, z. By
Theorem 4.3,

(Lyaf) () S /oo 07" La(0) f** (o) do(= (oI a(0) £ (0)h, ,00)-

¢
Given the space Lg,p/q(R") =: Y, where b € SV and r € [1,00], put Y =
Lg.r/a((0,00)). Then it can be shown that the space X from (4.26), where now

I fllx == H /tw ot/P=Vi 1g(g) f** (o) do|| (= RHS(3.42) with s = 1),

Y

is the largest rearrangement-invariant Banach function space which is mapped by
L,z into Y. However, by Theorem 4.6,

Lt Lprp)(R") = Ligrp/a)(R") =Y,
and so L, (R") C X. By Theorem 3.6, L, , 5 (R") = X.
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(iii) Here we take (2, 1) = (R,dx). Since (cf. Theorem 4.7 and Proposition 4.10
in Chapter 3 of [2])

w0 [ otrea =it [ e [To e

for all ¢ € (0,00), where H is the Hilbert transform, defined by

(y)

RLT—Y

(Hf)(x) = p-v.

dy, = € R,

one can similarly explain the connection between Theorem 3.6 with ¢ = p, s = 1 and
a identically equal to 1, and the mapping properties of the Hilbert transform.
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