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1. INTRODUCTION

Throughout this paper, we let 4, Be C"*" be normal with eigenvalues «,, ..., «,
and B, ..., B, respectively. For 1 < m < n, denote by e,(x,,...,x,) the m’th
elementary symmetric function of x, ..., x, € C, and by E,(C) the m’th elementary
symmetric function of the eigenvalues of C e C"*". We study the conjectures

(En) E,(A + B)eco{e,(t; + Boty - % + Boewy) |0 € S,} -
(F.) E,(AB) € co{e, (0 Buty ---» %Bamy) | 6 € Sy} -
Here co denotes the convex hull.

(E,) is trivially true (tr (A + B) = tr 4 + tr B).

Marcus [4] and de Oliveira [7] conjectured

(E,) det (4 + B)eco {[](x + o) | 0 € S.}

which is still open. It is true if A and B are Hermitian, i.e., if all the «;’s and B;'s
are real [2]. It is also true in certain other special cases, see [6] and the references
therein.

(E,) is known to be true in the Hermitian case [2].

We will show (E,) and (E;).

Due to de Oliveira [7], and in fact tracing back to Horn [3, Theorem 7], we have

(F)) tr ABeco {} a,B,i | c€S,}.

(F,) is clearly true (det AB = det 4 det B). We will show (F,_,).
By a unitary similarity transformation, (E,) and (F,,) can be seen equivalent to

(E.) E. (A + UB'U™) eco{ent; + Bacry --os % + Bow) | €S0},
(F.) E(AUBU") € co {en(1Bui1ys -+ s %Baim) | 6 € Su} -
Here A’ = diag(«;), B' = diag(B;), and U € C"™" is unitary.
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2. (Ey)

We prove (E,). Let us denote by 7,, ..., y, the eigenvalues of C = 4 + B and
by C™ the m’th compound of C. Since

2% Yy = (X v)? —Ziv?,

ie., - '
2tr C? = (tr C)* — tr C?,

we have

(1) 2tr (A + B)® = (tr (4 + B))* — tr (A + B)® =
=f—tr(AB+ BA)=f— 2tr AB.

Here

f=(tr (4 + B))*> — tr (4> + B?).
On the other hand, denoting

n =o; + Basiy »

we have

2 2ez(’ﬂ: oo nZ) = (Z‘ ﬂai)z - ;('17)2 =
= (Z‘: (“i + ﬁa(i)))2 - ;(“i + ﬁa(i))z =f- 22; By -

Now (E,) follows from (1) and (2) by (F,).

3. (Ey)

Analogously, let us start from

GZZkam = (.-Z 1) — 3(; 7:) (Z'_ i) + 2Ziv? :

i<j<
i.e.,
6trC® = (trC)> —3trCtrC* + 2tr C*,

which implies
6tr (A + B)® = (tr (4 + B))* — 3tr (4 + B)tr (4 + B)* +
+2tr(4 + B)* =g — 3tr (A + B)tr (4B + BA) +
+ 2tr(A?B + ABA + BA? + AB® + BAB + B%4) =

=g —6tr(A + B)tr AB + 6tr (4B + AB?).
Here
g =(tr (A + B))> —3tr(4 + B)tr (4> + B?) + 2tr (4° + B*).
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On the other hand,
bes(nf, ... m) = (X n9)® = 3 n) X (n))* + 22 (n%)* =
By (F,), there exists a convex combination

(3) tr AB = Z t, Z %iBaci) (ta 20, Z L, = ]) >

g€Sn i

and the t,’s are obtained as follows [3, 7]: For some unitary U,
(4) tr AB = tr AUB'U" .
By Birkhoff’s theorem, there exists a convex combination
(5) U]* = X 1P,
a
where H2 is understood elementwise and the P,’s are permutation matrices with

rows corresponding to o. Since this U satisfies also tr 4B = tr (A’)? UB'U¥,
tr AB® = tr A’U(B’)? U", these same 1,’s satisfy also

6 trA2B=Y1,% o?B,, trAB* =5 1,5 a,p2; .
Q) _ (i)

Now (E;) follows.

4. (E,)

By Newton’s formula,

8 S g = + 3+ .,

i<j<k<l i
and so
24tr(A+B)® =...+3(tr (4 + B)*)? + ... = ... + 12(tr AB)* + ....
On the other hand,
24e,(n, ..omy) = ... + 3 (i + Boi)?)? + ... =

= ... +12(Z aiﬁa(i))z + ...

Let U be as in (4) and the t,’s as in (5). Using (3), (6), and the analogous results
for tr A3B etc., we could do as before if these same t,’s would satisfy also

(tr AB)* = } 1, (. aiBo»)” .

which is obviously not true in general. Therefore the case m = 4 remains open.
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5. (En)

Let U € C**” be unitary. Consider the following condition:
(P) There exist t,’s (6 €S,) witht, 20, Y t, = 1, satisfying
U™ = % 6| Pe)|

forall m=1,..,n.

It is easy to see that (P) is true for all U if n < 3. Drury [1] proved that (P) is not
generally valid if n = 4. (Dropping out the requirement ¢, > 0, we obtain a weaker
condition, which always holds [6].) Now let C = A’ + UB'U" be as in (E,). We
claim that

U satisfies (P) = C satisfies (E,) .

For the proof, let N ={L,..,n}, 1=m<n, S={I=N||[l|=m}, || =

= card. Order S lexicographically. For J, K € S, the matrix

0 = (4s) = L 1| P
has (8(1,K) = 0 if I + K, and 6(L,1) = 1)
aix = L1,0(0(J),K) = ) 1.

o,0(J)=K
Now, for 0 & J, K = N, denote U, = the corresponding submatrix of U, x, =
=uo; ...2;, if J = {j,....j,}. By respectively, and J~ = N\ J. Since

J
d=detC =det(4 + UBU¥) =Y ¥ Y. |det Uygl® 2Bk

150 J,[T1=1 K,|K|=1
[7] and, by (P),
|det UJKlz =qu= ) t,

we have

1=5 Y Y S tahe= 3 Y Suebu -

S0 1,)9T=1 KJK[=1 o.6(D=K T Ji=1 s
= 2 Y t-Bary = 2 ta 2 %-Bary = X ta [1 (2 + Bogiy) -
J e o J c Jj
Thus C satisfies (E;).
6. (Fp-1)

We prove (F,_y). For 1 £i < n, denote a; = ay;y, b; = By;- Now A®™ D and
B™~1 are normal with eigenvalues a,, ..., a, and by, ..., b,, respectively. Applying
(F;) to A®~ D, B"~ 1 we have

tr (AB)" D = tr A®"VB" D eco{abyy, + ... + abym|0€S,).
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Since
Glb,(l) + ..+ anbo'(n) = en—l(ulﬂu(l)’ e anBa(n)) ’

(Fu-l) fOIIO\VS.
7. (F), 1< m=n

Let U € C**n be unitary, 1 < m <

n
(P,) There exist t,’s (c € S,) with 1, =2 0, Y t, = 1, satisfying

U™ = ¥ 1P

. Consider the following condition:

Drury [1] proved that (P,) is not generally valid if n = 4and 2 <m < n — 2.
Let G = A'UB'U" be as in (F,,). We claim that, for 1 < m < n,

U satisfies (P,) = G satisfies (F,,).
For the proof, denoting by su the sum of elements, we have
E,(G) = tr (AUBU™)™ = tr ((4")™U™(B)m™(UH)™) =
= S () U (B)™) = s (4)7(E 1P (B)™) =
=Y tysu((4)™ P2 (B)™) =
=Y t, tr((4)™ PI(B)™ (P)™) =
=3 1, tr (AP,BPH™ = t.e,(01 Bty s %Bocmy) -

Therefore (F,,) holds.

Let us add one remark. For 1 S m < p £ n, let A, e C?*? be the principal sub-
matrix of A corresponding to the p first rows and columns. Marcus and Sandy ([5],
see also [4]) proved that

E,(A,) € co {e,(dty1y - 0pip) | 5 €S, .

It is easy to see that this is a special case of (F,,) where

I, 0
B={7r" .
(v 0)
Thus (F,,) holds in this special case.
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