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SOME OBSERVATIONS ON LOCAL UNIFORM
BOUNDEDNESS PRINCIPLES 1

J. D. STEIN, JR., Long Beach

(Received February 28, 1991)

The field of automatic continuity has for more than a quarter of a century been
a rich one, generating results that are not only interesting, but sometimes deep and
surprising, as well as having practical applications. Because of the fundamental
result that a linear map between normed linear spaces is continuous if and only if it
is bounded, many results that are described as being results concerning automatic
continuity are proved by arriving at contradictions involving boundedness.

Boundedness and continuity are not inextricably itertwined. Especially when
the operators considered are nonlinear, there is no a priori reason to suppose that
the phenomena are related. Additionally, when one is considering applications of the
theory to signal processors, for example, there are important practical interpretations
of both continuity and boundedness.

Since the amplitude of a signal (its norm in the appropriate space) can be intu-
itively described as soft (small norm) or loud (large norm), the following descriptions
of continuity and boundedness properties are quite natural. Continuity at 0, for in-
stance, can be described as follows: as the mput signal becomes softer (its amiplitude
converges to 0), so does the output signal. Boundedness, however, can be described
by saying that the output signals generated by soft input signals are soft.

Of the two properties, boundedness and continuity, it would appear that bounded-
ness is the more important from an applications standpoint. One is often interested
in the maximum stress to which a system can be subjected, and this maximum stress
1s described in terms of the loudness of the signals the system will generate. Interest
in this dichotomy is heightened by the importance of nonlinear phenomena in many
disparate fields of science and engineering.

Several of the results presented in this paper deal with automatic boundedness

specifically, rather than automatic continuity, and involve non-linear operators. The



paper is divided into several sections. The first deals with non-linear operators
between linear spaces which preserve some vestigial remnants of linear properties.
The remaining sections prove some local uniform boundedness theorems for com-
plete metric spaces under some weaker-than-usual hypotheses which involve both

the functions and the hypothesis of pointwise-boundedness.

. NONLINEAR MAPS BETWEEN LINEAR SPACES

A proof originally given by Ptak ([9]) enabled the following extension of the

Banach-Steinhaus Theorem to be proved ([10]).

Theorem 1. Let X' be a Banach space, and Y a normed space. Let {T,: a € A}
be a pointwise-bounded collection of linear maps of X into Y, and assume that for
each a € A, there is a closed subspace S, of X such that Td|5'a i1s continuous. Then

there is a finite subset ay, ..., ay € A such that {T,: a € A} is uniformly hounded
N

on () Sa-
k=1

It has been known for somie time that this result can be obtained as a consequence
of the Gliding Hump Theorem in automatic continuity ([7]). Recently, Mité has
shown that the Ghiding Hurup Theorem can actually be obtained from a o-convex
version of the above result ([6]), and that Theorem | can also be used to obtain
automatic continuity results concerning causal operators ([5], [7])-

An example given in [11] shows that it is not possible to obtain a general nonlinear
local uniform boundedness extension of Theorem 1, even in the case when \' =Y =
R, the real line, and the maps in question are 0 on their respective o-convex subsets.
However, one way to strengthen Theorem 1 is by enlarging the class of functions to
which the theorem applies.

A sublinear map 7" between norimed spaces satisfies the following inequality
n n
(Xt )| < S
k=1 k=1

and a homogeneous map T between normed spaces satisfies the following equality

(where ¢ 1s a scalar)

T(co)ll = lel ]!

We shall show that Theorem 1 can be proved when the maps T satisfy growth
rate conditions generalizing sublinearity and homogeneity.

The following condition will replace sublinearity.
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Definition 1. Let Rt denote the non-necgative reals, and let g: Rt — R* be
a continuous monotonic function such that lin(n)g(u) = 0. This function g will be
U

fixed throughout this section. An operator 7' between normed spaces is said to be

(£

k=1

additively bounded if
n

<Y g(ITzl).

k=1

It 1s multiplicatively bounded if

n

< TT oI z4l).

k=1

r($3e)

k=1

While additive boundedness is basically a genecralization of sublinearity, multi-
plicative boundedness is a charactreristic of the growth rate of either a real-valued
polynomial of a real variable or an exponential function.

The following condition will replace homogeneity.

Definition 2. Let h and I be monotonic non-negative real-valued functions on
the real numbers R. 7" is said to be nearly homogeneous if

WNT el < I T(e)ll < 1) T

The functions h and H will be fixed throughout this section.

Near homogeneity is also a growth rate condition, and it is most naturally exhibited
by monomials of the form f(z) = 2", where » > 1.

We now prove Theorem 1 for maps with the above properties. The proof is an
adaptation of Ptak’s original idea ([9]).

Theorem 2. Let X' be a Banach space, {Y,: a € A} be normed spaces. Let {S,:
a € A} be a collection of closed, bounded, and o-convex subsets of X. Suppose that
for each a € A, T,: x — Y, is an additively bounded, nearly homogeneous function
which is continuous on S,. Suppose further that

M[z] = sup{||Taz||: a € A} < oo for each z € X.

Then there exist ay, ..., ay € A such that

N
sup {]|T,L|| a€A z€ ﬂ Sak} < 0.
k=1
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Proof. Suppose first that {T,: @ € A} is unbounded on the bounded o-convex
set S, and that d, M > 0. Then there exist @« € A, z € S such that ||z|] < d,
[|Taz|] > M. We can assume without loss of generality that d < | and that there
exists D > 1 such that v € S — ||u|| < D. By assumption, choose y € S and a € A
such that ||Tay|| > M/h(d/2D). Let & = (d/2D)y. Since S is o-convex, x € S. Also,
ITa((d/2D)) | > h(d/2D)

linear maps.

Tay|| > M. This is, of course, a well-known property of

Since ii_l}'(l)y(”u) = 0, for each n choose o, such that u < o, = g(u) < 1/2". Assume
that the theorem is false. Then there is an #; € X and a; € A with ||T,, 2] > ¢(1).
Assume now that ay, ..., a, € A and zy, ..., £, € X have been chosen. Since
the theorem has been assumed false, and T(,JISGJ 1s continuous, for I < j < n
choose d,, 41 ; such that x € Sq , ||2]] < dug1; = ||To,z]] < Quyr, where Qi =
ony1/H(=1/2"*1). Now choose z,4, € ﬁ Sa, and angy € A such that [|r, 4] <

j=1
dpyrj for 1 < j < nyand [|Ta gy zagtll > Wagr /0(1/27F), where W,y = g(n +

)+ ilg(n(—‘z-fmf[zj]) +9(1).
]:

(oo} (8%
Let o = Z 27"z,. For any n, Y 270x; € 5, since j > n = x; €5,, and
n=1 j=n+1
Sp 1s o-convex. Let ¢ > 0; since Ty, |S,, is continuous and g is continuous, choose

N such that
o ) < )+e

We see that

N
r( > —2““‘“)

k=n+1

Ta"< i —2_k1:k>

k=n+1

N N o0
(X rta)| € 3 sl Y o, ).
k=n+1 k=n+1 k=n+1

But ||zx|] < dnp = H(=2"")|Ta,zkl] < or = g(H(=2"")||Tu, z]]) < 1/2%.
00 N
Thus, for any € > 0, ”Ta"( > —2_"J:k>H < Y 27F 4+ e Consequently,

k=n+1 k=n+1
‘Ta,.( i —2‘k.1:k)“ < 1.

k=n+1
n—1 X o0 . .
Note that 27"z, = 2o+ 5, —277x; + Y —277z;. If we regard the expression
j=1 j=n+l

on the right as the sum of n+ 1 terms (the infinite sum being regarded as one term),
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we have

h27) [ Tayznll < [1Ta, (27" 20|

n—1
< 9(lITa,zoll) + D 9(lITan (=277 25)]))
Ta"< i —Q—jz‘j>
Jj=n+l1
< 91 Ta,zoll) + > g(H(=279)M([z;]) + 9(1)
j=1

j=1
+of D
n—1
= 9([|Ta, zoll) + Wi — g(n).
We therefore conclude that
Wa < h(2=")|Tay 2all € 91 Ta, zoll) + Wa — g(n).

Therefore, ¢(||Ta, zol]) > g(n) for all n. Since g is monotonic, this implies that
[| T4, o]l > n for all n, and this contradiction establishes the theorem. O

In Theorem 2, letting the range space Y, vary with the index may seem to be a
purely technical modification, but it is precisely this extension which enables Maté
([6]) to obtain the Giliding Hump Theorem as a consequence of the o-convex linear

version of Theorem 2.

Corollary 2.1. Theorem 2 holds if additive boundedness is replaced by multi-
plicative boundedness.

Proof. The proof is almost identical to the proof of Theorem 2. The only dif-
ference 1s that the quantity W, 4, is defined using multiplication instead of addition.
Instead of W, 4 being a sum of n + 2 expressions, it is a product of the same n + 2
expressions. All the estimates are the same, and the final inequality is obtained by

division rather than subtraction. O
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2. FEEBLE CONTINUITY AND LOCAL UNIFORM BOUNDEDNESS

Perhaps the most widely known result on local uniform boundedness is Osgood's
Theorem, which states that a pointwise-bounded family of continuous functions on
a complete metric space must be locally uniformly bounded (it is shown in [11] that
the correct phrasing of Osgood’s Theorem leads to an equivalence between it and
the Baire Category Theorem).

One way of extending this result is to widen the class of functions to which it
applies. Consequently, one would look for a class of functions satisfying a condition
weaker than continuity. However, this condition cannot be too much weaker. A set
E is said to be alinost open ([1], p. 211) if there exist an open set U/ and sets [{ aud
K of the first category such that E= (U \ I{)U L. A function is alimost continuous
if the inverse image of an open set is almost open.

The following example shows that Osgood’s Theorem fails to hold under the as-
suniption that the functions are almost continuous. Let X' = [0, 1], and let {r,:
n = 1,2,...} be an ordering of the rationals in .X. For each integer n, define a
function f, by fi.(x) =0 if & # r, and f,(r,) = n. 1t is easy to verify that each f,
is alinost continuous, and also that {f,,: n = 1,2,...} is pointwise-bounded. Since
fu(rn) = n, and cach open subset of X' contains infinitely many rationals, {f,:
n = 1,2,...} cannot be locally uniformly bounded. This example consists of func-
tions that are continuous at all points but one, and at first glance it appears that
the simplicity of this example would make it difficult to extend the class of functions
for which local uniform boundedness theorems hold. Nonetheless, one can introduce
a class of functions for which Osgood’s Theorem, and variations, can be proved. If
E is a set in a topological space, let Int(/7) denote its interior.

The following definitions are taken from [8], in which the reader can obtain further

references to feeble properties.

Definition 3. A map 7: .\ — Y from one topological space into another is
called feebly continuous (FC) if for every open subset F' of Y containing points of

the range, Int(f=1(F)) # 0.

Feeble continuity is a rather pathological property. We present two examples
indicative of this pathology.
Let T:[0,1) — [0, 1) be a map of the half-open unit interval onto itself. If « < b

and ¢ < d, define

Tapedr = ¢+ (d — (’)T((J: —a)/(b—- a))

Tapea maps [a,b) onto [e,d) in a manner which preserves almost any interesting

pathology T' might exhibit.
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Now let [, = [(n — 1)/n,n/(n+ 1)); cleary, [0,1) is the disjoint union of these
intervals. Let J; = [0,1), J» = [0,1/2), Js = [1/2,1), J4 = [0,1/3), J5 = [1/3,2/3),
Jo = [2/3,1), and so on. Use the maps Typcq to map I, onto J,, for each integer n. It
is clear that the mapping thus constructed is a feebly continuous map of [0, 1) onto
itself, as any open subset of [0,1) must contain some interval of the form J,, and
the inverse image of J, clearly contains the interior of the interval I,,. Obviously,
whatever pathology the maps Typeq exhibit is preserved in this construction. For
instance, if 7" 1s not measurable, the inverse image under the constructed map of
cach open set is non-measurable.

Now consider the real-valued functions f and g defined by

f(r) = tanwx —n/2<z<n/2 or
n/2 <z < 3n/2, a rational
= tanz + 1 n/2 < & < 3n/2, z irrational
g(x) = — tanz —n/2<ax<3n/2, x#mn/2

If U is any open interval, f~1(U)N(==n/2,7/2) is open, so f is feebly continuous.
Clearly, ¢ is continuous. However, f+ g is | at irrational points in (n/2,3r/2), and
is 0 otherwise. 1t is easy to see that the inverse image under f + g of (1/2,3/2)
consists of irrationals only, and so has no interior. This example demonstrates that
the sum of a feebly continuous function and a continuous function need not be a
feebly continuous.

It is not possible to prove a general local uniform boundedness principle for feebly
continuous functions. Let X' = [0, 1], and let {r,: n = 1,2,...} be an ordering of the
rationals in .X'. Define

fne)y=n*c 0Kz < 1/n
=0 x>

=n r=rpfork>=n

I/n, z irrational, or 2 = r¢ for k < n

Each f, is feebly continuous, since if 0 < a < b < n, then (a/n%b/n%) C
S ((a b)) {fu:n = 1,2,...} is pointwise-bounded, since for each z, f,(z) = 0
for all but finitely many n. However, these functions are not uniformly bounded on
any open . Choose N such that U\[0, 1/N]is non-empty; then it contains infinitely
many rationals, which we shall denote {r,,: k=1,2,...}. If n, > N, fu,(rn,) =n,.

It is possible to prove a local uniform boundedness principle for real-valued fecbly
continuous functions under some highly restrictive conditions. The following defini-
tion is motivated by a basic definition, which can be found in [1], from the theory of
function algebras.

Definition 4. Let A be a set of real or complex-valued functions on a topological
space .\, and let N’ > 0. A point p € .\ is an independent point of height K for A
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if every closed subset F' of X not containing p and every € > 0, there exists f € A
such that |f(p)] > K and |f(z)| <eforz € F.

We first present a combinatorial-type lemma which will be needed in the next

theorem. X' denotes a topological space.

Lemma 1. Let {E,: n=1,2,...} be asequence of subsets of X with the following
property: if n > k, then either E, is a subset of Ey or is disjoint from Ey. Then
there exists either a subsequence {E’,,J: j 1,2,...} whose closures are pairwise

disjoint, or a subsequence {E, : j=1,2,...} such that Enﬁ_l C Ey, for all j.

Proof. Let S = {n: there are infinitely many Ej which are subsets of En}.
Suppose first that there is an integer N such that, if n > N, thenn € S. Let ny = N,
and choose ny > n; such that E‘M C E,,. Having chosen n; < ... < np, observe
that n, € .5, and choose npy; > n, such that Ly, C E,,. The subsequence {E,,P:
p=1,2,..} satisfies E,, ,, C E,, .

The other possibility 1s that there exists a subsequence of integers Ny < Ny < ...
which do not belong to S. Since each of the integers N, does not belong to .S, for
each integer p there is an integer k, such that, if k > k,, then E} is disjoint from
ENr Let j; =1, ¢; = Nj,. Having chosen j; < ... < j,, choose j,41 > j, such that
Nj,pn > max(kj, ..., k;,). Let ¢ = N; s {E,,:p=12,..} is pairwise-disjoint.

a

The following local uniform boundedness principle is reminiscent of theorems in

function algebras.

Theorem 3. Let X be either a complete metric space or a locally compact Haus-
dorff space, and let A be a collection of feebly continuous bounded complex-valued
functions on X. Suppose that A is pointwise-bounded, o-convex, and closed un-
der multiplication. Assume [urther that there exists a K' > 0 such that the set of

independent points for A of height K is dense. Then A is locally uniformly bounded.

Proof. We prove it when X is a complete metric space, the locally compact
Hausdorff case, as usual, being similar. Let ||f|| denote the uniform norm of f.

Assume the theorem is false. Then we can choose g, € A and £, € X such that
lg1(z1)| > 2. Since gy is FC, the set gl—l((‘z,oo)) has interior, which we can assume
contains an open set F; of diameter < 1. Since the set of independent points of
height I is dense, choose one such point q; € Ej, and choose f; € A such that
|fi(g1)| > K and |fi(z)]| < 1/||gi]| for z € X \ E}.

Suppose that functions g1, ..., gn and fy, ..., f € A have been chosen, as well as
open sets Ey, ..., E, such that diam(Ex) < 1/k, and j < k < n = either E}, C Ej,

54



or By and EJ- are disjomt. Since the theorem has been assumed false, we can find
In+1 € X and g,41 € A such that gy (eny1)| > Mpyr = (2"+1/1\')(n + 2+
Z 2791 £51H1g51) - Since g, 41 is FC, the set g,TLl((M,,H,oo)) = Up41 has interior.
=

H Int(Uy41) n( U Ej) = 0, let E,, 4+ be an open subset of U, 41 of diamecter less

than 1/(n+ 1) and disjoint from U E;. If that intersection is non-empty, let p be
j=1
the largest index such that Int(Up41) N £, is non-empty, and let £, 4y be an open

set of diameter less than 1/(n+ 1) such that £, 4 C Int(Up41)0 Ly Let Joyr = {j:
j<n+1, E]- N E,lH =0}. Let ¢u41 € E, 41 be an independent point of height I\,
and choose f,41 € A such that |fuy1(gne1)| > N,andz € U Ej = |fari(2)] <

J€JInt1
1/|lgn+1l]. This completes the induction.
By Lemma I, we can find a subsequence {nj: j = 1,2,...} such that either
Ln,+l CE,,, or {E,IJ J = 1,2,...} are pairwise disjoint. We can obtain a contra-

diction to (‘l]P pointwise-boundedness of A in the former case in the usual manner,

by examining the values {g, (x0): j =1,2,...} at a point 2o € ﬂ E'nJ
Jj+1
In the latter case, since A is closed under multiplication and o-convex, let f =

oo
Z 2_"].[11_7.‘/71,- Tll(‘“y for any p,

i=
p—1
[f( ‘ln ) >27" If”p(q”’ ) IJn qn, z:z_njlfnJ (Inp)l |gnj(’1n )l
j=1
(e 0)
- Z 2_’ljlf11j(‘1;1,.)| l.(/n](qn,,)l
J=p+l
p—1
> 27 oy (@), (4, )] = D2 27 1, M g,
j=1
(e ¥)
Z 2_’1J|f111((]71p)|”gn)“
j=p+l
p—1
> 2—”plfnp(’1np)[ lgn,,(‘lnp)l - 22—’”||fn,ll ”gnJ” -1> np
i=1
Therefore, f is not bounded, and this contradiction completes the proof. a

Althout the class FC does not yield general local uniform boundedness theorems,
there is a subclass which will. Examples have already been given of feebly continuous
functions whose restrictions to open sets are not feebly continuous. The following

definition eliminates this pathology.
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Definition 5. f: X — Y is hereditarily feebly continuous (HFC) if for each
open subset E of X, f

E: E — Y is feebly continuous.

The following lemina provides more useful characterizations of hereditarily feebly

continuous functions.

Lemma 2. Let T: X — Y. The following are equivalent.

(1) Tis HFC.

(2) If U is an open subset of X, V is an open subset of Y, and x € U with Tx € V,
then there is an open subset W of U such that T(W) C V.

(3) For every open subset V of Y, there is an open subset U of X such that

UcT ' (V)cU.

Proof. (1) = (2): Assume that U and V are open, x € U, and T'x € V. Since
T is HFC, TIU is FC, and since T7!(V)NU is non-enipty, it has non-empty interior
W. Then W C U, and T(W) C V.

(2) = (3): Let V be a non-empty open subset of ¥ which contains points of the
range. Then E = Int(T~Y(V)) # 0. If 2 € T7Y(V), then Tz € V, so if IV is a
neighborhood of z, there is a non-empty open subset @ of W such that T(Q) C V.
Therefore Q C E, and so Q C £ N W. Therefore, z € .

(3) = (1): Let U be an open subset of .X. Assume that V is an open subset of
Y containing points of T(U). Choose an open set E such that £ C T~'(V) C E.
If £ € UNT-Y(V), then = € E. Therefore, every neighborhood of x has a non-
empty Intersection with E, and so W = U N E is non-empty. Therefore, 11" C
Int((']‘ll/)_](V)), and so T i1s HFC. O

Although HFC may not seem to be a significantly weaker condition than continuity,
there are some interesting discontinuous functions which are HFC. If R denotes the
real numbers, piecewise-continuous functions from R into R are HFC. Define f(x) =
sinl/z and g(x) = (1/z)sin1/z for non-zero z. To define f,g: R — R, we must
define f(0) and ¢(0). If f(0) lies between —1 and 1, and ¢(0) has any real value,
both f and g are HFC (to see this, use (3) of Lemma 2).

Most uniform boundedness theorems that are proved for complete metric spaces
make use of the fact that a decreasing sequence of closed sets whose diameters con-
verge to 0 has a non-emipty intersection. As we shall see, hereditary feeble coutinuity

is sufficiently robust to enable similar arguments to be constructed.



3. WEAKENING THE HYPOTHESIS OF POINTWISE-BOUNDEDNESS

One hypothesis of uniforin boundedness theorems which has not been subjected
to close scrutiny is the hypothesis of pointwise-houndedness. Suppose that the maps
under consideration are regarded as a collection of signal processors. The assumption
that the maps are pointwise-bounded has a natural interpretation: the responses
induced from the collection to any given input signal form a bounded set. One way
to weaken this hypothesis is to assume that the collection is a union of sub-collections.
One can then examine the responses of any sub-collection to a particular input signal.
For a given input signal, the responses of some (but not all) of the sub-collections may
form a bounded set. This situation can be termed partial pointwise-boundedness.

The results of this section concern circumstances for which partial pointwise-
boundedness implies some sort of local uniforin boundedness, and the exact form
of boundedness that is exhibited. In the following theorem, X will be a complete
nietric space, Y a topological space, and {¥,,: n = ,2,...} an increasing closed cover
of Y. {T,: a € A} will denote a collection of hereditarily feebly continuous maps of
X mto Y. S denotes a set such that s € S = A, C A. If x € X and a € A, define
mlx, s] to be the least integer n for which T,z € ¥, for all a € A; (m[z, s] = +oo il
such an integer does not exist).

Just as the hypotheses of Theorem 1 give rise to a “good finite intersection”, the

same can be said of an appropriate assumption of partial pointwise-boundedness.

Theorem 4. Suppose that, for each x € X, m[e, s] is finite for all but finitely
many s € S. Then there exist sy, ..., s, in S, a non-empty open subset U of X', and
an integer N such that T,x € Yy forx € U and a € ﬁ As,.

k=1

Proof. The theorem is only of interest in the case where S is infinite, so
assumne that {s,:n = 1,2,...} are distinct elements of S. Assume that the theorem
is false. Then there exist ¢, € X and a; € A, such that T, 2y € Y. Since Y|
is closed, choose an open set W, such that 7, &, € W, and W, is disjoint from
Y1. By Lemma 2, there exists an open set U; C .\ such that T,,(U;) C WV,
we can assume that diam(U/y) < 1. Now choose an open set V| whose closure is
contained in Uy. At the nth step of the induction, asusme we have found open sets

V,cV,clU,CV,_,C...CV, CV, CUi. Since the theorem has been assumed
false, we can find &, 41 € Vj, and ay, 41 € ”ﬁl Asy such that Ty, 241 & Yogq. Since
Y41 s closed, there is an open set lV”_,,kl:;uch that Ty, Zny1t € Wogy and W4,
is disjoint from Y, 1. By Lemma 2, there is an open subset U,y of V,,, which we
can assume has diameter less than 1/(n + 1) such that Tapsr (Ungr) T Wigr. To

complete the induction, choose an open V41 whose closure is contained in U, ;.



Having constructed a decreasing sequence of closed scts whose diameters converge

o0
to 0, let g € () V,. For any integer n, if & > n, then ap € A, . Note that
n=1

Tayzo € To (Ur) C Wyi. Since IV is disjoint from Yy, mzg,s,] > k for & > n.
Therefore m[xg, s,] is infinite for all n, and this contradiction yields the desired
result. g

The situation is slightly simpler if we start with a contable number of sub-

collections.

Corollary 4.1. Suppose that S is countable. If we assume that, for each x € .\,

there is an s € S such that m[s, z] is finite, then the conclusion of Theorem 4 holds.

Proof. Let S ={s,:n=12,..} and let B, = (] A;,. The hypotheses

k=1
of Theorem 4 hold for the sub-collections {B,,: n = 1,2,...}, and the result follows
since () B = () As,- O
k=1 k=1

It might be wondered if it is possible to strengthen the conclusion of Theoren .
In [11], it is shown that different classes of uniforin boundedness theorems can be
proved when the range space 1s a metric space. We shall now assume that Y is a
metric space, and that the maps {T,: @ € A} are continuous. Fix yy € V', and let
mls, z] = sup{d(Tax,yo): a € As}.

Theorem 5. Suppose that, in addition to the above hypotheses, for cach r € .\,
there is a finite subsct S(z) of S such that m(s,z] is finite for s € S\ S(x). Then
there exists a finite subset S* of S such that, for each s € S\ 5™, there exists a

non-empty open subsct Ug such that

sup{d(Toz,yo): 2 € Us, a € Ay} < 0.

Proof. e shall let d denote the metric in both .\ and Y. Assume that the
theorem is false. Then there exist infinitely many distinet {s,: n = 1,2,...} such
that for each n, the family {7,: a € A, } is unbounded on each non-empty open
set. Let {t,:n = 1,2,...} = {s1; s1,82; s1,82,83; ...}. The key feature of {¢,:
n=1,2,...} is that each sy appears infinitely often therein.

Choose zy € X, ay € Aq, such that d(T,,x1,y0) > 2. Since Ty, is continuous
at 21, choose neighborhoods U; and V; of 2, such that x; € V; ¢ V|, C U} and
diam(Uy) < 1.

Suppose a1, ..., 2, € X, a1 € A¢y, ..., ap € Ay, and open sets V, C (e
U, CVuoy C...C Vi CV, C U have been chosen with 2, € Vi, ..., r, €1,
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Because the maps Ty, , ..., Ty, are continuous at z,, choose a neighborhood U4 of
rp of diameter < 1/(p+ 1), Uppy C Vp, and & € Uppy = d(Ty,z, Tojxp) < 1/20F!

for 1 < j < p. Now choose a point z,47 € Upyy and apy1 € Ay such that

P+l
d(Tappy Tp41,%0) > P+ 2. Note that d(Ty,epgr, Tajap) < 1/20F! for 1 < j < p. Let

Vo41 be an open neighborhood of x,41 with V41 C Vos1 CUppr-
(e

As in Theorem 4, choose zg € () Vi. If n > p, we have d(Ta,zp,y0) <

k=1
n—1
d(Ta, 2p1,y0) + d(Ta,2ppy, Ta,2p) < oo < d(Tayzn,90) + ) d(Ta,zig1, Ta,2i) <
k=p
n—1
d(To,xn,y0) + 3 1/2841 < d(Ta,xn,Y0) + 1.
k=p

Therefore n > p = d(Ty,zn,y0) > d(Ta,xp,y0) — 1 > p. Since T, is continuous
and x,, — ro, for each p we have d(Tq,z0,y0) 2 p. But a, € A, and so infinitely
many a, € Ay, for each n. Therefore, m[s,, xo] is infinite for all n, a contradiction

which proves the theorem. a

This result is best possible, in that the dependence of the open set U(s) on the
choice of s € S\ .S* cannot be eliminated. Let X denote the interval [0,1], and let
{rn:n =1,2,...} be an ordering of the rationals in (0,1). Let A be the set of pairs of
positive integers. If n, k are positive integers, let f,; be a continuous function which
is 0on [0, 7, ]U[rn+(1=7,)/(k+1), 1] and peaks up to k on (rn, ra+(1=7,)/(k+1)).
For each integer n, let A, index the functions {fur: k = 1,2,...}. The family of
functions {fs: a € A,} is pointwise-bounded for each z in the interval [0,1], but fails
to be uniformly bounded in any neighborhood of 7,. Since each open subset of [0,1]
contains infinitely many rationals, for any open subset U of [0,1] the family {f,:
a € A, } will fail to be uniformly bounded on U for infinitely many n.

In the statement of Theorem 5, each of the maps T, takes values in Y. An
examination of the proof shows that it is possible for each map T, to take values in a
separate metric space Y,. As we noted previously, this modification may be of more
than technical interest.

4. DOUBLY-INDEXED BOUNDEDNESS AND CATEGORY THEOREMS

The following definition describes a type of cover which plays an interesting role
in the construction of Baire Category Theorems and local uniform boundedness
principles.

Definition 6. Let X be a topological space. An nfinite-collection of subsets of
N\ is called a thorough cover of .\ if each point of .X' belongs to all but finitely many
members of the cover.



Fogelgren and McCoy ([3]) initially showed that complete metric space possess
the following property: given any thorough closed cover of the space, there exists a
non-empty open set contained in all but finitely many members of the cover. In an
attractive note, Fletcher and Lindgren ([2]) have shown that this property holds in
any second category space, and is equivalent to one of the well-known formulations of
the Baire Category Theorem, that the space cannot be a countable union of closed,

nowhere dense sets.

In this section, we prove a local uniform boundedness theorem using a doubly-
indexed collection of sets which has as a corollary both the standard and Fogelgren-

McCoy formulations of the Baire Category Theorem.

Theorem 6. Let X he a complete metric space, Y a topological space, and let A
and S be sets. For each a € A, let T, be a continuous map of X into Y. For each
s € S and cach positive integer n, let Y, be a closed subset of Y. Suppose that.
for each © € X, there exists a positive integer n = n(r) and a finite subset S(r) of
S such that Tyx € Y, for s € S\ S(x) and a € A. Then there exist an integer N
a non-empty open subset U/ of X'| and a finite subset S™ of S such that, if r € U,

N
a€ A and s e S\ S*, then T,r € |J Ysn.

n=1

Proof. Suppose the theorem is false. Then there exist elements a; € A and
s1 € 5, and a point &y € X, such that T, 21 € Y1 ,,. Since Ty, is continuous, choose
an open set {/; of diameter < 1 such that x € U} = Ty, 2 € Y1 5,. Now choose an
open set Vi such that V, C U,.

Assumne that sy, ..., s, € S, elements ay, ..., a, € A, and open V,, C V', C 17, C
-1 C...C Vi C V C U have been chosen. Since the theorem has been assumed

false, there exist s, 41 € S\ {s1,...,8.}, any1 € A, and a point x, 41 € V}, such that
n+1

Tansrtnst € U Yis,y, - Since this set is closed and T,
k=1

.41 15 continuous, choose an

. ) n+1

open set U/, 4 with diameter < 1/(n+1)such that e € Uy = Ty, 0 ¢ | Yi s
k=1

We can assume that », 4 € U, 41 C V. Now choose an open set 15,4 such that

Vn+] C Un+l .

o

Let 29 € () V,. Note that, if n > k, Ty, 2o € Yi,,. Fix an integer p. and let
n=1

S™ be a finite subset of S. Choose an integer 1 such that n > p and s, € S*. Then

Ta, 2o & Yy s, Consequently, there exists no integer p for which there exists a finite
subset S™ of S such that T,ua € Yy forall @ € A and s € S\ 5™, a contradiction
which establishes the theorem. O
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A consequence of this theorem is the following corollary, which gives both the stan-
dard and Fogelgren-McCoy formulation of the Baire Category Theorem for complete

metric spaces.

Corollary 6.1. Let X' be a complete metric space, and S a set. For each positive
integer n and each s € S, let X, 5 be a closed subset of S. Suppose that for each
r € X, there exists an integer n = n(x) and a finite subset S(z) of S such that
r € X, for each s € S\ S(z). Then there exists an integer N, a finite subset S™ of

N
S, and a non-empty open subset U of X such that, if s € S\ .S*, then U C |J Xns.
n=1

Proof. Let Y = X, Y,s = X5, and let {T,: a € A} consist of the identity

map 7: ' — Y, and apply Theorem 6. a

Corollary 6.1 implies both versions of the Baire Category Theorem. If a complete
nietric space .\ is the union of a countable collection {F,: n = 1,2,...} of closed
sets, for cach pair of positive integers n and &, let Xy = [,. I {Fs:s € S} is a
collection of closed sets such that each point of z belongs to all but finitely many
members of the collection, for each positive integer n and each s € S, let X5 = I7.
In cach instance, application of Corollary 6.1 yields the desired result.

5. COLLECTIVE PROPERTIES AND LOCAL UNIFORM BOUNDEDNESS

Consider the following statement of Osgood’s Theorem: a pointwise-bounded fam-
ily of continuous functions on a complete metric space is locally uniformly bounded.
The hypotheses placed on the functions themselves are of two types. The requirement
of continuity constrains each function separately; pointwise-boundedness, however,
is a restriction on the entire collection, and local uniform boundedness is a collective
property.

It is possible to define collective extensions of the properties of continuity and feeble
continuity in such a way that Osgood’s Theorem holds for collections of functions

satisfying these properties.

Definition 7. Let .Y and Y be topological spaces, {T,: a € A} a family of maps
from X to Y. The family is said to be collectively continuous if, given open subsets U
of X and V' of Y, a point & € U, and an index a € A such that T,z € V, there cxists
an index b € A and an open set IV C U such that z € W and T,(W) C V. The
family is collectively hereditarily feebly continuous if, with the above hypotheses,

there exists an index b € A and an open set W C U such that T,(W) C V.
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Note that a family of (hereditarily feebly) continuous functions is collectively
(hereditarily feebly) continuous; in this case, the index b is the same as the given
index a.

We present a simple version of Osgood’s Theorem for collectively hereditarily
feebly continuous families. It is not clear whether this theorem is anything more

than a curiosity.

Theorem 7. Let X' be a complete metric space, Y a topological space, {Y):
n = 1,2,...} an increasing closed cover of Y. Let {Ty: a € A} be a collectively
hereditarily feebly continuous family of maps from X to Y. Assume that, for each
z € X, there is an integer n = n(x) such that a € A = Tyx € Y,. Then {T,: a € A}
is locally unifomly bounded.

Proof. The proof is familiar and straightforward. Suppose the theorem is
false. Choose x; € X" and a; € A such that T, 2, € Yi. Let IV} be an open set
digjoint from Y containing Ty, 2. Choose an open set U} of diameter less than 1
and an index by € A such that 7, (U;) C W,. Now choose an open set V) such that
vicV,cu.

Assume inductively that by, ..., b, € A, and open sets V,, C V,, C U, C V,,_, C
...C Vi C V|, C U, have been chosen. Since the theoremn has been assumed false, we
can find an 2,4y € V, and an index a, 41 € Asuch that Ty, | xnyy & Ynyr. Let 1V, 4
be an open set disjoint from Y}, 41 containing T, ., #,41. Choose an index b, 4, € A
and an open subset U, 4 of V;, which has diameter less than 1/(n + 1), such that

Tysr (Ung1) C Wiyt Now choose an open set Vi, 4y such that Vi, 4 C Vgl CUngr.

o —
To conclude the proof, let 2y € [} Vn. Then, for cach n, Ty 29 € T, (V) C

n=1
W, . Since W, is disjoint from ¥, and the {¥,:n = 1,2,...} cover Y, this is a
contradiction. a
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