Czechoslovak Mathematical Journal

Ethiraju Thandapani; S. Pandian
Oscillation theorems for certain second order perturbed nonlinear difference

equations
Czechoslovak Mathematical Journal, Vol. 45 (1995), No. 4, 757-766

Persistent URL: http://dml.cz/dmlcz/128557

Terms of use:

© Institute of Mathematics AS CR, 1995

Institute of Mathematics of the Czech Academy of Sciences provides access to digitized documents
strictly for personal use. Each copy of any part of this document must contain these Terms of use.

This document has been digitized, optimized for electronic delivery and
stamped with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://dml.cz



http://dml.cz/dmlcz/128557
http://dml.cz

Czechoslovak Mathematical Journal, 45 (120) 1995, Praha

OSCILLATION THEOREMS FOR CERTAIN SECOND ORDER
PERTURBED NONLINEAR DIFFERENCE EQUATIONS

E. THANDAPANI and S. PANDIAN, Salem

(Received May 25, 1994)

I. INTRODUCTION

In this paper we discuss the oscillatory behavior of the solutions of the perturbed
second order nonlinear difference equation

(1) A(anh(yn+l)Ayn) + Q(nﬁyn%—l) = P(n, yn+1’Ayn)a n e N

where N = {0,1,2,3,...}, A is the forward difference operator defined by Ay, =
Yn+1 — Yn, {Gn} is a real sequence with a,, >0 foralln € N, h: R = R = (—o0, 0),
Q:NxR = R and P: N x R? — R are continuous functions. The problem of
determining oscillation criteria for less general equations has received a fair amount
of attention on the last few years, see for example [4-13] and the references cited
therein. To a large extent this is due to the realization that difference equations are
important in applications. An excellent discussion of known oscillation criteria as
well as some suggestions for future study and many references can be found in the
recent monograph by Agarwal [1].

By a solution of equation (1) we mean a nontrivial sequence {y,} satisfying equa-
tion (1) for all n € N. A solution {y,} of (1) is said to be oscillatory if it is neither
eventually positive nor eventually negative, and nonoscillatory otherwise.

For equations with perturbation terms such as equation (1), relatively few oscil-
lation criteria are known, see for example [7] and [9]. In many instances our results
will include, as special cases, known oscillation theorems established in [4, 5, 9, 11].
Examples illustrating some of our theorems are also presented. The results obtained
here are motivated by those in [2, 3, 14].
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2. MAIN RESULTS

In the sequel we assume that there exist real sequences {¢,}, {pn}, pn = 0, and
continuous functions gq, fi, fo: R — R such that

(2) Q(71,u)/f1(u) 2 qn and P(nvuvv)/fZ(u)g(v) < Pa

for u,v # 0, where

(3) ufi(u) >0 forallu#0, i=1,2,
(4) fo(w)/fi(u) K K foru#0, I{ >0,
(5) fi(w) = f2(v) = g1(u,v)(u —v) for u,v #0,

g1 is nonnegative function,

(6) 0 < g(v) < ¢ for some constant c.
(7 Also we assume that 0 < ¢; < h(u) for some constant ¢;
and

— 1

We begin with the following theorem.

Theorem 1. Let conditions (2)—(8) be fulfilled. If

jo o)

(9) > (@n = ppn) = 0.

where p = cI, then all solutions of equation (1) are oscillatory.

Proof. Suppose {y,} is a nonoscillatory solution of equation (1), say y» # 0
for n > ng € N. Then

anh(ynt1)Ayn —Q(n,Ynt1) | P(n,Ynt1,Ayn)
A( f1(yn) ) < f1(Yn+1) * f1(Ynt1)
anh(yn+l)gl(ymyn+l)(Ayn)2
fi(yn) f2(Ynt1)
< — (g0 = ppn).-
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Summing the above inequality from ng to n — 1, we get

anh(yn+1 )Ayn Qn, h‘(y‘n()+1 Ayn()
< s — KPs)
.fl(yn) h fl(yn(.) Z ( °

s=ng

or

anAyn QAn, h(yn(,+1 Ayn[, z :
10 < - qs — S
( ) fl (yn) h C1 fl (yn() ( Mp

s=ng

We assume that y,, > 0 for n > ny > ng € N; the proof for the case y, < 0, n > ny
is similar and will be omitted. In view of condition (9) it follows from (10) that there
exists ny > ng such that Ay, <0 for n > na. It also follows from condition (9) that
there exists an integer ng > ny such that

Z (gs — pups) =20 for n > njz.

s=ng

Now summing equation (1) and using condition (2) we have

n—1
anh(Ynt1)AYn < ang o(Yng41) AYny — Z f1(ys+1)(gs = pps)
s=ng
n-—1
- angh(yn3+1)Ayn3 - fl (y71+1) Z (qs - Hps)
s=ng
n—1 s
X M) 3 0= 10| € s i)
s=ng t=ng
Hence
Ay, < ansh(yn3+l)Ayn3 )
C1Qp

From (8), it follows that y,, — 0o as n — co which is a contradiction. This completes
the proof of the theorem. O

Remark. Theorem 1 generalizes Theorem 1 given in [9]. Theorem 1 also includes
the result of [11] as a special case.

As an example of Theorem 1, consider the difference equation

3
1
(Ey) A(n(1+y21)Ay,) + (10n+4)y3 ., = 4n—'/"+;, n>1.
1+yn

759



Choose f;(u) = u®, fo(u) = u, then all hypotheses of Theorem 1 are satisfied. That
this equation (E;) is oscillatory does not appear to be deducible from other known
oscillation criteria.

In the next theorem we study the oscillation criteria for equation (1) subject to
the conditions

h

(11) " is a nondecreasing function on R
and
* h(zx) /-°° h(z)
12 dzr < oo and dz < oo for all a > 0.
U A AE) e

Theorem 2. Suppose that conditions (2)—(8), (11) and (12) hold, and in addition

oo
(13) Y (@n — ppn) < 0,
n—1
(14) lif},iogf Z (gs — ups) =2 0 for large ng
s=ng
and
] n 1 oo
(15) Jim 3 . [tZ(qt - up:)] =00
s=nq =s

are satisfied. Then all solutions of equation (1) are oscillatory.

Proof. Let {y.} be anonoscillatory solution of equation (1), say y, > 0 for all
> no € N. For any n; > ng, summation of (1) yields
n—1
anh(yn+1)Ayn < Qn, h(ynl—{-l)Aynl _ Z (
fl(y’n+l) fl(yn1+1)

(16) qs — p'ps)'

s=ny

Now, if Ay, > 0 for all n > n; > ng € N, we have from (16)

Qn, h(y‘n1+1 Aynl
0< s
O, Z (g5 — 1ps).

s=n;
Hence, for all n > n; we have

= an(Yn+1)AYn
s —MPs) S —F, —
2 (0 = hyms)

s=n
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or

1 & h(Yn+1)
(17) a ;(qs — ups) < mAyn-

Observe that for y, < z < yny1 we have fﬂl(% > %(Z/_%)F and it follows that

vat1 h(z) h(Yns1)
/ 7@ Y2 Figna) S0

Using the last inequality in (17) and summing from n; to n, we obtain

n

(18) Z gl‘[i((h - sz)] < /yy"+1 fhl((fv)) dz

s=n; ° bit=s "y

This contradicts (12) since the left sum diverges.
If {Ay.} changes sign, then there exists a sequence {nt} such that Ay, < 0.
Choose k large enough for (14) to hold. We then have

n—1

anh(yn+l)Ayn A, h(ynk+1)Ayﬂk
< - gs — UPs
) Rl " 2 (@ hp)

s=np
S0
h(yns1)A } A =
lim sup 22 UYn+1) B9 < WYy +1) A, + lim sup [— Z (gs = ups)] <0,
n—ro0 f1(Yn+1) f1(Ynu+1) n—00 s=ny

which contradicts the fact that {Ay,} oscillates. Hence there exists an integer ny >
ny such that Ay, < 0 for all n > ny. Condition (14) implies that for any integer
n3 = ng there exists ny > n3 such that

n—1

Z ((Is - Ckps) >0

s=ngy

for all n > n4. Choosing n4 > ny as indicated and then summing equation (1), we

have
n—1
anh(yn+1)Ayn s anq’l(yn4+1)Ayn4 - Z fl (ys+l)(qs - ups)
s=ny4
n—1
= anqh(yn.l-FI)AyTM - fl (yn+1) Z (QS - Hps)
s=ny
n—1 s
+ Z Afi (ys+1) |: Z ((It - Hpt:l < an4h(yn4+1)Ayn4
s=ng t=ng4
(19) h(nsr Ay < 2221 Unat)BYn,.
An
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Since {yn} is positive decreasing and h is positive and continuous, there exists a
positive constant C and an integer ns > n4 such that 0 < h(yn+1) < C, n > ns.

Hence
Angy h(yn4+1 )Aym;
Can ’

Summing the above inequality and using (8) we get y,, & —co as n — 00, a contra-

Ay, <

n2ns.

diction. A similar proof holds when {y,} is eventually negative. O

Remark. If h(u) =1 and f;(u) = f2(u), then Theorem 2 reduces to Theorem 2
given [9].

Corollary 3. If conditions (2)—(8) and (13)—(15) hold, then all bounded solutions
of equation (1) are oscillatory.

Proof. Condition (10) was only used in the first part of the proof of Theorem 2.
We had y, > 0 and Ay, > 0 for n > ny = ng € N, so by (5), f1(yn) = fi(yn,) for
n > ny. From (15) and (18) we then obtain a contradiction to the boundedness of

{yn}- a

Theorem 4. Let conditions (2)—(7), (11) and (14) hold. Assume that

+to
(20) ; }11((1;)) dz < oo forevery a>0
and
(21) Z[_——'Z(Qz upt] = —00

t=ng
for every constant M. Then all solutions of equation (1) are oscillatory.

Proof. Let {y,} be a nonoscillatory solution of equation (1), say y, > 0 for all
n > ng € N; the proof for the case y, < 0 for all n > ng € N is similar and will be
omitted. Since (14) holds we see from the proof of Theorem 2 that {Ay,} cannot
change sign for arbitrarily large n. If Ay, > 0 for all n > n; > ng € N, then (16)
implies 1
h(Yn+1) Any Yy +1) AYn, -
f1(3/n+1)Ayn S anfi(Wnit1) Z Z (4s = 1ps)

s=mn

and another summation yields

(22) i Mysnr) 2”: [a—s - i (@ = 1pe) ]

fl ys+1 s=ny t=n,
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which contradicts (21) since the left hand side of (22) is nonnegative.
If Ay, <0 for n > n;, we have from (22)

n

[ e 5 on s 2 (- S R

"1 s=n, s=ny t=n,
or .
vn1 h(z) - [ M 1 <
dz > — — == ) (g —mup)|,
~/yn+1 fl ((1,) g s§1 s s t=n,
which contradicts condition (20). This completes the proof of the theorem. O

Remark. Theorem 4 generalizes Theorem 4 given in [9]. For the equation

(E2) A(n(n+1)y2 41 Aya) + [4n+1)% + (n+2)y2 4]l
9 11/5
1+yn
Let us put f(u) = u'/3, fo(u) = u'/5. Then
n P yJn 7A n
Q(nay +1) 2 4.(71+ 1)2, (TL Yn+1 Y ) 2(n+2)

fi(¥n+1)

and we see that all the hypotheses of Theorem 4 are satisfied. Hence equation (E;)
is oscillatory. Again the oscillation of the equation is not deducible from any of the

f2(yn+1)

previously known oscillation criteria.

Theorem 5. If conditions (2)—-(8) and (14) hold, and

(23) lim sup Z — ups) = oo for all large ng

n—oo
S=ny

is satisfied, then all solutions of equation (1) are oscillatory.

Proof. Supposethaty, > 0forn > n; > ng € N, the proof for the case y, < 0,
n > n, is similar and will be omitted. Since (14) holds, we see from the proof of
Theorem 2 that {Ay,} cannot change sign for arbitrarily large n. If Ay, > 0 for
n 2 ny for some ny > n;, then from (16) and (23) we have

lim inf anP(Yns1) BYn =—

n—0o f1(Un+1) ’

which is a contradiction. Thus Ay, < 0 for large n and we proceed as in the proof
of Theorem 2.
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Next we discuss the oscillatory behavior of equation (1) subject to the condition

g1(u,v)

24) . h(u)

2A>0 for wu,v#0.

Theorem 6. Suppose that conditions (2)—(8), (14) and (24) hold. Assume there
exists a positive non-decreasing sequence {f3,} such that

' = ) a. o ABs\2
(25) llrrtnqsol(l)p T)m Z (n—s)(o‘ Bs [(q.s"l‘ps)_a((n “sta—1) - 3 ) ] =0

for a positive integer o > 1, where (n)(*) = n(n —1)...(n — a + 1) is the usual
factorial notation. Then all solutions of equation (1) are oscillatory.

Proof. Suppose that y, > 0 for n > n; > ng € N; the proof for the case
yn < 0, n > n; is similar and will be omitted. Since (14) holds as before we see from
the proof of Theorem 2 that {Ay,} cannot change sign for arbitrarily large n. Let
Ayn, > 0 for n > ng for some integer ny > n;.

Define
_ Uafa
f1(yn)

where v, = @ h(Ynt1)AYn.
Then for n > ny we have

Aﬂnvn-{—l ﬁnvngl (yn’ yn+1)Ayn
f1(Jn+1) f1(Yn) f1 (Yn+1)

n 2= na.

(26) Azp < ﬂn(qn Hpn

Using the inequalities v, 41 < v, and fi(y,) < fi1(Yn+1) we obtain from (26)

ABH /\/Bn 2
Snt+l T 33 Zn41-
Brt10n

Azn < _,Hn(([n - ;U*])n) + 3
Pn+1

Since

n—1

Z (n—38) YAz, =—(n—-ny) Yz, +a Z (n—s) @ Pz

s=n9o S=na
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we get

1

e 5 = up)
(n - n2)(a)zn2 _ Z _ )(a 1)
X (n)(a) n)(a) n S Zs+1
Aﬂs @ 1 & (n=9) s, ,
zs 1(n = s) P
)(a Z + (n)@ sz;nz @B, +1
(n— ng)("‘)z712 _ Z—: n — s)(@ NG,
(n)(a) (11 s=na a5/83+1
2 asﬂs+l (67 _ A,Bs
X [zs+1+ Y (n—s+a—1 Bs )25“]
(n —ng) @z, + 1 nil (n — 5)¥a,p, o _ AL, 2
n)(«) n)() 4\ n—-s+a-1 f
s=ng
or

( as Qa Afs\2
)(a)z(n )ﬂs[( Nps)*a(n—s+a*l_ ﬂs)]
s=nq
- (c)
(= o)z, — Zn, as N — 00,
(n)(@ 2

which contradicts (25).

If Ay, < 0 for large n, we proceed as in the proof of
Theorem 2. This completes the proof of the theorem

0O
Corollary 7. If condition (25) is replaced by

n—1
. _ (‘1)
limsup —— ) (a) E n — s)'* Bs(qs — ups) = oo,
n—oo s=no

. n — s)(%B,a, AB\]?
hrxznﬁsoxip (a)z(11_5+a_1) [a (n s+a—1)( ) <

Bs

for a positive integer o 2> 1, then all solutions of equation (1) are oscillatory.

Remark. Theorem 6 and Corollary 7 extend Theorem 5 and Corollary 6 of [11]
respectively. As an example, the difference equation

417,3/,31
(E3) AR +y2 1) AY0) + (51 + 2)Yug1 + Yo i) = —t

1+ yn+1
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satisfies the conditions of Corollary 7. Hence all solutions of (E3) are oscillatory.
Here we put f;(u) = u+u?, f2(u) = u® and observe that

(1]
2]

3]
(4]
(5]
(6]
[7]
(8]
[9]
(10]
(1]
(12]
[13]

(14]

636

766

Q(n’ yn—H)
f1(Yn+1)

P, ynt1, Ayn)

=(5n+2) and T

< 4n.
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