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ABSTRACT. Let X be any set, A C P(X) any algebra, and E the Stone space
associated with A.

Let G be a Dedekind complete Abelian lattice group and m: A — G a finitely
additive positive measure and set u© = m o ¢. We prove that p has a o-additive
G-valued extension v, defined on the o-algebra of all Borelian sets of E.

1. Introduction

Let X be any set, and A C P(X) any algebra. It is well known (see [13])
that there exists a compact totally disconnected topological space E such that
A is isomorphic to the field F of the clopen sets of E: we denote by ¢: F — A
such an isomorphism. F will be called the Stone space associated with A. In
particular, if X is endowed with the discrete topology and A = P(X), then
E = BX (i.e. the Stone-Cech compactification of X ).

Now, let G be any o-Dedekind complete Abelian lattice group (in short,
o-complete l-group) and assume that m is a finitely additive positive measure,
m: A — G, and put 4 = moy. In this note, we will prove that u has a o-additive
G-valued extension v, defined on the o-algebra o(F) generated by F.

To prove this, we will use the principle of transfinite induction. In general,
it is impossible to obtain a result of this kind by a Carathéodory-type process;
in fact, our assertion is not true if we assume that F is any algebra and u is
an arbitrary G-valued o-additive positive measure. If G is a vector lattice, the
result is true if and only if G is weakly o-distributive (see [20]). We note that,
if G =C(S) = {f € RS : f iscontinuous} and S is a compact extremally
disconnected topological space, then C(S) is weakly o-distributive if and only
if every o-meager subset of S is nowhere dense in S (a set is o-meager if and
only if it is a subset of the union of a countable family of closed nowhere dense
Baire sets; see also [18] and [20]).
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We also note that there exist spaces of type C(S) which do not have any
Hausdorff vector topology for which each bounded monotone increasing sequence
converges to its least upper bound (see [19]): such spaces cannot be topological
groups with respect to the order topology, because the order topology is T} (see
[12]), and a topological group which is T} is T3 too (see [11]). This means that
our results are not contained in similar extension theorems stated for topological
groups (see [14]).

In the literature, there are many studies about the problem of extending
a o-additive group-valued (or vector-valued) set function from an algebra
A to a suitable o-algebra containing 4. Among the authors, together with
J.D.M. Wright ([20], [21]), we recall Celada ([5]), Fremlin ([7]),
Kats ([9]), Sion ([14]), Sipos ([15], [16]), Volauf ([17]).

Finally, we will prove that, if G is a Dedekind complete l-group, then p can
be extended to a o-additive measure v, defined on the whole g-algebra of Borel
sets of . We do not know if this extension can be obtained also when G is just
o-Dedekind complete. Furthermore, we will see that, if A = P(X) and m is
invariant with respect to an amenable semigroup H C XX of transformations,

then v and v are invariant with respect to the semigroup H' “corresponding”
to H.

2. The extensions

2.1. Let (G,+,<) be a o-Dedekind complete Abelian group lattice (o-complete
l-group). Then (see [2]) G is Archimedean, and hence (see (3], [6]) there exists a
compact Stontan topological space S, unique up to homeomorphisms, such that
G is a subgroup of Coo(S) = {f € RS : f is continuous, and {s : |f(s)| =
400} is nowhere dense in S}.

In the sequel, we will often use the following result (see [3], [6]).

2.2. THEOREM. Let G and S be as in 2.1. If {ax}ren is any net such that
VA axeG and a =supay € G (where the supremum is with respect to G), then
A
a = supay with respect to Coo(S), and the set {s € S: (supay)(s) # supax(s)}
A A A
18 meager in S.

2.3. DEFINITION. Let E be any set, assume that G is a o-complete l-group,
and let A C P(E) be such that @, F € A. We say that a G-valued map P,
defined on A, is a o-additive measure if it is monotone, finitely additive (i.e.
P(AUB) = P(A) + P(B), whenever A, B,AUB € A and AN B =0) and if
it satisfies the following properties:

(2.3.1) If A, T A, A, A€ A, then P(A) =supP(A,).
n
(2.3.2) If A, | A, Ao, A€ A, then P(A) = inf P(A,).
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(If A is an algebra, then (2.3.1) and (2.3.2) are equivalent.)
Now, we note the following fact.

2.4. Remark. Let X be any set, A C P(X) an algebra, and assume that
E and F are as in the introduction. If m: A — G is a finitely additive positive
measure, then y = mo¢: F — G is o-additive. Moreover, we note that there
exists a nowhere dense set N C S such that, Vs € S\ N and VA € F, m,(A4) =
m(A)(s) is a finitely additive positive real-valued measure. Thus, by virtue of
classical results, the map A — p,(A) = (ms 0 )(A) = u(A)(s) is o-additive,
for each s € S\ N; and so, it has a (unique) extension, v, defined on the whole
o-algebra B of Borelian sets of E, where E is as in the introduction (see [4]).

To prove this, we have essentially used perfectness of F ([13]). In the sequel,
these facts will play a fundamental role, in the construction of the required
extension.

Now, we state the main result.

2.5. THEOREM. Let G be a o-complete l-group, and p, F be as in Theo-
rem 2.4. Then p has a o-additive extension v: o(F) — G.

To prove this theorem, we proceed by transfinite induction (see [1], [10]) and
use the fact that every countable union of meager sets is meager.
Let 7o = F. If « is an ordinal of first kind, we put

Faoro={F: F=UF,, Fp€Fa1, Ful},
fa—1,65={F: F:nFn, FnEfa—l,a1 Fnl}a
Fo = {F: F =limsup F,, = liminf F,,, F, € fa_l} C Fatos.

If o is an ordinal of second kind, we set: F, = |J F3. Then o(F) = Fq,
B<Lla
where  is the first uncountable ordinal (see [10]).

If o is an ordinal of first kind, let fio: Fo—1,, — G be defined by setting
fa(A) = sup pa—1(Brn), whenever A =JB,, B, € Fo-1, Bn T,
n
and define "
pe: Fa-1,06 = G by putting py,(A) = inf fia(Bn),
whenever A =By, B, € Fo—1,0, Bn |.

n
We will denote by p the restriction of p? to F,.
If a is an ordinal of second kind, let pq: F, — G be defined in the following
way: po(F) = pg(F), whenever F € Fg, with 8 < a.
To prove Theorem 2.5, it will be enough to prove the following two assertions:
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2.6. THEOREM. Let G be a o-complete l-group, and p, F be as in 2.4. Then
the map po: Fo — G is o-additive, for all a < Q.

2.7. LEMMA. Let S, N, u, ps, vs be as above. Then for each fized set B €
Fo, there exists a meager set Lg such that vs(B) = po(B)(s), Vs € S\ Lp,
for each ordinal a such that a < Q.

To prove Lemma 2.7 and Theorem 2.6, we apply the principle of transfinite
induction.

Firstly, suppose that « is an ordinal of first kind. By hypothesis of transfinite
induction, assume that the assertions hold for a — 1. It will be enough to prove
Lemma 2.7 and Theorem 2.6 in the case in which one has Fo—1,, and fi instead
of F, and p, respectively.

First of all, we prove that fi, is well-defined.

Let B,,C, € Fo—1, Bn T A, C, T A. Then there exists a meager set M
depending on {B,} and {C,} such that Vs € S\ M:

[sgp ua-l(Bn)] (s) = S:p[ua_l(Bn)(s)] = v,s(A)
= sglp[ua—l(cn)(S)] = [s%pﬂa—l(cn)] (s)-

As the complement of a meager set is a dense set in S, we have: sup fta—1(Bn)
= sup pta—1(Cr). So, our definition makes sense. "

IGOW, let A € Fo1,0, An T A, Ay € Fou_1. We have: [ia(A)(s) =
[sip ua_l(An)] (s) = sup [Ha-1(An)(s)] = sup vs(An) = vs(A) up to the com-
plement of a meager set: thus, Lemma 2.7. is proved.

Moreover, if A, T A, An, A € Fuo-1,,, We have: [sup [La(An)] (s) =
sup[ﬁa(An)(s)] = supvs(An) = vs(A) = fia(A)(s) up to thﬁe complement of
anrneager set, and herilce sup fia(An) = f1a(A). Analogously, one can check the

n

other required properties. So, 2.6 is proved at least in the case in which o is an
ordinal of first kind.

Now, let a be an ordinal of second kind.

Fix B € . Then B € F3 for some 8 < «a, and thus, by the hypothesis
of transfinite induction, there exists a meager set Lp such that Vs € S\ Lp,
vs(B) = pa(B)(s) = pa(B)(s) by the definition of pq. So, Lemma 2.7 is proved.

Now, pick A,, A € F,. By virtue of 2.2, 2.4 and 2.7, we have

(5P pa(4n)](5) = sup [ (4n)(s)] = sup[vs(4n)] = va(4) = 1a(A)(5)
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up to the complement of a meager set. Thus, sup po(An) = pa(A4).
n

Moreover, it is easy to check the other required properties. So, Theorem 2.6,
and hence Theorem 2.5, are completely proved. O
By the same technique, we will prove the following:

2.8. THEOREM. Let G be a Dedekind complete l-group, and let p and B be
the same as in 2.4. Then p has a o-additive extension vi: B — G, where B is
the o-algebra of the Borel sets of E, and E is as in the introduction.

Let £ be the family of all open sets of E. For every A € £ put:

(28.1) po(A) = sup u(A),
FeF,FCA

(2.8.2) As(A4) = Fejscugclu(A)(s)] ,

Vse S\ N, where N is the same as in 2.4.
We begin with a lemma.

2.9. LEMMA. For each fized A € L there exists a meager set M4 such that
:U'O(A)(S) = /\s(A); Vse S \ M.

Proof. We have:

po(4)(s)= | sup p(A)](s) = sup_[u(A)(s)] = As(4)
FeF,FCA FeF,FC
up to the complement of a meager set. From this, the assertion follows. O

As a consequence of Lemma 2.9, we prove the following:
2.10. PROPOSITION. The map po: £ — G defined in (2.8.1) is o-additive.

Proof. Firstly, we prove the finite additivity of po. Pick A, B € £ with
AN B =0, and let Ay be as in (2.8.2). By Lemma 2.9, there exists a mea-
ger set La p such that A\;(A) = po(A)(s), As(B) = po(B)(s), As(AUB) =
po(AUB)(s), Vs € S\ La,g. So we have: uo(A)(s)+ po(B)(s) = no(AUB)(s),
Vs € S\ La,p, and thus pq is finitely additive.

Now, let A, T A, A,, A€ L, Vn € N. One has:

[Sgp uo(An)] (s) = sup [10(AR)](s) = sup As(An) = As(A) = po(A)(s)

up to the complement of a meager set, and hence sup po(An) = po(A).
n
The proof of (2.3.2) is analogous. a

Now, let D = {DzA\B: A, B e L, ADB}, G ={F: F is a finite
disjoint union of elements of D}. For all D € D, set

(2.10.1) (D) = po(A) — po(B), whenever D = A\ B, with AD B.
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For every F € G put
(2.10.2) A(F) = i(F;), whenever F = |J F;, F;NF; =0 if i # 5.
=1 i=1
We note that G is the algebra generated by £ (see [8]).
Now, we claim the following:

2.11. PROPOSITION. The map i defined in (2.10.1) is well-defined.

Proof. Let A; be asin (2.8.2), N and vs asin 24. If D = A; \ B, =
Az \ By with A;,B; € L (j =1,2), we have, up to the complement of a meager
set P, depending on A; and B,:

po(A1)(s) = po(B1)(s) = As(A1) — As(B1) = v5(A1) — vs(B1) = vs(D)
= vs(A2) — vs(B2) = As(A2) — As(B2)
= po(A2)(s) — po(Bz)(s) -
So, po(A1) — po(B1) = po(A2) — po(B2), and hence i is well-defined. O

Analogously as in Lemma 2.9 and Proposition 2.10, we can prove the follow-
ing:

2.12. LEMMA. Let vs; be as in the proof of Proposition 2.11. Then for every
D € D, there ezists a meager set Fp such that vs(D) = i(D)(s), Vs € S\ Fp.

2.13. PROPOSITION. The map i defined in (2.10.1) and (2.10.2) is
o-additive.

Similarly as above, we can check that [; is well-defined and o-additive.

Though G is not perfect (in general), we can proceed as in 2.5, 2.6 and 2.7
(thanks to 2.9) and extend fi to a o-additive G-valued measure v; defined on
0(G) = B (starting with Fo = G).

2.14. Remark. If A=P(X), G is a vector lattice, and m: P(X) — G
is invariant with respect to an amenable semigroup H C XX, then p: F — G
is H'-invariant (where H' C BXPX is the semigroup “corresponding” to H:
see [4]); moreover, pus: F — R is H’-invariant too, for all s € S\ N. As v
is H'-invariant (Vs € S\ N), it is easy to prove by using Lemma 2.7 (when
a =), that v and vy are H'-invariant.
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