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ABSTRACT. Let X be a linear space, A be a nonempty convex subset of X and
A be a fixed number in (0, 1). It is shown that if a function f: A — R is almost
A-convex, then there exists a A-convex function g which is equal to f almost
everywhere. It generalizes the classical result of Kuczma obtained for Jensen-
convex functions. A similar result for Wright-convex function is also proved.

1. Introduction

This paper is devoted to almost A-convex and almost Wright-convex func-
tions. This subject is related to the following problem raised by P. Erd6s [2]
in 1960: Suppose that a function f: R — R satisfies the additivity relation

flz+y) = f(z)+ f(y)

for almost all pairs (z,y) € R?. Does there exist an additive function g such
that f(z) = g(z) almost everywhere in R?

An answer to this question in the affirmative was given by N. G. de Bruijn
[1] and W. B. Jurkat [4]. An analogous theorem for Jensen-convex function
was obtained by M. Kuczma [6] (cf. also [7] and the references given there)
and for convex function by R. Ger [3]. Set valued versions of these theorems
are present by E. Sadowska in [10]. In this paper we prove similar results
for A-convex and Wright-convex functions.

Let X be a nonempty set and 2% denote the family of all subsets of X .
A nonempty subfamily & C 2% is called o-ideal if and only if it satisfies the
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conditions

(AeS ABCA) = (BeY),
and

(VneN)(4,€9) = [JA4,€9.

neEN

If additionally X ¢ <, then the o-ideal S is called proper.

We say that a o-ideal & defined on a linear space X is linearly invariant,
ift—A€S forevery x € X and A € §. The name proper linearly invariant
o -ideal will be abbreviated to p.l.i. o-ideal in the sequel.

We will say that a property P(z) is satisfied S -almost everywhere in X
($-(a.e.) in X) if and only if there exists a set A € S such that P(z) holds
true for all z € X \ A.

Let &, be a o-ideal in X and 3, be a o-ideal in X x X. We say that
the o-ideals &, and 3, are conjugate if for every set A € G, there exists a
set B € 3, such that for every z € X \ B the z-section of A (i.e. the set
A, ={yeX: (z,y) € A}) belongs to $,. Given a p.Li. o-ideal I we define
the family

Q) ={McX?: {zeX: M, ¢3}eS}.

It forms the largest p.l.i. o-ideal conjugate with .

2. Almost \-convex functions

In what follows X be a (real) linear space and S, 3, be two conjugate p.l.i.
o-ideals in X and X2, respectively. Assume further that
(i) A€ S, implies AMA € G, forall A € R,
(i) &, is invariant with respect to the transformations T: X2 — X? and
L: X? - X? given by formulas

T(fB,y) = ()\x+(1—)\)y,y—:r), (l‘,y)EXz,

L(z,y) = (y,2), (z,y) € X?,
(iii) A is a nonempty convex subset of X such that for every A € (0,1) the
set
A@) = ——(@—A)NS(A-2) ¢S zeA
TN p L '

Fix a number X € (0,1). We say that a function f: A — R is:

o \-convez if

FOz+(1=Ny) M@ +1=-Nfy), (z.y) €A%,
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o 3,-(a.e.) A-conver if
FOz+ (1= Ny) SM@)+1-Nf), (z,y) €A’ \M,

for some M € S, .

The main result in this section generalizes the theorem of Kuczma [6], [7]

proved for Jensen-convex (i.e. 3-convex) functions. It reads as follows:

THEOREM 1. Let X be a linear space, S, , S, be two conjugate p.l.i. o-ideals
in X and X?, respectively, and suppose the assumptions (i)—(iii) to be satisfied.

If a function f: A = R is S, -(a.e.) A-convez, then there exists a \-conver
function g: A - R such that

f(z) = g(x) 3, -(a.e.) in A.

The idea of the proof is similar as in [7] and [3]. We start with the following
lemmas.

LEMMA 1. Let X be a linear space, S, S, be two conjugate p.l.i. o-ideals in
X and X2, respectively, and suppose the assumptions (i)-(iii) to be satisfied.

If a function f: A — R is $,-(a.e.) A-convez, then the function g:
A — [—00,00) given by formula

9(z) =9 }LrégeiS;[Af(x—(l—A)h)+(1—)\)f(x+)\h)] T €A,

is well defined and f(z) = g(z) $,-(a.e.) in A.
LEMMA 2. Under the assumptions and denotations of Lemma 1

9(a) =, —infess[Ag(e — (1= k) + (1= Ng(z +A)], s €A,

Moreover, the function g is Q(S,)-(a.e.) A-convez.

LEMMA 3. Under the assumptions and denotations of Lemma 1, the function
g is A-convezx.

The proofs of the above lemmas are natural modifications of the correspond-
ing lemmas given in [7] and [3]. Therefore we omit them. Lemmas 1 and 3 are
used in the proof of Theorem 1 below. Lemma 2 is technical and is needed only
to prove Lemma, 3.

Proof of Theorem 1. We define the function g: A = [—00,00) by
the formula

9(2) =9, —infess A (2~ (1= Vh) + (1= V(@ + )], zeA.

By Lemma 3, function g is A-convex and by Lemma 1, f(z) = g(z) $,-(a-e.)
in A. O
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3. Almost Wright-convex functions

We say that a function f: A - R is:

o Wright-convex if

Fz+ 1 =Ny) +F(A=-Nz+Xy) < flz)+ fy),

for every z,y € A and X € [0,1],
o 3, -(a.e.) Wright-convez if for any A € [0, 1] there exists aset M(\) € S,
such that

FOz+ 1 =Ny) + (1 =Nz +Xy) < fl@)+fy),  (z,y) € A2\ M().

THEOREM 2. Let X be a linear space, S;, S, be two conjugate p.l.i. o -ideals
in X and X?, respectively, and suppose the assumptions (i’), (ii), (iii) (cf. [3;
p. 65]) to be satisfied.

If a function f: A — R is 3,-(a.e.) Wright-convez, then there ezxist a
Wright-convex function g: A — R such that

flz) =g(z) 3, -(a.e.) in A.
In the proof of the above theorem we use the following lemma.

LEMMA 4. Let X be a linear space, $,, S, be two conjugate p.l.i. o-ideals
in X and X?, respectively, and suppose the assumptions (1’), (ii), (iii) (c¢f. [3;
p. 65]) to be satisfied.

If a function f: A - R is %-com}ex and I, -(a.e.) Wright-convez, then it is
Wright-convetz.

Proof. Fix z € A and a(z) > f(z), and put
B(z) := {h € Ag): Le=hitit+h) o a(a:)}.

The set B(x) does not belong to ;. Indeed, otherwise
% infess JETMEIE@ER) L fE R SR
heA(z) 2 heA(z)\B(z) 2
> a(z) > f(z),

which is impossible (cf. [7; p. 454, Lemma 6]).
Fix (z,y) € A? and A € [0,1], and put z:= Az + (1 — N)y. Let M(\) € S,
be a set such that

FOz+1=Ny) +f(L=Nz+Xy) < f)+ fly),  (z,9) € A>\M(N),

70



ALMOST A-CONVEX AND ALMOST WRIGHT-CONVEX FUNCTIONS

and U(A) € S, be a set associated with M(A) according to the conjugacy
relation.
Choose
heB()\ [(UN) -2) U (z-TUW)]

ke B\ [(IMOW)],,, —v) U (v= MW, _, )]
(which is possible because the sets B(z) and B(y) do not belong to I, ).
Then, in particular,
(z+h,y+k) ¢ M()\) and (z—h,y—k) ¢ M(X).

Let [ := Ah+ (1= A)k. Observe that z—1 € A and z+1[ € A. Similarly, putting
2':=(1=MNz+ My, ' :=(1—-X)h+ Ak, we have that the elements 2’ — ' and
2" +1' belong to A, too. Finally

FOz+ 1 =Ny) + f((1= Nz + Ay)

and

z=1l+z+1 2 =U+2+0

<o) ()
<SAFE-D+IE+D+ (= U)+ f(2' +1)]

=2[f (@ =h) + (1= Ny = k) + FA@+h) + 1= Ny +F))]
+ 2 [F((1= V(@ = h) + Ay — K) + £((1 = M@ + k) + Ay + k)]
fa=m+fz+h)  fly-K+fly+k)

- 2 2
<a(z)+ aly).
Letting a(z) and a(y) tend to f(z) and f(y), respectively, we get the inequality

FOe+ 1= Ny) + F((1=Ne+My) < f(2) + fy)
valid for all z,y € A and all X € [0,1]. This finishes the proof. a

Proofof Theorem 2. Assume that the function f is ,-(a.e.) Wright-
convex. Hence in particular, it is $,-(a.e.) 1-convex. From Theorem 1 there
exists a 5-convex function g: A — R equal to the function f < -(a.e. )

In light of the Lemma 4 it is enough to show that the function g is 3,-(a.e.)
Wright-convex, where C:‘rz is a p.l.i. o-ideal in X? conjugate with ;.

Let S € 3, be a set such that f(z) = g(z) for all z € A\ S. Fix A € [0,1]
and put

K(\)={(z,y) € A’: Az +(1- Ny € S},
K'(\) = {(z,y) € A%: (1-XNz+ )y € S},
NO)):=MMU(S x X)U(X x S)UKA)UK'()).
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Obviously, the set N(XA) belongs to Q(S,). Take (z,y) € A%\ N(A). Then
(x,y) ¢ MA), 2 ¢ S,y ¢ S, da+(1-XNy ¢ Sand 1—-Nz+Iy ¢ S.
Henceforward

g(Az+ (1= Ny) +9(Q =Nz +Ay) = fF(Az + (1= Ny) + F((1 = Nz + \y)
< f(2)+ f(y) = g(z) + 9(v) -

Now, using Lemma 4, we have that the function g is Wright-convex, which ends
the proof. O

In (8], C. T. N g proved that each Wright-convex function defined on a convex
subset of R™ is the sum of an additive function and a convex function (cf. also
9]). Z. Kominek [5] extended this result to functions defined on algebraically
open and convex subsets of a linear space. Using this characterization we get the
following result.

COROLLARY. Let A be an algebraically open and convex subset of a real linear
space X, Sy, S, be two conjugate p.li. o-ideals in X and X?, respectively,
and suppose the assumptions ('), (ii), (iii) (c¢f. [3; p. 65]) to be satisfied. If
a function f: A = R is 3,-(a.e.) Wright-convez, then there exist a convex
function h: A = R and an additive function a: A — R such that

f(z) = h(z) + a(x) 3 -(a.e.) in A.
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