Mathematica Slovaca

Ireneusz Kubiaczyk; Samir H. Saker
Oscillation of solutions to neutral delay differential equations

Mathematica Slovaca, Vol. 52 (2002), No. 3, 343--359

Persistent URL: http://dml.cz/dmlcz/129808

Terms of use:

© Mathematical Institute of the Slovak Academy of Sciences, 2002

Institute of Mathematics of the Academy of Sciences of the Czech Republic provides access to
digitized documents strictly for personal use. Each copy of any part of this document must contain
these Terms of use.

This paper has been digitized, optimized for electronic delivery and stamped
O with digital signature within the project DML-CZ: The Czech Digital Mathematics
Library http://project.dml.cz


http://dml.cz/dmlcz/129808
http://project.dml.cz

Mathematica
Slovaca

©2002
Math. Slovaca, 52 (2002), No. 3, 343-359 Mathematical Institute

Slovak Academy of Sciences

OSCILLATION OF SOLUTIONS TO NEUTRAL
DELAY DIFFERENTIAL EQUATIONS

I. KUBIACZYK® — S. H. SAKER**
(Communicated by Michal Feckan )

ABSTRACT. Our aim in this paper is to give some new sufficient conditions for
oscillation of all solutions of first order neutral delay differential equations. Our
results extend and improve some well-known results in the literature. We discuss
a number of carefully chosen examples which clarify the relevance of our results.

1. Introduction

In recent years the literature on the oscillation theory of neutral delay differ-
ential equations is growing very fast. It is relatively a new field with interesting
applications in real world life problems. In fact, the neutral delay differential
equations appear in modelling of the networks containing lossless transmission
lines (as in high-speed computers where the lossless transmission lines are used
to interconnect switching circuits), in the study of vibrating masses attached
to an elastic bar, as the Euler equation in some variational problems, theory of
automatic control and in neuromechanical systems in which inertia plays an im-
portant role (see Hale [16], Driver (8], Brayton and Willoughby [5],
Popov [23],and Boe and Chang [4] and the references cited therein).

In this paper we shall consider the following first order neutral delay differ-
ential equation with variable coefficients,

%[m(t) —P(t)z(t—1)] + Q()z(t—0) =0, t>t,, (1.1)
where
P,Q € C([ty,),R"), o,7€[0,00). (1.2)

By a solution of equation (1.1) on [t;,00) we mean a function z €
C([ty—p,0),R) such that z(t) — P(t)z(t — 7) is continuously differentiable on
[ty,00) and such that equation (1.1) is satisfied for ¢ > ¢, where p = max{o,7}.

2000 Mathematics Subject Classification® Primary 34K11, 34K40.
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Let t;, > t, be a given point and let

¢ € C([t,—p,t,],R) (1.3)
be a given initial function such that
z(t) = ¢(t) for tet,—pt,]. (1.4)

The initial value problem (1.1), (1.4) has a unique positive solution for all ¢ > ¢, .
This follows rather easily by the method of steps.

As usual, we say that equation (1.1) is oscillatory if every solution of (1.1)
is oscillatory, i.e., for every initial point ¢, > ¢, and for every initial function
¢ € C([t,—p,t;],R) the unique solution of (1.1) and (1.4) has arbitrarily large
zeros. Otherwise the solution is called non-oscillatory. The oscillation of various
functional differential equations has been investigated by several authors. For
some contributions we refer to the monographs [1], [2], [3], [11], [15], [20].

The first systematic work about oscillation of neutral delay differential equa-
tions is given by Zahariev and Bainov [26]. For the oscillation of equa-
tion (1.1) when P(t) and Q(t) are constants, we refer to the articlesby Ladas
and Sficas [19], Grammatikopoulos et al. [12] and Zhang [27] and
the references cited therein. When P(t) is a constant we refer to the articles by
Grammatikopoulos, Grove and Ladas [14] and Zhang [27] and the
references cited therein. For the oscillation of equation (1.1) we refer to the fol-
lowing results. Grammatikopoulos et al. [13] considered the delay differ-
ential equation (1.1) and presented some finite sufficient conditions for oscillation
of all solutions when P(t) takes some values in the interval [0,1]. Chuanxi
and Ladas [7] considered the neutral delay differential equation (1.1) and
established new sufficient conditions for oscillation of all solutions under less re-
strictive hypotheses on P(t). All the above mentioned papers give the oscillation
conditions for equation (1.1) when P(t) <1 and

/Q(s) ds =00. (1.5)

Yu, Wang and Chuanxi [25] considered equation (1.1) when P(¢) =1 and
relaxed condition (1.5) to the condition

/oosQ(s) ]OQ(u) duds = o0o. (1.6)

In fact, Chen, Yu and Huang [6] observed that for (1.1), it is sufficient to
have a point #* so that

P(t*+k7) <1, k=0,1,2,... (1.7)
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without the assumptions (1.5) and (1.6). They compared the oscillation of (1.1)
with the absence of positive solutions of the inequality

S -v-n] + Q-0 <0, t> 1, (1.9

under the condition

Pt -0)Q(t) <Q(t—7). (1.9)
However, most of the results in the literature involve conditions depending sep-
arately on @ sufficient for oscillation of (1.1) and conditions on P which allow
extensions of arguments used in the case where P(t) =1 asin Yu, Wang
and Chuanxi [25)].

The purpose of this paper is to give some new oscillation criteria of equa-
tion (1.1). The paper is organized as follows: In the next section, we present
some new sets of sufficient conditions which guarantee oscillation of all proper
solutions of the delay differential equation (1.1), and show that the combined
growth of P and @ without condition (1.9) can give oscillation criteria for equa-
tion (1.1) even when (1.5) and (1.6) fail. In Section 3, we discuss a number of
carefully chosen examples which clarify the relevance of our results.

In the sequel, when we write a functional inequality we will assume that it
holds for all sufficient large values of t.

Before stating our main results we need the following lemma.

LEMMA 1.1. ([6]) Assume that (1.2) holds,

P(t)>0 and P(t*+ir) <1 for i=0,1,2,.... (1.10)
Let z(t) be an eventually positive solution of equation (1.1), and set
y(t) = z(t) = P(t)z(t — 7). (1.11)
Then
y(t) > 0. (1.12)

2. Main results

In this section, we will establish several new sharp sufficient conditions for
the oscillation of all solutions of equation (1.1).

THEOREM 2.1. Assume that (1.2) and (1.10) hold, then either

¢
. 1
htrgégf / Q(s) ds > 3 (2.1)
t—o
or
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t
lim sup / Q(s)ds>1 (2.2)
t—o0 2o

implies that every solution of equation (1.1) oscillates.

Proof. Without loss of generality, we assume that equation (1.1) has an
eventually positive solution z(t). Let y(t) be defined by (1.11), then from (1.1)
we have

y'(t) = -Qt)z(t — o)
= —-Q(t) [y(t —o)+Pt—o)z(t—7— a)]
=-Q)y(t — o) - QM)P(t —o)z(t — 7 - 0)

- Q) ;
=-Q)y(t-o)+ Qlt - T)P(t —a)y(t—7).
Hence, 00
/ 3 ' =
V() - g P- oW (=T + QB -0) =0, (23)
By Lemma 1.1, we get
y(t) >0, t>t >t,. (2.4)
Set ‘)
A
At) = o) (2.5)

Then, (2.3) reduces to

At) = At — T)Q((f(_t)T)P(t —0) exp( / A(s) ds) + Q(t)exp( / A(s) ds) .
t—71 t—o

(2.6)
It is obvious that A(t) > 0 for t > t,. From (2.6) it is clear that

A(t)}Q(t)exp( / A(s) ds). 2.7)

Then, from (2.5) and (2.7), one can see that y(t) is positive solution of the delay
differential inequality

y'(t) + Q(t)y(t — o) <0.
Then, by [15; Corollary 3.2.2], the delay differential equation

Y1)+ Q)y(t - o) =0 (2.8)
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has an eventually positive solution as well. It is well known that (2.1) or (2.2)
implies that (2.8) has no eventually positive solution (see, for example, [15; p. 46,
Theorem 2.3.3] and [15; p. 78, Theorem 3.4.3]). This is a contradiction and so
the proof is complete. O

Remark 2.1. It is clear that there exist a gap between conditions (2.1) and
(2.2) for the oscillation of all solution of equation (1.1). The problem how to fill
a gap for equation (2.8) when the limit

t
tl_i)r{.xo/Q(s) ds (2.9)
t—o

does not exist has been recently investigated by several authors [10], [18], [17],
[9], [21], [24] and [22]. In view of the respective works presented in [10], [18], [17],
[9], [21], [24] and [22] and the fact that every solution of equation (1.1) oscillates
when (2.8) has no eventually positive solution one can give several sufficient
conditions for oscillation. The details are left to the reader.

In the following theorem we present new infinite integral sufficient condition
for oscillation of all solutions of equation (1.1) which improve conditions (1.5)
and (1.6).

THEOREM 2.2. Assume that (1.2) and (1.10) hold, and

t+o
0<d< litgglf / Q(s) ds, (2.10)
o] t+o t )
/Q(t) [ln / Q(s) ds + 1] dt =00. (2.11)
to t

Then every solution of equation (1.1) oscillates.

Proof. Without loss of generality, we assume that equation (1.1) has an
eventually positive solution z(t). Let y(t) be defined by (2.1), then from Theo-
rem 2.1, y(t) is positive solution of the delay differential equation

y'(t) + Q()y(t — o) =0. (2.12)
As A(t) = —y'(t)/y(t), then A(t) is non-negative and continuous, and there

t
exists t, > t, such that y(¢,) > 0, and y(t) = y(tl)exp(—f)\(s) ds). Fur-
t1

thermore A(t) satisfies the generalized characteristic equation

A<t>=Q(t>exp( / AGs) ds),
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hence,

AE) = Q(t)exp[A—ttjA(t)t j As) ds]

t+o
where A(t) = [ Q(s) ds. By using the inequality (cf. [11; p. 32])
i

Int+1
T

eTI_>_$+

forall z,r>0,

we have from (2.13) that
¢

AN - Q(t) / A(s) ds > Q(t)[In A(t) +1] .

t—o

Then for N > T,

N N t N
AOA@R) dt— [ Q(t) [ A(s) dsdt > [ Q(t)[InA(t) + 1] dt.
[rovensfae [rowe ]

Interchanging the order of integration, we find that

N—-o t+o

/Q(t)( / )dt> / A(t)(/@(s) ds) at

T

N-o t4o
/ MDA dt — )\(t)( / Q) ds) dt
T

2]@,4 i~ /Q / s

T
Combining (2.15) and (2.16), it follows that

Hence

N N—-o t+o N
AOA®) dt— [ A®) ( Q(s) ds) dt> [ Q)[in A(t) +1] dt
[rovs o faos)ez]

Integrating equation (2.12) from t to t + o we have
t+o
wt+a)=y0+ [ Qs —0) ds=0.

t
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Then
t+o t+o

y(t) > / QUs)y(s — o) ds > y(t) / Qs) ds,

which implies that
t+o

At) = / Qs)ds < 1. (2.18)
t
Then, by (2.17) and (2.18), we find

N N
/ () dt > / QW) [lmA®) +1] dt,
N—-o T

hence ~
1ny(—;i];—)”) > / Q(t)[In A(t) +1] dt. (2.19)
T
In view of (2.11), we have
. y(t—o)
i 57 = 220)

t+o
Because of d < litm inf [ Q(s) ds there exists a sequence {t,}, t, = oo as
—00 t

k — oo, and there exist ¢, € (t,—0,t,) for every k such that

Ck tr
/ Qs)ds> 4 and / Qs ds > 4. (2.21)
t—0 Ck

Integrating both the sides of equation (2.12) over the intervals [t,,(,] and
[¢k, 0], we have

Ck
y(C) — y(t,) + / Q(s)y(s — o) ds =0 (2.22)
and )
tr+o
y(t +0) — u(G) + / Q(s)y(s — ) ds = 0. (2.23)
Cr
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From (2.21), (2.22) and (2.23), we obtain
d
~y(t) + Sy(G —0) SO and  —y(G)+ Dyt <O,
which implies that ( )
Y Ck —a 2\2
—=< =] .
V1099 (d)
This contradicts (2.20) and completes the proof. a

Note that the inequality (2.14) can be rewritten as

In(er)
T

et >+ forall z,r>0

and then we have the following result.
COROLLARY 2.1. Assume that (1.2) and (1.10) hold, and

t+o
L< [awas,
t

/OOQ(t) 1n(e 7(’@(3) ds) dt = o00.

Then every solution of equation (1.1) oscillates.

COROLLARY 2.2. Assume that (1.2) and (1.10) hold, and

Then every solution of equation (1.1) oscillates.

Proof. The proof is similar to that of Theorem 2.2 by choosing

t+o
A(t) = %{exp [exp( / Q(s) ds — %) - 1] }
t

and will be omitted. a

The following theorems improve Theorem 2.1 and Theorem 2.2, which indi-
cate that the oscillation of all solutions of equation (1.1) depend on P and Q.
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THEOREM 2.3. Assume that (1.2) and (1.10) hold, then either

t
. 1
htr_r_l)égf/Q(s)P(s o) ds > o (2.24)
t—1
or
t
lim sup / Q(s)P(s—0o)ds>1 (2.25)
t—o0 I

implies that every solution of equation (1.1) oscillates.

Proof. Without loss of generality, we assume that equation (1.1) has an
eventually positive solution z(t). Then from Theorem 2.1 y(¢) > 0 and its
generalized equation is given by (2.6). From (2.6) one can see that A(t) > Q(t),
then A(t —7) > Q(t — 7), substituting in (2.6) we have

t t

/ A(s) ds) + Q(t) exp( / A(s) ds) . (2.26)

t—7 t—o

A(t) > Q)P(t - o)exp(

It is obvious that A(t) > 0 for ¢ > ¢, and then

A®) > QU)P(t - o) exp< / A(s) ds) . (2.27)

Then from (2.5) and (2.27) one can see that y(t) is positive solution of the delay
differential inequality

y'(t)+ Q)P —o)y(t—7)<0.
Then, by [15; Corollary 3.2.2], the delay differential equation
¥+ Q)P —o)yt—1)=0 (2.28)

has an eventually positive solution as well. It is well known that (2.24) or (2.25)
implies that (2.28) has no eventually positive solution (see, for example, [15;
p. 46, Theorem 2.3.3] and [15; p. 78, Theorem 3.4.3]). This is a contradiction
and so the proof is complete. O

THEOREM 2.4. Assume that (1.2) and (1.10) hold and T > o, then either

t
liminf [ [Q(s)P(t— o) +Q(s)] ds > 1 (2.29)

t— o0
t—o
or
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t

li]il’_lil:p / [Q(s)P(t— o)+ Q(s)] ds > 1 (2.30)

implies that every solution of equation (1.1) oscillates.

Proof. Without loss of generality, we assume that equation (1.1) has an
eventually positive solution z(t). As in Theorem 2.1 from (2.5) and (2.26) one
can see that y(¢) is positive solution of the delay differential inequality

y'(1) + Q)P - o)yt — 1)+ Q(t)y(t — o) < 0.
Since y'(t) <0 and 7 > o,
y'(t) + [Qt)P(t — o) + Q(t)]y(t — 0) < O.
Then by [15; Corollary 3.2.2] the delay differential equation
y' (1) + [QE)P(t—0) +Q(t)]y(t — o) =0 (2.31)

has an eventually positive solution as well. It is well known that (2.29) or (2.30)
implies that (2.31) has no eventually positive solution (see, for example, [15;
p. 46, Theorem 2.3.3] and [15; p. 78, Theorem 3.4.3]). This is a contradiction
and completes the proof. O

THEOREM 2.5. Assume that (1.2) and (1.10) hold, and 7 > o. Then either

litrgglf / [Q(s)P(s—o)P(s—T—0)+Q(s)] ds > % (2.32)
or t_a
¢

liin sup / [Q(s)P(s—0)P(s—T—0)+Q(s)] ds > 1 (2.33)
t—o

implies that every solution of equation (1.1) oscillates.

Proof. Without loss of generality, we assume that equation (1.1) has an
eventually positive solution x(t). As in Theorem 2.1, from equation (2.6) it is
obvious that A(t) > 0 for t > t,, and A(t) > Q(t), then At —7) > Q(t — 7),
then

t

/ A(s) ds> ,

t—o

At) = Q(t)P(t — o) exp( / A(s) ds) + Q(t) exp(
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which guarantees that A\(¢) > Q(t)P(t—o0), then A(t—7) > Q(t—T7)P(t—7—0).
Substitute in (2.26), we get

At) > Q(t)P(t—o)P(t —7—0) exp( / A(s) ds> + Q1) exp( / A(s) ds)
t—o

o (2.34)
and then from (2.6), (2.34) and the fact that 7 > o, y(t) satisfies the inequality
¥'(t) + [QRt)P(t — o)P(t — 7 — o) + Q(t)]y(t — 0) < 0. (2.34)

Then by [15; Corollary 3.2.2] the delay differential equation
y'(t) + [Q(t)P(t — o)P(t — 7 — o) + Q(t)]y(t — o) = 0 (2.35)

has an eventually positive solution as well. It is well known that (2.32) or (2.33)
implies that (2.35) has no eventually positive solution. Then every solution of
equation (1.1) oscillates. m]

Remark 2.2. In view of the results established in [10], [18], [17], [9], [21], [24]
and [22] and the fact that every solution of (1.1) oscillates when each one of
equations (2.28), (2.31) and (2.35) has no eventually positive solution, we can
present several other criteria for the oscillation of all solutions of equation (1.1).
The details are left to the reader.

Further, similar to Theorem 2.2, we can obtain sufficient conditions for the

oscillation of (1.1) by using the generalized characteristic equations of (2.28),
(2.31) and (2.35). In fact, if we set

Py(t) =Q()P(t - o),
Py(t) = Q(1)P(t — o) + Q1)
Py(t) = Q()P(t — o)P(t — 7 —0) + Q1)

then respectively we have the following new sufficient conditions for oscillation
of all solutions of equation (1.1):

COROLLARY 2.3. Assume that (1.2) and (1.10) hold, and

t+7

1
'é's /Pl(s)dsa

t

7P1 (t) In (e 7TP1 (s) ds) dt = 00.

t

Then every solution of equation (1.1) oscillates.
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COROLLARY 2.4. Assume that (1.2) and (1.10) hold, and

(o) t+1
/Pl(t){exp( / Py(s) -1 ds) - 1} dt = 0.

to t
Then every solution of equation (1.1) oscillates.

COROLLARY 2.5. Assume that (1.2) and (1.10) hold, and

t+o
L< [P,
t

00 t+o
P,(t) ln<e P,(s) ds) dt = 00.

Then every solution of equation (1.1) oscillates.

COROLLARY 2.6. Assume that (1.2) and (1.10) hold, and

o] t+o
/P2(t){exp< / P,(s) — % ds) - 1} dt = 0.

to t
Then every solution of equation (1.1) oscillates.

COROLLARY 2.7. Assume that (1.2) and (1.10) hold, and

Then every solution of equation (1.1) oscillates.
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COROLLARY 2.8. Assume that (1.2) and (1.10) hold, and

t

Then every solution of equation (1.1) oscillates.

Remark 2.3. Our results can be extended to the more general equation
d m n

5 [m(t) - }:1 P(t)x(t - TJ.)} + }:1 Q,(t)x(t—a)=0, t>t,.
1= 1=

Due to limited space, their statements are omitted here.

3. Examples

In this section we introduce some examples to illustrate our results.

EXAMPLE 3.1. Consider the neutral delay differential equation

[m(t) - (%+sint)m(t—7r)]l+ ((\/§+ 1)%+cost)x(t— 1) =0, t>0.

2

Here 0 = Z and
2

Qt) = (\/§+1)%+cost>0 for t>0

and
t t
/Q(s)ds:/(\/§+1)%+cossds=\/§+1+sint+cost.
t—1 -3
Hence

Then according to Theorem 2.1 and condition (2.1) every solution of equa-
tion (3.1) oscillates.
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ExAMPLE 3.2. Consider the neutral delay differential equation

[x(t)—( +smt) (t—w)],+((\/_+ ) +cost) (t—%):O, t>0,
(3.2)

—x
o=7% and

Q(t)-—(\/_+ ) +cost>0 for £>0

(\/_+ ) +cossd9—-\/—+ +smt+cost

\
O
3’3
||
Nllﬂ\“‘

i
. _1
htx_r}’glf / Q(s) ds = o
-3
Then condition (2.1) cannot be applied, but one see that
lim sup / Q(s) ds = 2v/2 + 1 >1.
t—o00 €
t-%

Then, by Theorem 2.1 and condition (2.2), every solution of equation (3.2) os-
cillates.

The following example is adapted from the example in [17].
ExAMPLE 3.3. Consider the neutral delay differential equation

[:zr(t)—(%—l—sint):c(t—vr)]’—l~ ———(2a+ cost)z (t 2)———0, t>0,

am + \/_ -
(3.3)
- f 0.6e+1
o=7% and a ((ose 1))’
Q)= —2% _(2a+4cost) >0  for ¢>0
at + V2 -
and
) ds = / ————(2a+coss) ds.
/ QL) am + \/— )
t—% t—z
Hence

¢ ¢
lim inf / Q(s) ds = L and lim sup / Q(s) ds =
t—o00 . € t—00

t—1 t—%
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Then Theorem 2.1 cannot be applied on equation (3.3), but one can see by
Corollary 2.2, every solution of equation (3.3) oscillates.

EXAMPLE 3.4. Consider the neutral delay differential equation

[x(t)—(%+sint)x(t—7r)]'+(%+t%)x(t—1)=o, t>0, (3.4)

_ (1, 1
Q(t)_(e+t+1)
for t > 0 and

Hence

Then Theorem 2.1 is failed to apply on equation (3.4), but one can see that for
T>1

T t+1 T
/Q(t)ln(e/Q(s) ds) dt:/(%juH_Ll)ln(mgﬁJr%) dt = oo
1 t

1

as T — o0.

Then, by Corollary 2.1 every solution of equation (3.4) oscillates.
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