Mathematica Slovaca

Jaroslav Jaro$
On the unique solvability of semi-linear elliptic systems

Mathematica Slovaca, Vol. 47 (1997), No. 3, 291--301

Persistent URL: http://dml.cz/dmlcz/130342

Terms of use:

© Mathematical Institute of the Slovak Academy of Sciences, 1997

Institute of Mathematics of the Academy of Sciences of the Czech Republic provides access to
digitized documents strictly for personal use. Each copy of any part of this document must contain
these Terms of use.

This paper has been digitized, optimized for electronic delivery and stamped
O with digital signature within the project DML-CZ: The Czech Digital Mathematics
Library http://project.dml.cz


http://dml.cz/dmlcz/130342
http://project.dml.cz

Mathematica
Slovaca

©1997
Math tical Institut
Math. Slovaca, 47 (1997), No. 3, 291-301 Slovak Academy of Sciences
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JAROSLAV JAROS

(Communicated by Milan Medved’)

ABSTRACT. In this paper, we study the unique solvability of semi-linear elliptic
systems of partial differential equations. Our method of the proof is based on the
Banach fixed point theorem.

1. Introduction

In this paper, we study the unique solvability of semi-linear elliptic systems
of partial differential equations of the form

—Au = f(z,u, Vu) in Q, (b)
u=0 on 09,

where Q is a smooth bounded domain in R*, u: § — RM  f:Q x RM
x RMn _, RM

It is known that the system (b) possesses multiple solutions if the nonlinearity
/ interacts suitably with the spectrum of the operator —A |, (i.e., the operator
—A with a homogeneous Dirichlet boundary condition) (see, e.g., [AZ] or [H]).
In this paper, we are concerned with the complementary case, where f does not
interact with this spectrum.

In his paper [A], H. Amann has given unique solvability results for semi-
linear systems in the case, where f does not interact with the spectrum of —Ap,
and f does not depend on the gradient:

—Au = f(z,u) in Q,

a
u=20 on OfN. (@)
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The gradient-dependent case (b) is studied in [QZ] for a single equation
(M =1). In this paper, f satisfies

) o< fEmpfEm < (g,b)No(-Ap) =0,

Uy —Usg

i) |f(z,u,p,) = f(z,u,p,)] < c|p; — py|, where ¢ > 0 is sufficiently small.
The method of proof is based on the Banach fixed point theorem: it is shown
that the mapping w — u, where u is the weak solution of the problem

—Au = f(z,u, Vw) in Q,
u=20 on Of)
is a contraction.

Our method of proof of unique solvability of (b) is analogous to that in [QZ],
but the estimates are carried out in a more precise way. Moreover, using the
uniform contraction theorem, we show the continuous dependence of solutions
of systems of the form

—Au = f(z,u, Vu, ) in Q,
u=0 on 0N

on the parameter A. Our main result is formulated in Theorem 4.4.

(bx)

2. Preliminaries

Let us first introduce some notation. By R we shall denote the set of all

reals. @ C R™, for some n > 1, is a bounded domain with smooth boundary

Q (C?). For p; = (p},...,p;) € R*, j = 1,2, we define the scalar product
S

(pysPy)ge = 3, Piph. The Lebesgue space L, (€2, RM) will be equipped with
1=1

the usual scalar product (u,v), = f(u(r),v(a:))RM dz, while the Sobolev space
Q

H}(Q,RM)  will be equipped with the scalar product

~(9 0
(u,0), = Z(a;“’ 55?”)
7 0

=1

6u1 auM 8U1 8UM
-Z LG (G S )

The corresponding norms will be denoted by |*|g«» |I-]l and |||, , respectively.
We define now a linear operator A : dom(4,) C Ly(Q,R) — L,(Q,R) by
dom(Ag) = Hy (Q,RM) n H?(Q,RM) and
"L 9%
Agu = — 2 o927 for u &€ dom(A4,).
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It is well known that A, is self-adjoint, that it has a compact resolvent and that
the spectrum of A4,, o(4,) = {\; }l 1> where 0 < Ay <A, <... and )\, — co.
Let {¢,};-, be the corresponding sequence of eigenfunctions, which we assume
to be normalized in L,(2,R), i.e.,

Hﬁoinzf,z(Q,R) = /‘P? dz =1, i=1,2,....
Q

Thus it forms an orthonormal base in L,(2,R) and it is also a complete ortho-
gonal set in HJ} (2, R) such that

2 .
l|(p1i“H$(Q,R) = /(Vgoi,Vgai)R" dz = A, i=1,2,....
Q
Finally we define a self-adjoint linear operator with compact resolvent:

A: dom(A) C L,(Q,RM) — L,(Q,RM)
for some M > 1 by:
dom(A) := [dom(A,)] M and A= diag(Ag, ..., 4,)-

Now we suppose that the function f: Q x RM x RM™ — RM satisfies the
hypothesis (H):

1) f is a Caratheodory function.

ii)  There exist c¢;,c, > 0 such that

(H) |f(z,uy,p1) = F(@, U9, pa)lpr < €qluy — tglgpar + 5]y — Polgarm
for a.a. x € Q and all uy,u, € RM and Py,Py € RMn
(i) f(-,0,0) € L,(Q,RM) .
Then, by a weak solution of the semi-linear elliptic system
—Au = f(z,u, Vu) in Q,
u=10 on 0N

we mean a function u € H}(Q,RM) such that

5 (38), - e
|

for all v e Hy(Q,RY).

We get from standard regularity theory that u € H} (Q, RM) N H? (Q, RM) and
u is a solution of the operator equation

Au = F(u),

where F' is the Nemytskii operator corresponding to f.
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3. Apriori estimates

We introduce the following hypothesis:

i) h:QxRM — RM is a Caratheodory function such that
h(z,-) € CYRM ,RM) with a symmetric derivative D, h(z,u) :=
aiuh(x,u) for a.a. z € Q and all u € RM .

ii)  There exist two symmetric M x M -matrices BT, B~ such that

M
B~ <D,h(z,u) <BY and | Jlu;,uf]no(4) =0,

=1

(H1)

where ,uit < uzi <0< uf/[ are the eigenvalues of the matrices
B*, respectively.

(i) h(-,0) € Ly(Q,RM).

The inequalities in ii) are to be understood in the sense that B* > B~ means
that BT — B~ is positive semi-definite. From [VK; p. 109, Courant-Fischer -

cps + . (Bi.’E, :E) .
theorem|, we have the equalities p;° = min max-——"== fort=1,..., M,
dim(V)=i z#£0 (,z)
VcRM T€V

which implies the inequalities p; < pf for i=1,..., M.
Now we put

V= min{)\i | X, €0(4), A > u'{,[},

dist ( LIVJ[ [uf,uj],a(A)) for uy, >0, (3.1)

€= =1
A for Nz\+/1 <0.
Recall that (H1)ii) implies € > 0.
Let us formulate the apriori estimates lemma:

LEMMA 3.1. Let B: Q x RM — RM satisfy (H1) with h replaced by B and

B(z,0) =0 for a.a. € Q. Let f: @ x R™ — RM be a Caratheodory function,

and let there exist 0 <~y < § (e asin (3.1)) and p € L,(Q, R) such that:
|f(z,u)|[gae < V|ulgsr + p(z) (3.2)

fora.a. z€Q and all w € RM . Let z € H} (Q,RM) ﬂHz(Q,RM) be a solution
of the equation

Az = G(z), (3.3)
where G denotes the Nemytskii operator corresponding to B + f. Then
1211, < lelo (3.4)
53—
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and

2l < -%—?;npno- (3.5)

Proof. It is obvious that o(A) = o(4,). We put H := L,(Q,RM) and

Oy- = {)\i €o(A): X < p,l_}, Oyt = {)\i €a(A): pi < )\i},
0, = {)\i €o(A): py <X, < ,LL_]C!}
Let H=H™ ® Z ® H™" be the orthogonal decomposition of H corresponding
to the decomposition of the spectrum o(A) = o, Uo, Uog,. Let eii (for

i=1,...,M) be the eigenvectors of B corresponding to pf, respectively. We
now put

zZ~ :span{cpiej_ Do <A <upy, 1€N, j:l,2,...,M},
+ + + + : (3-6)
Z :span{cpiej Doy <A <y, tEN, :1,2,...,M}.

Thus we have
(A= B )u,u), <0  forall ueZ™\{0},
((A—B+)u,u)0>0 forall we Z*\ {0},

hence ZTNZ~ = {0}. It also follows from (3.6) that dim Z = dim Z* +dim Z~.
Consequently,

Z=72t®Z".
Putting X " :=H @®Z  and X" := H*® Z" we get the decomposition of H
H=Xtp X" .

In Xt X~ we can choose the orthonormal bases

{1#,; =pe; A, <py, 1€N, j:1,2,...,M},

{1/);? :(’Die;— : Ai >/,Lj_, 1€ N’ .7: 1,27'”7]\4}7
respectively. Let z € H} (Q,R™) n H? (Q,RM) be a solution of (3.3). We have
z = 27 4 2zt where z* € X% respectively. Define also 7 = —z~ + z*. For

a.a. € Q, the mean value theorem implies the existence of £(z) € RM such
that

Az(z) = B(z,2(z)) + f (=, z(z)) = D, B(m,{(m))z(m) + f (=, z(z)).  (3.7)
Since by (H1)i) S(z) := D, B(z,£{(x)) is a symmetric M x M-matrix, we get
from (H1)ii) that

(S(2)2(2), 2(2)) gar = (S(2)z"(2), 27 (2)) par — (S(2)27(2), 27 (%)) gas

3.8
< (B (@) @y — (B2 @ @
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for a.a. z € . Testing the equation (3.7) by Z and using (3.2), (3.8) we get
(AZ:E)O = (Az+, z+)0 - (Az_,z—)o

< (BFst, 2ty - (B2 2 )y + el + ol )

Let =z = Z zi %+ Z zz’;zbu , # € R, be the Fourier series of 2 with respect

to the base {zpu}u{@b -} in L,(Q,RM), where Z >  and L >

1EN 1€EN
j=1,...M j=1,...M
Xi<py A>pt

Then
+
el 12 + 12*12) < Yo\ — )" + Z (b7 = M\)z;"
— (A= BY2t ), - (A= B )2, ), (310
<All=llollZllg + llellolZllg -

Now, since
It £ 272 = 12713 £ 2%, 27) + 112712

o Ea A a1 O [E e (3.11)
<2(ll2*15 + 127113)
(for a =0 or 1), we get from (3.10)

Slzllolizlly < Alzllghzllo + llollolizl,

which implies (3.4). Using the Young inequality ab < Z—z + sb? and (3.11) we
have from (3.10)

2
S0 i) S~ Az <204 ) (11 ) + LA o)

for arbitrary s € (0, s - 'y). Hence,

+ +
A, —pl —2v—2s 9 =X —2y—2s lell?
1 7 + Hrio
Z[ X, ]’\z Zij +Z[ X, Neg < gt
Since
A —pf =2y —2s e—2(y+s)
i Py +
[ X, ]Z » for A >y
Bj — A —2y—2s e—2(y+s) .
{ by > ” for /\i<uj,
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we get, using (3.11),
£—2(y+5) lloll5
T2 |23 < 220

2v 4s
Thus we have the inequality
v
R S —
s€(0,5—7) 45[(-52- —-7) — s] letlo

which implies (3.5). 0

4. Unique solvability results

In the following, we shall use the result of H. Amann [A; p. 166, Theo-
rem 4.2] on the unique solvability of nonlinear elliptic systems.

LEMMA 4.1. Suppose that the function g: Q x RM — RM satisfies (H1) with
h replaced by g. Then the semi-linear elliptic system (a) (with f replaced by g)
possesses eractly one weak solution.

First we prove a more general existence and uniqueness theorem, in which
we relax the assumptions on the function g.

THEOREM 4.2. Let g: @ x RM — RM be Caratheodory function such that
9(-,0) € L, (Q,RM). Suppose there exist g;: @ x RM — RM for i = 1,2 such
that g = g, + g, and:
(G1) g, satisfies (H1) with h replaced by g,,
(G2) g, satisfies the Lipschitz condition in the second variable with Lipschitz
constant 6 :

|92($7u1) - gZ(xauz)lRM < 51“1 - u2|]RM (4.1)

for a.a. © € Q and all u,,u, € RM

If 0 <6 < §, then the system (a) (with f replaced by g) has ezactly one weak
solution.

Proof. As a consequence of Lemma 4.1, we obtain that the mapping
T: L,(Q,RM) — L,(Q,RM) defined by u = Tq and

—Au = 91(13’ “’) + gz(va) in Q,
u=0 on 0N

is well defined. We show that T' is a contraction in the space L, (Q,RM ), )
that Theorem 4.2 will follow from the Banach fixed point theorem. So choose
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arbitrary q;,q, € LQ(Q,RM), and let u, = Tq;, 1 = 1,2. Denote h = q;, — q,,
z = u; —u,. If we put B(z,w) = g, (z,w +u2(x)) — g,(z,uy(z)) and f(z) =
95(z,q5(z) + h(z)) — g,(z,g,(z)), then z is a solution of the semi-linear system

—Az = B(z,z) + f(z) in Q,
z=0 on 0N,

and the assumptions of Lemma 3.1 are fulfilled with v = 0. Hence we get
26
Il < 22l

since
|f (@)|gn < 6| (z)|ga
for a.a. z € Q by (4.1). We see that the mapping T is a contraction since 25—6 <1.
O

In the sequel, we shall use the following classical generalization of Banach
fixed point theorem.

LEMMA 4.3. (UNIFORM CONTRACTION THEOREM) Let (X,d) be a com-
plete metric space, (A,d,) a metric space, and let U be an open subset of A.
We assume that K: X x U — X is a uniform contraction in the first variable,
that 1s, there exist a constant 0 < k < 1 such that

d(K(z, ), K(y, ) < kd(z,y)

for all z,y € X and X € U. Assume, moreover, that K(z,-): U — X 1s
continuous in A, for all x € X . Then for every A € U there exists a unique x,
such that ©, = K(x,, ). Moreover, the mapping A — z, : U — X is continuous
m A .

After these preparations, we can now prove the main theorem.

THEOREM 4.4. Let A be an open subset of a metric space (X,d), and let the
function g: & x RM x RM™ x A — RM be such that:
i) for every X € A, g, = g(-,-,,A): Q@ x RM x RM» — RM 5 ¢
Caratheodory function, and
D, g(z,u,p,A) := é%g(x,u,p, A), Dyg(z,u,p, ) == (%g(m,u,p, A) exist
for all (z,u,p,\) € A xRM x RM™ x A;
i) X = A, € A implies
sup | Dy g(z,u,p,A) — Dy g(z,u,p, Ag)[gm2 — 0,

zﬁu)p

sup |D3g(m,u,p, )‘) - D3 g(ma’uﬂpa )\O)IRMzn - 07

ziu’p

”g( ’ana ’\) _g("O’O’ )‘0)”0 - 0’
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iii) there exist A\, € A such that g(-,0,0,),) € LZ(Q,RM) and g,
9ix, T Gan, » where g;y 1 X RM x RM™  RM (i =1,2) and:
(G1) g45,(-»-,p) satisfies (H1) with h replaced by g, (-,-,p) for all

p € RM™ with B* independent of p,
(G2) g,,, satisfies a Lipschitz condition in the second variable with con-

stant 0 <6 < 5,
satisfies a Lipschitz condition in the third variable with con-

(G3) 9xo
stant 0 < c < 3_—\/_76
Then there exists an open ball B := B(Xy,r) in (X,d) such that the system
—Au = g(z,u, Vu, \) in Q,
(bx)
on 0N

u=0
has ezactly one weak solution uy for all X € B. Moreover, |uy —uy ||, — 0
~ and

when d(X, \;) — 0.
(4.2)

Proof. It follows from iii) that there are symmetric matrices B, B

£
2

constants €, 6, ¢, v such that
0<§<= and 0<c<
< 2 pS T
B~ <D,g,,, < BT,
1925 (51, h) — ngO(.’E,uz,h)IRM < 6luy — uplpm
|g)‘0(m,u, hy)— g)\o(z,U,hz)IRM < C|h1 - hzlmMn

(4.3)

for a.a. z € @ and all (u;, h) € RM xRM™ or (u,h,) € RM x RM™ | respectively.
(4.4)

Now, it follows from (421) that we can choose L > 0 such that
t—(0+L
0 <c+ L < 2__.(+—) .
N

0<§+L<: and
The assumption ii) implies the existence of © > 0 such that B(\,,7) C A and
]DQQ(mvuvp)A)—D2g(mvuﬂp7)‘0)|RM2 <La (4 5)
|D3 g(fI?,’U,,p, A) - D3 g(a:,u,p, )‘O)l]RMzn <L

for a.a. € Q and all (u,p) € RM x RM™ . For A € B(\,,7) we define

and g,y =g, — Iixo -

Jix = 91
(4.6)

From (4.3) and (4.5), we get
IgQ,\(xvuph) - ng(xvumh)'RM < (6 + L)'“] - U'QIIRM ’
299
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Now we define the operator T': H} (Q,RM) x B(Ay,7) — H; (Q,RM) by
T(h,\) =u and
—Au = g(z,u, Vh,\) in 9,
u=20 on 09.

It follows from (4.2) that T is well defined. First we show the uniform contrac-
tivity of T'. We choose arbitrary X € B(Ay,7), ¢;,4, € H} (Q, IRM) , and denote
u; =T(q;,\) for i=1,2, h=¢q, —q,, and z = u; —u,. Then z € H}(Q,RM)
is a weak solution of

—Az = B(z,z2) + f(z,2) in Q,
z=0 on 0N,

where

B(z,w) = gl)\(m w + uy(T), Vql(z)) - 91 (:c uy (), Vql(z))
flz,w) = [ng(z w + u,(z), Vq1($)) 92,\(5‘7 uy(z), V‘h(x))]
+[g>‘(a: uy(z), Vg, :c)) (a: uy(z), Vg, (z ))]

The functions B and f satisfy the assumptions of Lemma 3.1, so that we get

Izl < LBV
1—5__(5+L) 1

The inequality (4.4) implies the uniform contractivity of 7. Now we put u, =
T(h,A), uy = T(h,Ay) for A € B(X,,r) and h € H}(Q,RM). Then z :=

Uy — uy, is a weak solution of the system
—Az = B(z,z) + f(z,2) in Q,
z2=0 on 00
with
B(z,w) = g;, (z,w +u, (z), Vh(z)) — g, (, uy (z), Vh(z))
F(z,w) = [gy) (z,w + u, (z), Vh(z)) — g,y (T, uy (z), Vh(z))]
+ [(!b\ - g/\o)(z,ul\o(z),Vh(z‘)) —(g) — g/\o)(z,0,0)]
+ [(g,\ - gAO)(sz’O)] .
From (4.5)  (4.6), we get
[F (2 w)gar <
S8+ L)fwlga + Ly 5, (luy, (@)lgss + [VA@)Igaen ) + (g5 = 93,) (@, 0,0)|pas
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with

Ly = [ sup | D,(gy — g,\O)IRMZ + sup | Ds(g, — g,\o)lmmzn} .

T,u,p T,u,p

We recall that (ii) implies Ly, —0if A— X;. Now we have from Lemma 3.1

40 < 75 (L (o + 1Al ) + 1105 = ), 0,0)].

So that, the assumptions of Lemma 4.3 are fulfilled. O
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