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(Communicated by Sylvia Pulmannovd )

ABSTRACT. We show that every interval of an MV-algebra M is an MV -al-
gebra again; the operations on the interval are defined by means of certain poly-
nomial functions over M.

It is well known that every complemented modular lattice L = (L, V, A,0,1)
is relative complemented, i.e., if y € L is a complement of z € [a,b] in L,
then z = (y Ab) V a is its relative complement in the interval [a,b]. Since
any MV-algebra is a bounded distributive lattice with respect to its natu-
ral order, the question arises whether every interval can be endowed with an
MV -structure.

Recall from [1] that an MV -algebra is an algebra M = (M, ®, -,0) of type
(2,1,0) satisfying the identities

(MV1) z@y)®z2=2d(y®2),
(MV2) zoy=ydu,

(MV3) z0 =1z,

(MV4) T =T,

(MV5) z @ -0 = -0,

(MV6) ~(zody)dy=-(ydzr)dx.

MV-algebras were introduced by C. C. Chang in [2] as an algebraic
counterpart of the Lukasiewicz many valued propositional calculus. Due to
D. Mundici’s result [5], MV-algebras are intervals in abelian lattice-ordered
groups:
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Given an abelian lattice-ordered group G = (G, +, —,0,V,A) and 0 < u € G,
the structure I'(G,u) = ([0, u},®, -,0) is an MV-algebra, where

t®y:=(x+y)Au and -z:=u-z forall z,y€0,u],
and also conversely, every MV-algebra is isomorphic to I'(G, u) for some abelian
lattice-ordered group G and 0 < u € G.

For basic properties of MV-algebras we refer to [1].
Let M be an MV-algebra. If we put

<y if and only if zdy=1,

then < is a partial order on M, the natural order of M, and L(M) = (M, <)
is a bounded distributive lattice in which

tVy=-(-zdy) Dy and zAy=-(-zV-y).

An element x € M is called boolean if there is the complement z' of z in
the lattice L(M); we use B(M) to denote the set of all boolean elements of M.
As a matter of fact, B(M) = (B(M), V, A, 0, 1) is a boolean sublattice of L(M)
in which '’ = —z. Moreover, z € B(M) if and only if £ @ z = z. It is worth
adding that if x € B(M), then z ®y =z V y for each y € M.

We proved in [3] that MV-algebras are polynomially equivalent with the
class of algebras A = (4,0,0,1) of type (2,0,0) satisfying the identities

(Al) zol=1,10z ==z,
(A2) (zoy)oy=(yox)ow,
(A3) zo(yoz)=yo(roz).

If M is an MV-algebra, then upon defining z oy := -~z @ y, the algebra
A(M) = (M,0,0,1) fulfils (A1), (A2) and (A3). Conversely, let A be an algebra
satisfying the axioms (A1), (A2) and (A3), and define M(A) = (A4, ®,-,0) by
z®y:= (xo0)oy and -z := z 0 0; then M(A) is an MV-algebra. More
generally, letting ¢ < y if and only if z oy = 1 we define the induced order of
A which makes every interval [a,1] into a lattice with zVy = (zoy) oy and
zAy = ((xoy)o(zoa))oa. Hence for any a € A, M(a,1) = ([a,1],8,,,,a) is
an MYV-algebra, where @,y := (roa)oy and -,z := zoa. As an immediate
consequence we obtain:

PROPOSITION 1. ([3]) Let M be an MV -algebra, a € M . Define
T®,y:="(TDa)dy, —,r:="zda.
Then M(a,1) = ([a,1],®,,,,a) is an MV -algebra.

MYV -algebras in the sense of the above definition are right- MV -algebras since
they are representable in the positive cones (the “right-hand side”) of abelian
lattice-ordered groups. But we can define a new binary operation © via

x@y;.—_—\(—nx@—uy),
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which leads to the concept of left- MV -algebras that are obtained from the neg-
ative cones (the “left-hand side”) of abelian lattice-ordered groups:
A left- MV -algebra is an algebra M’ = (M, ®, -, 1) of type (2, 1,0) satisfying
the axioms
(MV1) (z09)0z=20(y02),
(MV2) z0y=y0z,
(MV3') z01=u=z,
(MV4') ——z =z,
(MV5) z0-1=-1,
(MV6') =(~z0y)0y=-(y0Ozr)O.
Let M’ be a left- MV-algebra and define z xy := z © —y. It is easily seen
that this binary operation has the following properties:
(A1) z+0=2z, 0%z =0,
(A2) zx(zxy)=yx(y*z),
(A3') (zxy)xz2=(z*2)*y.
A tedious but straightforward calculation yields the analogue of Proposi-
tion 1:
PROPOSITION 2. Let A = (A, *,0) be an algebra of type (2,0) satisfying the
identities (A1'), (A2') and (A3'). Let a € A. Define

rO%y:=z%(a*y) and -"x:=axzx  for =z,y€[0,a].’

Then M'(0,a) = ([0,a], ®%,—%,a) is a left- MV -algebra.
Proof. First observe that
T (axy) = (a*(a*x)) x(axy) = (a*(a*y)) x(axz)=yx(axzx),
which verifies (MV2’).
(MV1'):
(z20%y) %z = (z*(axy)) *(a*z)

= (y*(axz)) *(ax*z)
— (y*(a%2)) *(axa)
=zx(ax(yx(axz)))
=z0*(yo0*z2).

(MV3'): By (A1) and (A2’') we have a *a = 0, and hence

zO%a=zx*(a*xa)=z+x0==z.

1 The induced order of A is defined by z < y if and only if z *xy = 0.
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(MV4'):
%z =ax(axz)=1.
(MV5y'):
%40 =(axa)*(a*xz)=0=-%.
(MV6'): We have
(@) 00y =g+ (ax (ax (y+ (0 (@x))))) =y (=)
and similarly —*(=%y ©%*z) ©*z =z * (z *y). O
COROLLARY 3. If M' = (M,0,-,1) is a left- MV -algebra and a € M, the

upon defining  @*y = ¢ ® ~(a ®© ~y) and %z = a ® -z, the structure
M'(0,a) = ([0, a], ®*, %, a) is a left- MV -algebra.

Proof. If M’ is a left- MV-algebra, then the algebra A(M') = (M, *,0)
fulfils the above axioms, and so, by the proposition, M'(0, a) is a left- MV-al-
gebra, where 2%y =z *(a*xy) =20 (a®-y) and ~*z =a*x2z =a® .

O

COROLLARY 4. Let M be an MV -algebra, a € M. Define M(0,a) =
([O,a],QB“,ﬂa,O) via T @y = (@ y) Aa and ~°c := =(z & —a). Then
M(0, a) is an MV -algebra.

Proof. For any z,y € [0,a] we have

x @a y — __la(__lax @O, ﬂG,y)
@ﬁ(Q@ﬂl‘@ﬂ(G@ﬁ(a@—\y)))
A=(mz©-(any))
A

and "z =a@x="(-adzx). a

Combining Proposition 1 and Corollary 4, we get the promised description
of interval MV -algebras:

THEOREM 5. Let M be an MV -algebra and let a,b € M with a < b, where
< is the natural order of M. Define M(a,b) = ([a,b],®%,-%,a) by

@y = (~(~z®a)®y) Ab and —bzi=-(z®-b)Da.

a

Then M(a,b) is an MV -algebra.
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Proof. Let z,y € [a,b]. Then

c@®y=(z@®,Y)ANb=(-(-zDa)Dy)Ab
and

o = 2 (z @, ,0)
((z@®a)®-bDa)Da
=-((zVa)®-b) da
(z®-b)Da.

="

-

O

COROLLARY 6. Let M be an MV -algebra and let a,b € M such that a < b,
where < is the natural order of M. If a,b € B(M), then in the MV -algebra
M(a,b) we have 2@y =z @y and -tz = (- Ab) Va.

Proof. For any z,y € [q,],
g y=(-(-zda)®dy) Ab
=(~(~zVa)®y)Ab
=((zA-a)®y) Ab
=(x@yY)AN(—ady)Ab
=Dy
since ~a®y>-ada=1and 2y <bdb=>b. O

COROLLARY 7. Let A = (A,o0,1) be an algebra satisfying (A1), (A2) and
(A3). Let a,b € A such that a < b, where < is the induced order of A. Define

x@ﬁy::((bo((xoa)oy))o(boa))oa and  -bz:=(boz)oa.
Then M(a,b) = ([a,b],®%,~t,a) is an MV -algebra.
Proof. The structure ([a,1],®,,,,a) isan MV-algebra, where z®,y =
(zoa)oy and -,z = xoa, and therefore, M(a,b) is an MV-algebra, where
z@®hy=(c®,y)Ab
= ((xoa)oy) Ab
= ((bo ((.’L‘oa)oy)) o(boa)) oa
as [a,1] is a lattice with £ Ay = ((y oz) o (y 0 a)) o a for any =,y € [a,1], and
B = (2@, ~,)
= ((zoa)o(boa))oa
= (bo ((xoa)oa)) oa

=(boz)oa.
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