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ABSTRACT. We study the continuous functions which map a compact real inter-
val back into itself. We investigate the relations between two important concepts
of the dynamical systems and real analysis for transitive functions, topological
entropy and variation.

0. Introduction

This paper is concerned with investigation of relations between the topolog-
ical entropy and variation for transitive maps.

Topological entropy, denoted ent(:), is a numerical conjugacy invariant of
continuous maps.

Variation of a function f on the interval I, denoted Var(f,I), is a length
of a way of a point f(z) if a point z goes through the interval I.

A continuous map is transitive if some point has a dense orbit.

Let I = [0,1] be the closed unit interval and C(I,I) be the set of all con-
tinuous functions which map the interval I back into itself.

MAIN THEOREM. Let (z,y) be a pair of numbers. Then there exists a tran-
sitive function f € C(I,I) such that (z,y) = (Var(f,I), ent(f)) if and only
if

(z,y) € ((l,oo] x (log V2, oo]) U ((1,2) X {logx/?}) .

In section 1 we give the definitions and some known results. In section 2 we
define three transitive maps with prescribed topological entropy and in section 3
we show that all of the cases for a pair of numbers (Var(f,I), ent(f)) from
Main Theorem are possible. In section 4 we prove that, up to conjugacy, there
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is only one transitive function @ € C(I,I) such that ent(Q) = lo_g\/i . The
proof of the Main Theorem is a straightforward combination of Lemma 1.2 (6)
Lemma 1.3, Lemma 3.1, Lemma 3.2 and Corollary 4.2.

)

1. Background

Let I =[0,1] be the closed unit interval and C(I,I) be the set of all con-
tinuous functions which map the interval I back into itself. For f € C(I,I) we
define f™ inductively by fO(z) =z and (for n > 1) f*(z) = f(f"'(z)). f"
is called the n-th iterate of f.For = € I the orbit of £ under f is { f"(z)}zozo.
A point z is said to be periodic with period n if f*(x) =z and fi(z) # z for
0 < i < n. A fixed point is a periodic point with period 1 and Fix(f) is the
set of all fixed points of f. A map f is called piecewise monotone if there exist
N >0and 0=4dp <dy <--- <dnyy1 =1 such that f is strictly monotone
on [dg,dk+1] foreach k=0,...,N.If f € C(I,I) is piecewise monotone, then
a point w € (0,1) is called a turning point of f if f is not monotone in any
neighbourhood of w. The critical points of f are the turning points of f and
the endpoints of the interval I. A set X C I is an invariant set under f if
fX)cX.

If B={p1 <- < pp} is a finite subset of I, let fp be the map de-
fined on [p1,ps] which agrees with f on 9 and which is linear on [p;, pi+1]
(i=1,...,n—1).

A map f € C(I,I) is transitive if the only closed invariant subset of I with
non-empty interior is I itself.

Let variation of the f € C(I,I) at the interval [a,b] be

n—1
Vax(f, [a,b]) =sup{Z|f(xk+1)—f(mk)|, a=2o< Ty << Tn =b},
k=0

Var(f, U Ii) =2Var(f,Ii), where LiNI; =0 for i#j.
i€K i€K
In particular, if f is piecewise monotone with critical points 0 = dp < d; <

N
«++<dy <dys1 =1, then clearly Var(f,I) = > |f(dk+1) — f(dk)|-
k=0

A map f € C(I,I) is Lipschitz with constant L > 0 if for every pair
z #y €l we have f(x%i(y) <L.

The basic equivalence relation of dynamical systems is topological conjugacy.
Two functions f,g € C(I,I) are topologically conjugate if there is a homeomor-
phism h € C(I,I) such that g = ho f o h=!. The topological entropy denoted
ent(-) is a conjugacy invariant of continuous maps.
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Now we recall the definition of topological entropy and some useful facts.

DEFINITION 1.1. Let f: M - M, n € N and € > 0. Let S(f,n,e) C M

be the set with maximal possible number of points with property that for every

z,y € S(f,n,e), = #y thereis i € {0,1,...,n} such that |fi(z) — fi(y)| > €.

Then

’ ent(f) = lim limsupllogcardS(f,n,s).
e—0 pyoo N

LEMMA 1.2. Let f,g € C(I,I). Then the following conditions hold.

(1) If f is a Lipschitz with constant L, then ent(f) <logL;

(2) ent(f") =nent(f) (n>0);

(3) if f(J)C J and J C I is closed, then ent(f) > ent (f|J) ;

(4) if f,g are topologically conjugate, then ent(f) = ent(g);

(5) if f,g are topologically conjugate and f is transitive, then g is tran-

sitive;

(6) if f is a transitive, then Var(f,I) > 1. ‘
LEMMA 1.3. (A.M.Blokh [4]) Let f € C(I,I) be a transitive map. Then
ent(f) > log /2.
LEMMA 1.4. (L. Block,J. Guckenheimer, M. Misiurewicz,
L.S.Young [3]) Let f € C(I,I). If a function f has a periodic orbit of
period n = 2™p, p > 1 is odd, then ent(f) > %log Ap, where A, is the

unique positive root of the polynomial AP — 2)\P~2 — 1. It is easy to verify that
for any odd p > 1 we have X\, > V2.

LEMMA 1.5. (M. Barge, J. Martin [1]) If f € C(I,I) is transitive
but not so f?, then there exist the intervals Jy, Ky such that I = Jy UKy,
JrN Ky ={ps}, f(Js) = Ky, f(Ks)=Js and le-]f , f2|Kf are transitive
on Jg, Ky respectively.

LEMMA 1.6. (M. Barge, J. Martin [2]) Let f € C(I,I). If f? is a
transitive map, then f has a point of odd period greater than 1.

LEMMA 1.7. (E.M.Coven,M.C.Hidalgo [5]) Let f € C(I,I) bea
transitive map. If f is not piecewise monotone and has at least two fized points,
then ent(f) > log2.

LEMMA 18. (E. M. Coven, M. C.Hidalgo [5]) Let f € C(I,I) be
a transitive map and let B be a finite invariant set. Then ent(f) > ent(fg),
with equality if and only if f is piecewise monotone and P contains the critical

points of f.
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LEMMA 1.9. (W. Parry [7]) Let f € C(I,I) be a piecewise monotone
transitive function with ent(f) =loga. Then f is topologically conjugate to a
piecewise linear function whose linear pieces have slopes +a .

LEMMA 1.10. (M. Misiurewicz, W.Szlenk [6]) Let f e C(I,I) be

a piecewise monotone map. Then lim % log Var(f™, I) = ent(f).
n—oo

2. Maps with prescribed entropy

Entropy equal to log+v/2.
Let
Q(z)=zv2+2—-+v2 if z€[0,1—
Q(z) =VvV2—zV2 if xE[l—T,l].

Remark. Q isaunimodal map with a constant slope ++/2 (see Figure 1).

PROPOSITION 2.1. Function @ has the following properties:

(i) QecCc(,I),
(ii) Var(Q,1) = v2,
(ili) Q is transitive,

(iv) ent(Q) =log2.

Proof. The properties (i), (ii) are clear from definition of @ and (iv) fol-
lows from Lemma 1.10. Hence it suffices to show that for any interval J C [

there is a number n € N such that [O, 1- ‘/75] C Q™(J). We have two possible

cases. Either |Q?(J)| = 2|J| or {0,1}NQ?%(J) # 0. Hence there is m € N such

that {0,1} N Q?™(J) # 0. Then the fixed point V2 € Q?™*+2(J) and we
V2+1
a

are easily done.

Finite entropy greater than logv/2.

Let o > v2. We will define a map F with infinitely many pieces where
it is linear with a slope +a. Moreover, F will have only one limit point of
the critical points and any critical point will be mapped after finite time into a

periodic point (see Figure 2).
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Figure 1. Function Q.

Figure 2. Function F for o = 2.
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Here is a formal definition of F'. Let

$0=1, F(.'Eo)IO,
_ [0 _ 1 F =1
TG aletD)’ (z1) =1,
o 2 (6"
"=G11 a@rn’ DT g4

We have that zo > 0. Let n, € {0,1,2,...} be the smallest one such that

——1—_ < x. Let F(O) = 2%1(—_21—, Too = ——1—— and
a(a + 1)a?me = o a(a+ 1)a?™

_ _a
Flow) = a+1l’

Now let p =1 and we will define the set {z;};2; and F(z;) using induction
from n=1.

2p p
- < = - el
If zo, ala+1) < Zeo, then we set p -2 clse let
31”2n+1=31¢2n—ﬁ, F($2n+1)=ai1+a‘i1,
2
m2n+2=$2n—a—(aﬁ_—1), F(m2n+2)=ai1.

Finally let F' be linear on the complementary intervals to the points {0,z }U
{zi}2,.
PROPOSITION 2.2. Function F has the following properties:

(i) FeC(l,I);
(il) x; > 41 for i >0, and lim z; = T ;

1—00
(ili) F has slopes +a on [0,z and [zit1,z:] for i > 0;
(iv) Var(F,I)=a; N
(v) the orbit {0, F(0), F%(0),..., F?"=*1(0)} is periodic
with period 2ny + 2;
(vi) for every z;, either there is a k; € N such that F*i(z;) =0
(7 is odd), or F(z;) = ai 7 and OZL-H
(vii) F is transitive but not so F?;
(viii) ent(F) =loga.

s a fized point;

Proof. The properties (i) —(vi) are clear from the construction of the func-
tion F. Since F([0,3%]) = [3%5,1] and F2([0, 251 =[0,3%5], F? can-
not be transitive. In order to prove a transitivity of F let us show that for
each interval J C I there is n > 0 such that F™(J) D [0, a—f’;—l] It is clear if
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Jn ({:coo, rs B A, {:1;2,-}{'21) # 0. Assume that JN ({xoo, ;"ﬁ} U {mz,-}?il) =0
and J C [0, ail] Then the definition of F implies that F2(J) C [0, %H]

and |F?(J)| > |J| . Hence F?*™(J)N ({xoo, U {z2i}R, ) 0 for some

m > 0 and (vii) is proved.
Finally, it thus only remains to show (viii). By (i), (ili) and Lemma 1.2 (1)
we have that ent(F) < loga. Denote B, = {0,z0,z1,-..,%Tn-1,Zn}. By (v)
m

and (vi) there is an m € N such that the finite set B, = |J F(Bn) is F-in-
i=0
variant. Since Pn \ Pr C [z1,z0] we have that F‘ﬁn = Fg,. By Lemma 1.8
ent(F') > ent(Fyp,). Hence it is sufficient to show that lilrr;o ent(Fy,) = loga.
n—

However, by (iii) the slope of Fig, on each interval [z;,zi-1], i € {1,2,...,n},
is equal to +a and if we denote 3, the slope of Fyp, on [0,z,], then from

(ii) we have that lim 3, = —a. Now using Lemma 1.10 one can show that
n—oo
ent(Fyp,) > log|Bs| and the proof is finished. O

Figure 3. Function G.
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Infinite entropy.
go =L 4 -2 _ .(;)__
Let.zo—3,xl—3 32 for 1 =1,2,... and f; CE A 1,
(2 _ (25+1\ _ - . ‘ .
f’(2i+1) =0 and f’(2i+1) =1 for j=0,1,...,i. Now let f; be linear

on the complementary intervals to this points and h;(z) = z(z; — z;—1) + i—1 .

Now let G(0) =1, G(}) =0, G(}) =, G(2) = 2, G(1) = 0, G be
linear on the intervals [0, %], [§,3], [3,1] and for z € [zi_1, ;] let G(z) =

hi(fi(hi'(2))) (i=1,2,...) (see Figure 3).

PROPOSITION 2.3. Function G has the following properties:
() Gecow,,
(i1) Var(G,I) < o0,
(i) G 1s transitive,
(iv) ent(G) =

Proof. The property (i ) is clear from the construction of G and for the
variation we have

Var(G,I) = Var (G, [0, 3]) + Var (G +2Var [z 1, %))
o

Now we will prove (iii). Let J C I be an interval. We will show that there is
m € N such that G™(J) =1I.If JNFix(G) N (z;,Ti+1) =0 for all ¢ > 0, then
|G(J)] > 3| | . So we can assume that J NFix(G) N (z;,, Tiy4+1) # O for some

3
io > 0. Now, if z9 ¢ G(J), then |G(J)| > | | . Hence we can simply assume

that zo € G(J). Now it is easy to see that G2’0+3(J) =1.

Finally, it thus only remains to show (iv). Denote

_ (In - wn—l)j }2n+1
PBn = {rn—l + o+ 1 j=0

Now by Lemma 1.8 we have that ent(G) > ent(Gg,) and by Lemma 1.10 we
have that ent(Gsyp,) = log(2n + 1). So we have ent(G) = oco. 0O
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3. How to get any variation

Let f,h € C(I,I) and h be a homeomorphism. Then we have that
Var(ho foh™,I) = Var(ho f,I). (It is the same to count variation through all
dissections {d;}I_, or through all dissections {h"l(d,-)}?=0 .) If we compare the
graphs of f and ho f, then we can see that homeomorphism A in the second
case only vertically deforms graph of f. We will use this mechanism to change
variation of the functions given above to get all the possible variations.

LEMMA 3.1. For any K € (1,2) there is a transitive map f € C(I,I) such
that Var(f,I) = K and ent(f) = log /2. ‘

Proof. Let h € C(I,I) be a homeomorphism such that h( \/%/f— > =
2—-K andlet f=hoQoh !, Then we have Var(f,I) = K and the rest by

Lemma 1.2 (4)(5) and Proposition 2.1. O

LEMMA 3.2. Let (K,a) € (1,00]x (v/2,00] . Then there is a transitive function
fe€C,I) such that (K,loga) = (Var(f,I),ent(f)).

Proof. Let H =F if « is finite or H = G if a = co. The map H is
such that we can divide I into the sequence of closed disjoint (except boundary
points) intervals {J;}$2; such that H~1(J;) is a union of n; closed disjoint
(except boundary points) intervals, each of them mapped homeomorphically by

H onto J;. Moreover n; =1 and lim n; = oo. Then for every sequence {a;}2,
11— 00

00
of positive numbers with )~ a; = 1 there is a homeomorphism h € C(I,I) such
i=1

that |h(J;)| = a;. Let f = ho Hoh™!. We have Var(f,I) = Var(ho H,I) =

o0
3" n;a;. Clearly, with the suitable choice of the sequence {a;}$2; we can get
i=1

(e
3" nja; = K. Lemma 1.2 (4)(5), Proposition 2.2 and Proposition 2.3 complete
i=1
the proof. a

4. Maps with entropy equal to log v/2

THEOREM 4.1. Let f be transitive with ent(f) = log\/2. Then f is topolog-
ically conjugate to the function Q.

Proof. Assume that f € C(I,I) is transitive and ent(f) = logv/2. Then
by Lemma 1.4 and Lemma 1.6 we have that f2? is not transitive. Hence by
Lemma 1.5 there exist the intervals Jy, Ky such that I = J; UKy, Jr N Ky
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= {pr}, f(Js) = Ky, f(Ks) = Jf and leJf’ leKf are transitive on Jy,
K respectively. Now we distinguish two cases:

Case I. Suppose that f is piecewise monotone. Then by Lemma 1.9 f is
topologically conjugate to a piecewise linear transitive function ¢ € C(I,I)
whose linear pieces have slopes ++/2. Note there is a fixed point pq €1
such that ¢([0,pg]) = [pg,1] and ¢([pg,1]) = [0,pg]. From transitivity we
have that there is a point a # pq such that g(a) = p;. We can assume that
a € [0,p,] (if not we can use topological conjugacy by h(z) =1 —z). Now let
J= [a, P+ (i“_;—)ﬁ:] N1I.It is easy to see that ¢(J) C J and from transitivity

_V2
1+v2 :
linear with slopes ++v/2, and q([0, pg)) = [pg, 1], a([pqg,1]) = [0,p,], it is very
easy to see that ¢ = Q. '

we have that a = 0 and p; = . And finally, because ¢ is piecewise

Case II. Now let f be not piecewise monotone. Set g = f2| Jg - Then g is
transitive not piecewise monotone and g(ps) = ps. So g has at least two fixed
points in Jy (transitivity). Thus by Lemma 1.7 we have ent(g) > log2 and by
Lemma 1.2 (2)(3)(4) we have ent(f) > log+/2 which is a contradiction. m]

COROLLARY 4.2. Let f€C(I,I) be a transitive function and ent(f)=log /2.
Then Var(f,I) € (1,2).
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