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(Communicated by Miloslav Duchofi )

ABSTRACT. We give a new construction of a uniform semigroup valued outer
measure starting from an exhaustive finitely additive function. The result is ob-
tained using a classical extension theorem.

1. Introduction

In the monograph [5], dedicated to the study of measure and integration
for uniform semigroup valued functions, Sion (see Theorem 6.1) has given a
method to obtain a Carathéodory type outer measure starting from an exhaus-
tive finitely additive function. Several mathematicians have used this tool (see
also [6], [7], [2]). The aim of this note is to give a new construction of the Sion
outer measure using a classical extension theorem (see [9]). We obtain this result
in a simple way. First we construct an outer measure starting from a countably
additive function (see Theorem 2). Then we prove the theorem for an exhaustive
finitely additive function using the countably additive case (see Theorem 3).

2. Preliminaries

A triplet (S,+,U), where S is a set, + is a binary operation on S and U is
a uniformity on S, is a uniform semigroup if (S, +) is a commutative semigroup
and the function
SxS8>3(abr—a+bes

is uniformly continuous. It is well known that the uniformity ¢/ can be gen-
erated by the set ¥ of all uniformly continuous pseudometrics p on S such
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that p(a+c,b+c) < p(a,b) for all a,b,c € S (semi-invariant property). For more
details on uniform spaces and uniform semigroups we refer to [3], [5], [1]. [8].
Throughout this paper we will denote by R a ring of subsets of a set Q0 and by
R, the family of all subsets of (2 which are countable unions of elements of R.
From now on we will assume that 2 is an element of R .

Moreover we will denote by (5, +,U4) an Hausdortl uniform semigroup and
by P the set of all semi-invariant uniformly continuous pseudometrics p on S
which generates the uniformity /. Let p € P and |a|, = p(a,0) for each a € S
Let p: R — S be a function such that pu(@) = 0. Set

1, (X) = sup{|;L(Y)|p :YeR and Y C X},
for each X € R . Consider the function
py: P()2 X inf{up(Y) : Y eR, and X CY}.

Note that p is monotone, p; () = 0 and 5(X) = p (X) for each X € R .
Moreover it can be proved that if p is o-additive, then p is an outer measure.
Now let pi: R — S be a finitely additive function. The function

d’: P(Q) x P(Q) 3 (X,Y) = w5(XAY),

where A denotes the usual symmetric difference, is a pseudometric on P(€2). Let
U, be the uniformity on P(§2) generated by the family {d": p e P}. I T, i
the topology on P(Q2) induced by ¢, then (P(2), A, ’T#) is a topological group.
Further observe that if ji: R — S is o-additive, then p is uniformly continuous
in (R,L{M) and, for each p € P, we have that pj is uniformly continuous in
(P(Q),Z/{“) . From now on, for each A C P(Q), we will denote by A" the closure
of A with respect to 7,.

A function p: R — 9, is said to be ezhaustive if, for every disjoint sequence
(X, )nen in R, we have TLIHI()IC u(X,)=0.

For more details on exhaustive functions with values in topological groups
and uniform semigroups, see [5], [2], [8]. The following is a result, let us say.
internal to the theory of semigroup valued measures and whose proof will not
be given here.

PROPOSITION 1. (cf. [8; p. 27, Proposition 2.12]) Let pu: R — S be an er-
haustive o -additive function and p € B. Then R" isa o -ring and, for each
decreasing sequence (X, ),y of R",

nlglgo Hp (An \ (kQN ‘ch)> =0.
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THEOREM 1. (cf. [9; p. 418, Satz (4.4)(c)]) If (S,+,U) is complete and
f: R — S is an ezhaustive o-additive function, then there is a unique ez-
haustive o -additive extension of p on R".

Remark 1. Let (S,+,U) be complete and let u: R — S be an exhaustive
o-additive function. In the following we will denote by 7 the unique exhaustive
o-additive extension of p on ﬁ”, which exists by Theorem 1. Observe that
fi is the U -uniformly continuous extension of y on R (see also [3; p. 195.
Theorem 26)).

3. Generation of an outer measure

Let H C P(Q2). Denote by o(H) the o-ring generated by H. A function
(0 P(Q) — S is said to be H -outer regular, or outer reqular with respect to H ,
if for cach X' € P(§2) and for each U € U thereis ¥ € H such that X C Y and

(w(X), p(Y N Z)) ev,

for cach Z € ‘H such that X C Z.

A function p: P(2) = S is a H-outer measure if p is o-additive in o(H)
and g is H-outer regular. We say that p is an outer measure if there exists
H C P(£2) such that p is a H-outer measure.

Remark 2. For more details on outer measures in topological groups and uni-
form semigroups see also [4], [5], [2], [8]. Observe that if S = R and u takes
values in [0, 4+o00[, the above definition of outer measure coincides with the usual
definition of outer measure in the sense of Carathéodory (see [2; p. 48, (4.5)]).

Let X € P(Q).Set Ry ={Y €R,: X CY}. The couple (Ry,C) is an
oriented set.

THEOREM 2. If (S,4+,U) is complete and p: R — S is exhaustive and
o -additive function, then the function

a(X) if X e RY,
p P(Q)sX — . — , =
YE(I;{I&@);L(Y) if X e POQ)\R

1s an outer measure.

P roof. Westart observing that, since 7 is exhaustive in R and (S, +,U)
is complete, for each X € P(Q) the net

(EO))ye(ry.c)
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is convergent in S (see [2; p. 26, (1.2)]). This implies that the function p* is

well defined. Now we want to show that p* is R -outer regular. Let p € B,

>0 and X € R”. By Proposition 1 we can find ¥ € R, such that X C YV

and py (Y \ X) <e. Then, if Z€ R, and X C Z CY, we have that
p(r"(X),n"(2)) < [R(Z\ X)),

W Z\X) < (Y \X) <.

IA A

Now let X € P(Q)\ R”. By the definition of p* there exists ¥ € R, such
that X CY and such that, for each Z € R, with X CZCY,

p(i*(X),1°(2)) = p(u" (X), B(2)) <.

Then p* is R -outer regular. Moreover, since p* is clearly a o-additive exten-

. =i =N . . .
sion of 4 on R" and R" is a o-ring, we have that u* is an R_-outer measure.
a

Now we want to construct an outer measure starting from a finitely additive
function. Define

Py = {P C R : P is countable, disjoint and X C YLeJPY}

for each X € P(2) and, for every P,Q € Py, let P < @ if Q is finer than
P (i.e. every element of ) is contained in some element of P). The couple
(Py,<) is an oriented set. Let D be the set of all functions which associate to
each countable disjoint subfamily P of R a finite subset A(P) of P. Set

Dy ={(P,A): PePy, AeD},
and, for every (P,A),(Q,T') € Dy, let (P,A) 1 (Q,T) if P <@ and A(R) C

I'(R) for all countable disjoint subfamily R of R. The couple (Dy, <) is an
oriented set. We need the following proposition.

PROPOSITION 2. (cf. [5; p. 28, Theorem 5.2]) Let u: R — S be an ezhaustive
finitely additive function. If (S,+,U) is complete, then for each X € P(Q) the

net
(5 um)
) Y EA(P) (P,A)E(Dx,9)
is convergent in S'.

Now we are able to prove our main result (see also [5; p. 34, Theorem 6.1]).
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THEOREM 3. Let u: R — S be an ezhaustive finitely additive function. If
(S,4,U) is complete, then there exists an extension of the function
w:R3X lim Z uw(Y

(P.A)E(Dx,9) YGA(P)

on P(Q) which is an outer measure.

Proof. Since Proposition 2 holds, the function u* is well defined. By The-
orem 2 it is sufficient to show that p* is o-additive and exhaustive. We start
to show that p* is o-additive in R. Let (X ),y be a disjoint sequence of R

and set X = (J X, . Let U € 4. Choose V € U and (V,,),cy in U such that
neN
VoV CU and

(Zonsb,)ev,

nel nel

for each finite 7 C N and (a
that {X,: n €N} <P and

(n*(xxyg( ;)m) ev

Q
for each (Q,T') € (Dy, ) with (P,A) < (Q,T). Moreover, for each n € N let
(P,,A,) €Dy suchthat {Y € P: Y C X, } <P, and

(X, & w)) eV,
Yer(Q)
for each (Q,T) € (Dx,,<) with (P,,A) 2 (Q,T). Set P = |J P
neN
I, = {n eN: A(P)NP, # @}. Besides, fixed a finite I C N such that I, C I,
consider the function

€V, (nel). Let (P,A) € (Dy, <) such

n’ n)

(Ua.p)) itQ=r,

AIZQF% { nel
A it Q# P,
and, for each n € I, let

(@)

, A(PYNP, if Q=P,,
Bni Qe { AQ)  HQ#P,.
Then (P,A) < (P',A"), (P,,A,) < (P,,A!) (n € N) and we have that
(w0, > wm)ev,

YEA'(P")

(w(x), ¥ w)ev,.

YEAL(Pp)
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Hence, since

2 m¥) =3, > ul

YEA(P') nel YEA! (P,)
it follows that

(v(x), = wi(X,)) VoV CU.
nel

Then

= Z u*(‘Yn)

neN

Now we prove that the function u* is exhaustive in R. Let (X)) .y be a
disjoint sequence in R and let U € U. Since p is exhaustive in R, there is
m € N such that (u(Y),0) € U for every n > m and ¥ € R with ¥ C X
For each n > m choose (P,,A,) € Dy such that Y C X, for each Y € P .

Then. since p is finitely additive, for each n > m, we have

(, 2 pm0) =, Uy o) v

) YeEA, (P,)

Hence, for each n > m,
(n*(X,),0) €U.

This show that p* is exhaustive in R and the proof is now finished. O
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