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ON A HORIZONTAL STRUKTURE
ON DIFFERENTIABLE MANIFOLDS

ANTON DEKRET

Let M be a differentiable manifold, dim M=n. Let p or 8 be the fibre
projection of the tangent bundle T(M) over M or of the bundle J'T(M) over
T(M), respectively. A linear connection on M can be introduced as a vector bundle
morphism 'I': T(M)—J'T(M) over M such that

ﬁr=idT(M) .

In this paper we find some properties of the structure on M determined by a global
cross-section I': T(M)— J'T(M) which is not a linear connection. Standard
terminology and notations of the theory of jets are used throughout the paper, see,
e.g. [2]. Our considerations are in the category C~.

1. Let E(M, p) be a fibred manifold over M. A tangent subspace I, = T,(E)
will be called horizontal if T,(E)=I,®T,(E,), pu=x. Let J'E be the first
prolongation of E, i.e. the space of all 1-jets of all local cross-sections of E. Every
h e J'E determines a horizontal tangent subspace I, < T,(E), Bh = u, and con-
versely. Then every distribution of horizontal tangent subspaces I, on E can be
identified with a global cross-section I': E—J'E.

Let X be a projectable vector field on E. Let ' X be the first prolongation of X on
J'E. The distribution I" determines a submanifold I'(E) c J'E.Hence I X is a
vector field on I'(E).

Definition 1. A projectable field X on E will be said to be conjugate with I if
(1) T(X)ny="Xwn

for every h e I'(E).

It will be useful to write down the coordinate form of (1). Let (x', y*) or
(x', y*, y9) be local coordinates on E or J'E, respectively. Let X=
a'(x, y)ox; + b°(x, y)3dy.. Then

3b°  3b” , aaa") «
ax Tay? Vi Y5y dyi, see|S].

) "X =dq' Ox, + b° ay,,+(

Let I': E—J'E be determined by y;=aj(x, y). Then
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o « da; ; oa: /f> «
1"_(X)—a ox,+ b 8y,.+<ax,-a +ay11b a)’i

and (1) yields

9b"  9b" 4 _ «9a _Bal ; Odar .,
) ar Tayn T oy Tar @ Ty =0

Further, if Ye T,(M) and u € E, pu = x, then there is a unique vector Yerl,
such that P,Y = Y. The field Y obtained in this way will be called the I-lift of the
vector field Y on M. Locally, Y=a'(x)3x, I': y‘=a/(x,y), then Y=

a'(x) dx; +a;(x, y) X a'(x) dy,.
2. Let E be a vector bundle. Denote by V the Liouville field on E determined
by the 1-parametric group of all homothetic transformations on E. Locally,

4) V=y“dy..

Let £=0 be an integer. A vector field X on E will be called £-homogeneous, or
V-vertical, if [V, X]=kX or [V, X] is vertical on E, respektively. In coordinates,

the field
X=a'(x,y)ox,+b"“(x, y) 3.

is k-homogeneous or V-vertical and only if

V- VL .
(5) 8y"y =ka', ay,,y =(k+1)b",

i.e. if the functions a'(x,y) (b%(x, y)) are homogeneous of degree k (of degree
k + 1) with respect to the variables y” or if

(6) 3 =0,

i.e., if the functions a'(x, y) are homogeneous of degree 0 with respect to the

variables y”.

Example 1. Every projectable field on E is V-vertical.

Example 2. The projectable field X on E will be said to be linear if the local
transformations of its local 1-parametric group are linear fibre isomorphisms.

Locally, the field X =a'(x) dx; + b*(x, y) 3y, is linear if and only if
(7 b*(x, y)=0bi(x)y" .

Now (7) and (5) yield
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Lemma 1. Every linear field X on E is 0-homogeneous, i.e.
[V, X]=0.

Example 3. The I-lift Y of the field Y =a'(x) x; is 0-homogeneous if and
only if

da; 6 a\ i
(8) (ayﬁ y a,.)a_o.

In the case of the vector bundle J'E ever X we can easy deduce from (2) the
following assertion.

Lemma 2. If V is the Liouville field on E, then its prolongation 'V is the
Liouville field on J'E.
Locally, we recall that 'V =y® 3y, + y{ dy}.

Lemma 3. If the projectable field X on E is 0-homogeneous, then 'X is
0-homogeneous on J'E.

Proof. The operator X—'X is R-linear and '[X, Y]=['X, 'Y].

Remark 1. Let T,(M) be the set of all k'-velocities on M. Let Y be a vector
field on M. We recall that the prolongation of Y on Ty(M) is given by

(9 'E(m)=ji(P . h).  heTUM).,

where ‘@ is the transformation of the local 1-parametric group of the fiels Y and
the dot denotes the jet composition. In particular, if £ = 1, then (9) yields locally

le i % i
(10) _ E=a'(x) ax,.+axiy oy .

It means that '€ is a linear field on T(M) and thus is 0-homogeneous.

3. Further we will study a special case. Denote by p the fibre projection of the
tangent bundle T(M) over M. We recall some structure properties of the space
T(T, (M)). Denote by  the fibre projection of the tangent bundle T(T(M)). Let
T signify the vector bundle strucure of T(T(M)) over T(M) with the fibre
projection P.. Further > T be the fibre structure of T(T(M)) over M, with the fibre
projection = pz. It is known that *T can be identified with the fibre structure of
all the non-holonomic I7-velocities on M. Then the subset &% of all the
semi-holonomic 17-velocities on M is the set of such elements z € T(T(M)) that

7(z)=P(z2).

Let u € T(M), p(u) = x. Denote by ¥, the subset s, N T..(T(M)), where ¥, is the
fibre of & over x. '

Proposition 1. Let ue T(M), p(u)=x. Then ¥, is a class of the factor-space
T.(T(M))| T.(T.(M)). Further s, = T.(T.(M)) if and only if u= 0 € T,(M).
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Proof. Let z,, z,€ %,. Then P.(z,)=u = P.(z;). Therefore O = P (z,) — P.(z.) =
P.(z,— 2,), i.e. z,— z2€ T,(t.(M)). Conversely let z, € S, and z, be an element of
the class determined by z,. Then z, — 2z, € T.(T,(M)), i.e. P.(z,). Since u=mz,)=
P.(z,) and P(z,) = u, therefore z,€ S,. The equivalence S, = T,(T,(M))<u= 0 is
obvious.

Corollary. Let I, be a horizontal subspace of T,(T(M)). Then the set , N S, has
Just one element, which will be called the h-element of T,.

Further we recall (see [3]) that a differential equation of second order on M is a
vector field X on T(M) satisfying

7(X)=P.(X).

Locally, X=a'(x, y) dx; + b'(x, y) dy; is a differential equation of the second
order on M if and only if a'(x, y)=y'. Thus if X, and X, are two differential
equations of the second order on M, then the field X, — X, is vertical on T(M).

Proposition 2. Let X, and X, be two differential equations of the second order
on M. Then [ X,, X,] is a differential equation of the second order on M if and only
if X,— X,=V is the Liouville field on T(M).

Proof. If X,=y'dx,+a'(x, y) dy;, X,=y' dx,+ b'(x, y) dy,, then [X,, X:]|=
(a' = b") 3x; + B'(x, y) 3y:. This proves our assertion.

Definition 2. Let I': T(M)— J' T(M) be a global cross-section. The pair (M, I')
will be called an H-structure on M.
Locally, I' is given by the equations

x=x',  y'=y,
yi=a(k*, y")=a(x,y)
and the H-structure (M, I') is a linear connection oﬁ M if and only if the functions
ai(x, y) are linear with respect to the variables y* i.e. if and only if
yi=Tu(x)y* .

Proposition 3. Let Y be a vector field on M. Then [Y, 'E], where y is the I'-Iift
of Y and 'E is the first prolongation of Y on T(M), is vertical.

The proof is obvious.

One can also easily prove the following assertion.

Proposition 4. Let (M, I', and (M, I,) be two H-structures. Let f, and f, be two
functions on T(M). Then (M, f,I', + f,I,) is an H-structure if and only if f, + f, = 1.

Denote by D(M) the module of all vector fields on M over the ring F(M) of all
real functions on M.
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Definition 3. A mapping Dx: D(M)— D(M) determined by X € D(M) will be
called a d-mapping if

Dx(Y+2Z)=Dx(Y)+ Dx(2),
Dx(fY)= X(/)Y + fDx(Y) .

Let X, Ye D(M). Considering Y as a cross-section Y: M— T(M), denote by
Y.(X) the field on the submanifold Y(M) c T(M) determined by the differential
of Y. We recall that X or ' X denotes the I'-lift of X or the first prolongation of X
on T(M). Every X € D(M) determines the following transformations of D(M):

Qu:y—=i[Y(X)= X ]| vl »
wx: Y= i[ X(Y)= Y| xml,
Ox: Yo i['Y=Y) | xml
Ox: Y*"i[(lx—X)IY(M)] s

where / indicates the canonical identification of T, (7T,(M)) with T,(M). Obviously
wx(Y)=2y(X), 6x(Y)=6O,(X). In coordinates, if X=a'(x) dx;, Y=>5'(x) dx,,

then Y.(X)=a' ox; +-Qi a’ 9y, and

ox’
an (V)= gi’, a’ —aj(x, b)a’'| dx,
wx(Y)= >% b’ —aj(x, a)b’! ox;
rabi j i i_
Ox(Y)= B a —ajfx,a)b | ox; ,
(3a’ i i n
o0x(Y)= 57 b’ —ayx, b)a | ox; .»

Proposition 5. Let X, Y e D(M). Then
(Y)-0x(Y)=[X, Y]=6x(Y)—wx(Y).
Proof. Using (11), Proposition 5 can be easily proved by direct evaluation.

Assertion. The transformation O is a d-mapping for every X € D(M).

Proof is obvious from (11).

Every H-structure (M, I') determines on T(M) the vector field of A#-elements
(see Corollary of the proposition 1), which will be called the 4-field of (M, I') and
denoted by H. In coordinates, )

(12) H=y' 3x;,+al(x, y)y' ox, .
The A-field of (M, I') is a differential equation of the second order. We recall that a
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differential equation Z of the second order on M is a spray on M if and only if Z is
1-homogeneous on TM.

Definition 4. The H-structure (M, I') will be said to be homogeneous if the
mapping 6x: D(M)— D(M) is homogeneous for every X, i.e. if Ox(fY) = fox(Y)
for any Y, Xe D(M) and fe F(M).

Proposition 6. Let the H-structure (M, I') be homogeneous. Then the h-field of
(M, I') is a spray on M.

Proof. The equations (11,) yield that (M, I') is homogeneous if and only if the
functions a}(x, y) are homogeneous of the first degree with respect to the variables
y*. Then comparing (12) with (5) we complete our proof.

In the first part of this paper we have introduced a field conjugate with I".

Proposition 7. The Liouville field V on T(M) is conjugate with I': T(M)—
J'T(M) if and only if the H-structure (M, I') is homogeneous.
Proof. In this case the conditions (3) give

daj(x*, y* :
’(Tky) y =ajx,y).
It is a sufficient and necessary condition for aj(x, y) to be homogenedus of the first
degree with respect to the variables y“. It proves our assertion.

The relations (8) immediatly yield

Proposition 8. The H-structure (M, I') is homogeneous if and only if the I'-lift
Y of the field Y is O-homogeneous for any Y € D(M).

Let (M, I')) and (M, I',) be two H-structures. Let H, be the H-field of (M, I,),
s=1, 2. The H—structure (M, I;) will be said to be conjugate with (M, I'}) if
[H,, H,] is a differential equation of the second order.

It is known (see [4]) that the space J'E is an affine bundle over E associated with
the vector bundle T*(M)® T(E | X) over E, where T(E | X) denotes the vector
bundle of all vertical tangent vectors on E. Two cross-sections I';: E—J'E,
I,: E5J'E determine a cross-section E— T*(M)® T(E|X) which will be
denoted by (I', — I';). In the case of E = T(M) using the canonical identification i:
T.(T.(M)) = T.(M) we get (I — I,) : T(M)—Hom (T(M), T(M)) over M.

Proposition 9. The H-structure (M, I',) is conjugate with (M, I'}) if

(rl_r2) (u)=id|T,(M)v P(u)=x s

for any u e T(M).
Proof. In coordinates, (I —I3) (u) is determined by the matric

‘ai(x, y)=aj(x, y)=ci(x, y) .
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If ¢c/= 0, then cjy’ = y'. It means that 'H —>H = V. Now Proposition 2 completes
our assertion.

Remark 2. In the case of the linear connection I the operator 2 is the
covariant derivative determined by I'. Localy, ai(x, y)=T(x)y* and then the
connection I transposed to I is given by a{(x, y)=I',y’. Now it is easy to see that
the covariant derivative of I is determined by the operator ©x. Thus we get the
interesting relation of the first prolongation 'Y to the connection

. Quite similarly to the case of the linear connection in the more general case of
the H-structure we can introduce a parallelism over a curve on M. Let y(¢) or
{Y(¢)} be a curve in M or in T(M) over v, (pY(¢) =v(¢)), respectively. The set
{Y(#)} will be said to be H-parallel over y(¢) if Y(t)efy(,) Locally, the set
{(Y()y={x'=x'(¢), y'(t)=b'(t)} is H-parallel over y: x' =x(¢) if and only if

-d_bi_ ir Lk k Q_
dr —ai[x (t)’b (t)] dr

Let Y=54'03x; or X=a' dx; be such a vector field on M that Y|,={Y(¢)} or
X |, ={y.(¢)}, respectively. Then

Lyvr= 2], =[S ai[ 20, 6N G | o
does not depend on the choice of X and Y. Hence the set { Y(¢)} is parallel over y
if and only if
Y(1)=0.
Analogously, the set Y(s) will be called H-transp-parallel over a curve y if
oxmy=0. .
Locally, the set { Y(¢)} is H-transp-parallel over vy if and only if

(13) 9 i (x0, )50

Let ¢, devy(t). We deduce from (13) that -the H—transp parallelism over y
determines an isomorphism 7.(M)— T,(M).

We can also introduce geodesic of the H-structure (M, I'). The curve y can be
said to be a geodesic of the H-structure (M, I') if the set {y.(¢)} is H-parallel over
y. In coordinates, y is a H-geodesic if and only if

a9 el G5

Comparing (14) with (13) we get: The curve y is a H-geodesic if and only if the set
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{r.(¢)} is H-transp-parallel over y. In coordinates, the cirve £(¢)=(x(t), y(?)) is
the integral curve of the H-field if and only if
] dx’
drs

dx’ d’x’
Y= Se=alxo.
It means that the curve £(¢) on T(M) is the integral curve of the H-field if and only
if &(¢)=1y.(¢), where v is the H-geodesic.
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O I'OPU3O0HTAJILHOW CTPYKTYPE HA OU®PEPEHLIMAJILHOM MHOIOOBEPA3WUU
AnTOH [lekpeT
Pesome

[Mycty E BexkTOpHOE paccnoenue u V nmone JInyBuans Ha E. B nepBoi 4acTH CTaTbM OMUCAHBI
HEKOTOpbIE cBOMCTBA cKOOKM [ V, X|, B nepBoit 4acTh cTaTbH ONMUCAHbI HEKOTOPbIE CBOUCTBA CKOGKH
[V, X], rie X BekTopHoe none Ha E. IMyctb M auddepenunansHoe MHoroo6pasue. Iycts I': TM —
J'TM cedenne pacciioeHuss [-CTpyedl JIOKalbHBIX CeueHMH paccioennss TM  kacaTelbHbIX
npoctpaHcTs. I” onpepgensier Ha TM n-mepHoe pacnpefenenune (n =dim M) u BexTopHOe none H Ha
TM, xotopoe siBnsercs AnddepeHLMaNbHBIM ypaBHeHHEM BToporo pofa Ha M. Ilycts 'X(X)
o3HavaeT npopomxenue (I'-nogbeM) BekTopHOro nonast X Ha M Ha npocrpancteo TM. C noMmousbio
3THX MOJield omnpejelieHa OJHOPOAHOCTL cevyeHus . B Teopeme 6 pokasbiBaetcs, 4to ecnu [
ogHopoiHOo, To none N nynbBep3auus. B onpepeneHnn | BBOAMTCS MNOHSITHE BEKTOPHOTO MOAS
conpsixenHoro c I'. B reopeme 7 noka3ano, 4to nosne V conpsixeHo ¢ I” TOria u ToJ1bKO Toraa, korga I
OHOPOAHO. B cTaThe MOKAa3aHO, YTO C MOMOLLBLID I MOXHO BBOAMTH MapaljlefibHbIi NEPEHOC W
reofie3M4eCcKue, KOTOpbI€ B JIOKANbHBIX KOPAMHATaX UMEIOT BH[

d’x‘ dx’
dr? ( ‘o, ) de’
rae a; pyHkuun Ha TM.
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