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ABSTRACT. This paper discusses the oscillatory conditions of second order neu-
tral differential equations with continuous distributed deviating arguments.

1. Introduction

The study of the oscillatory behavior of the solutions of neutral delay dif-
ferential equations, besides its theoretical interest, is important in application.
Examples of their applications can be found in [1]. A few results on the oscilla-
tory behavior of the solutions of second order neutral delay differential equations
are recently obtained in [2], [3], [4], [5], [6], [7], [8] and their references. However,
it is noticeable that most of the cases are with discrete delay. The aim of this

paper is to extend some results in [2]-[6], [8] to the following nonlinear equation
with continuous deviating arguments

m / ! b
[a(t) [ya) +Zci<t)y(n(t))] ] +[ 16 6ulot ) do© =0, t214, M)
1=1 a

and to establish some new oscillatory criteria.
It is easy to see that (1) includes the following equation

[a(t) [y(t) + Zci(t)y(n-(t))] ] + ij (tylg;O]) =0,  t>t,, (2)

then the obtained oscillatory criteria improve and generalize some known results.
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Suppose that the following conditions hold.
(H)) a(t),c;(t) € C([ty, +00), Ry ); f(t,€,y) € C([tg, +00) x [a,b] x R, R);

R, =[0,+400);
(H,) 7,(t) € C([ty, +o0),R); 7;(t) < t, and
t_l)lmoor(t)_+oo iel ={1,2,...,m};

(Hy) 9(t,€) € C([ty, +o0) x [a,b],R); g(t,€) < t for £ € [a,b],
g(t, &) is nondecreasing with respoct to t and &, respectively;

and t_Llirnm {IELE(IIH {9(t,&)} = +o0;

(H,) o(¢) € ([a,b),R) is nondecreasing, integral of equation (1) is a Stieltjes
integral.
Let u € C([t_;,+o0); R), where
t—l :mln{ }2}2{;;){)7 )}’gren[g,lb]g{(t’g)}’ t()}’

be a given function and let y, be a given constant. Using the method of steps,
equation (1) has a unique solution y(t) € C([t_;,+o0);R) in the sense that

m m !

both y(t) + 3 c;(t)y(7;(t)) and a(t) [y(t) + 3 ci(t)y(ri(t))] are continuously
i=1 i=1

differentiable for t > t,, y(t) satisfies equation (1) and

!

y() =uls) for s€[t_yty], [t)+2 oun)] =

t—"-fo
For further questions concerning existence and uniqueness of solutions of neutral
delay differential equations, see [1].

DEFINITION 1. A function y(t) is called eventually positive (negative) if there
exists a number ¢, > t, such that y(t) >0 (< 0) holds for all ¢t > t,.

DEFINITION 2. A solution y(t) of equation (1) is said oscillatory if it is not
eventually zero solution and it has an unbounded set of zeros. Otherwise, it is
called nonoscillatory.

For the sake of convenience, we assume that every inequality about functional
values is true for all sufficiently large t.

2. Main results

THEOREM 1. Suppose that the following conditions hold

+o00
m 1
(1) < — ds =
Zlcl(t) <1 and / a(s) ds = +o0, (3)
i= {0
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there exist function Q(t,€) € C([ty, +00) X [a,b],R,) and F(y) € C(R,R) such
that

f(t,&y)sgny > Q(t,§)F(y)sgny (4)
and
—F(-y) > F(y) > Ay >0, (y>0, A>0 is a constant). (5)

If there ezists a $-g(t,a) and function ¢ € C'([ty, +o0),R,) such that

+oo m 2
/[Aw(s)/cz 1= 2 aloto 01 dote) - “LRED | as = oo,
©)

to
then all solutions of equation (1) are oscillatory.

Proof. Suppose to the contrary that there exists a nonoscillatory solution
y(t) of equation (1). We may assume that y(t) is an eventually positive solution.
Let

)+ > ciby(r (7)
i=1

Then equation (1) can be written as

b

[a(t)2'(1)] + / F(6,6,ylg(t,€)]) dé =0. (8)

a

It follows from (7) that

ylo(t. )] = 2[9(t, )] - D_e[o(t O]u(nlo(t.€)) -

It follows from (H,) and (H,) that
z(t) 2y(t) and  2(t) 20. (9)

Moreover, we have )

[a()2'(1)] <0, (10)
thus a(t)z'(t) is decreasing with respect to ¢, and we can prove that 2'(t) > 0. In
fact, let there exist a ¢, > t, such that 2'(t) <0, t > ¢, . Integrating both sides
of (10) from [t,,t], we have a(t)2'(t) < a(t,)z'(t,), furthermore, for t, > t,, we
have

z(t) < z(ty) + a(ty)z(t, /—ds
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Let t — +oo; using (3), it follows that lim z(t) = —oo, which is in contradic-

t—+o00
tion with z(t) > 0.
From (9), we have F(y[g(t,€)]) > My[g(t,€)] > 0, thus

b m
0> [a(t)2'(t)]' +/\/Q(t,§){z[g(t, Ol -> ¢ [g(t,ﬁ)]y(n[g(t,ﬁ)])} da(§)
a i=1

(11)
It follows from (H;), (9) and (11) that

b m
=)+ [ @eof1- Sal.ol belot0] wr@ <0, (2)
a =1

Noticing that g(t, &) is nondecreasing with respect to £, we have g(t,a) < g(t, §)
for £ € [a,b], thus

b m
a0+ 22lote,0)] [ Q(t,o{l “Ye [g(t,a]} do(6)<0.  (13)

i=1

Set
a(t)z'(t) |
z[g(t,a)]’

then w(t) > 0. From the condition of Theorem 1, we have z'[g(t,a)] =

g; gtg(t a). Since a(t)z'(t) is decreasing, and noticing that g(¢,§) < t for

€ € [a,b], we have

w(t) = ()

(14)

a(t)z,(t) < a[g(t’ a)] Z' [g(t: a)] .

Thus
o P ) [alt)2 ()] [a()2'®)]" et [a(t)2' ()] 2 [9(t, a)]¢'(t, @)
e P AT O o) 201, a)
o(t) a(tz(t)] ag(t, &)]¢"(¢)

= z[g(t,a)] 4p(t)g'(t, a)

2
t)g'(t,a) a®)2'(t)  ¢'(t) [ alg(t,a)]
g(t a)] z[g(t,a)] 2\ e(t)g'(t a)

[a(t)2' ()] [ ]50 *(t)
z[g(t, a)] + "(t,a)

< (1)
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It follows from (13) that

b
| m afg(t, a)]"%(t)
w'(t) < - [/\w(t) / Qt, 5){ ;c, 9(t,¢)] } do (&) - W} ‘

Integrating both sides of the above last inequality from ¢, to ¢ (¢ > ¢, ), we have

t

w(t) S w(t,) - [ [Aso(s) / Q(sE{ gj [o(s, 5)}da(e>

ty
2
B a[g(s,a)l]so ©) | 4s. (15)
4p(s)g'(s,a)
Let t =& +o0o, then by (6) and (15), we have w(t) = —oco, which leads to a

contradiction with w(t) > 0.
Let y(t) be an eventually negative solution of equation (1). Let z(t) = —y(t),

then equation (1) will change to the following equation

m "'’ b

[a(t) [z(t) + Zci(t)x(n(t))] J + / (66 algt,9]) dE=0,  t>t,

’ (1)
) =- (t 5’ [g(t> 5)]) :
(5) imply that
= ~f(t, & —z[g(t,€)])
> Q(t,){~F(-=[g(t,€)])} > Q(t,O)F (z[g(t,€)]) ,
therefore, we can use the same method to prove the result. This completes the
proof of Theorem 1. O

where f*(t, &, z[g(t,€))]
Conditions (4) nd
)

f (ta {a

Remark 1. Theorem 1 generalizes Theorem 1 in [2], [3], [5], [6] and [8;
Theorem 2].

Remark 2. If function ¢(t) = 1, we have the following corollary.

COROLLARY. Suppose that (3) —(5) hold. If
+o0o b

//Q 5.6) {1— [g(s,s)]} do(£) ds = +oo,

then all solutions of equation (1) are oscillatory.

Remark 3. Corollary generalizes Theorem 1 in [2], [4], [5], [6], 8].
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THEOREM 2. Suppose that (3) —(5) hold, and
(i) ¢;(t) =c¢; >0, there ezist a'(t) and 7{(t) >0, i€ 1,
(ii) there ezists a function g;(t,€) € C([ty,+00) X [a,b],R, ),
(iii) there ezists a function n(t) € C([ty,+o0),R,) such that

Q(ta 6) Z U(t) ) t Z tO ) § € [aab] . (16)
If
+00
/ n(s) ds = +o0, (17)

to

then the derivatives of all differentiable solutions of equation (1) are oscillatory.

Proof. Suppose that there exists a differentiable solution y(t) of equa-
tion (1) such that we eventually have

y(t)>0 and  ¥'(¢t) >0, (18)
y(t)>0 and  ¥'(t) <O0. (19)
First, suppose that (18) holds. Let

o(t) = — A (20)

b
[y[9(t,€)] do(€)

Then it follows that v(t) > 0, and from (i), we know that there exists y”,
therefore y' is continuous, and it follows from (ii) that

b

y[9(t,6)] do(€) = / g-gg;u,a do(€) > 0.

a

&l e
Se— .

Then
b

wozy 07O [ylat.o] doe)

- 2
af?/[g(t)f)] do(§) lfy[g(t, §)] da(f)]

< =An(t).

b
[yl9(t,€)] do(€)
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Integrating both sides of above inequality from ¢, to t (¢ > t,), we have
¢
o) <vlt) = A [ n(s) ds. (22)
ta

Let t — +4o00; from (17), we have v(t) = —oo, which leads to a contradiction
with v(t) > 0.
Next, suppose that (19) holds. By (17), there exists a T' > t, such that

t
/n(s)ds>0, t>T. (23)
T

Using y'(t) < 0 and g(t,€) is nondecreasing with respect to ¢, we have

y[9(s,€)] > y[g(t, )] >0, s<t,
b b
/ ylo(s,6)] do(€) > / ylo(t,6)] do(€) >0,  s<t.

Thus using (4), (5), (17) and (23), we have

t b b
T/a/fss, 5,6)]) doe I/Q/Q(S’EFMS’OD do(€) ds
t b
> A ( T/ n(s) ds) ( / [9(t,0)] da(§)> (24)

Integrating both sides of equation (1) from T to ¢t (t > T'), and using (24), we
have
¢
a(t)2'(t) — a(T)2'(T //f 5,&,y[a(s,8)]) do(¢)ds < 0,
T a

thus

a(t)z'(t) < a(T)2'(T). (25)
Integrating both sides of above inequality from T; to ¢t (¢t > T} ), we have

2(t) < 2(T,) + a(T)'(T) / E(’ls_) ds. (26)

T
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Noticing 2'(t) = y'(t)+ Y ;v (7;(t))71(t) < 0, we have t—l}in z(t) = —o0, which
i=1 oo

contradicts z(t) > 0.

For the case of a differentiable solution y(t) of equation (1) that eventually
have

y(t) <0 and  ¢'(¥) >0,
or
y(t) <0 and ¥'(t) <0,

we can also prove the result by the same argument. This completes the proof of
Theorem 2. O

Remark 4. Theorem 2 generalizes Theorem 2 in [2], [4], [5], [6] and [8;
Theorem 3].

Now, we give some examples.

EXAMPLE 1.
2
[t[y(t)+ (1—%y(t—r))]’]'+/ty(%t§),/1 +y2(3t€) arctg d€ =0, t>1,
. 1 (27)
in which

1
T>0, at)=t, ct)=1-7,

9(t, &) = %tf, f(t,&y) = tz/1 + y?arctg§.

Choosing Q(t,€) = §, F(y) = y4/1+ y2, the conditions of Corollary are satis-
fied. Therefore all the solutions of equation (27) are oscillatory.

EXAMPLE 2.
!
[t 0 + G~ S ue =) + 3yt - )] ]
-1 2 (28)
+/et+25y(t+€)[1+y§(t+§)] d¢=0, t>1,
—2
in which
2 1 _ 1
T >0, a(t) =€, ¢(t) = 373 2 et = 3

gt, &) =t+&, f(t,&y) =T y(1+y8).

Choosing Q(t,€) = 2, F(y) = y(1 +y38), ¢(t) = V1, the conditions of
Theorem 1 are satisfied. Therefore all solutions of equation (28) are oscillatory.
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EXAMPLE 3.

1
[Hv@+ive-n)+ve-n)] |+ [ S
0

sin

Caxs

+§)ey(+0d§ 0, t>2v2,

l

J‘ﬁ

29
in which 7,7, >0, gt =%5+¢, [f(t&y) = é%%yeyz- #9)

Choosing Q(t,€) = t+¢&, F(y) =ye?’, n(t) = ¢, the conditions of Theorem 2
are satisfied. Therefore the derivatives of differentiable solution of equation (29)
are oscillatory.
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