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ABSTRACT. Oscillatory and asymptotic behaviour of solutions of a class of
nonlinear fourth order neutral differential equations of the form

(r®) (@) +p)y(t— )" )" +a®)G(y(t - 0)) =0
and
(r() () + 2Byt —7))")" + ()G (y(t - 0)) = £(2) (%)
are studied under the assumption ofot‘/r(t) dt = oo for various ranges of p(t).
0

Sufficient conditions are obtained for the existence of bounded positive solutions
of (x).
1. Introduction

In a recent paper [6], we have studied oscillation of solutions of fourth order
nonlinear neutral differential equations of the form

[r() (u() + p)y(t —1)"]" +a®)G(y(t = 0)) =0 (1)
and the associated forced equations
[r(®) (w(®) + p(&)y(t — 7))" ]" +q(t)G(y(t - 0)) = f(t) (2)

under the assumption

/(t/r(t)) dt < oo, (3)
0
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where 7 € C([0,00),(0,00)), p € C([0,00),R), ¢ € C([0,0),[0,00)), f €
C([0,00),R), G € C(R,R) is nondecreasing and uG(u) > 0 for u # 0, 7 > 0
and o > 0. Further, sufficient conditions are obtained for the existence of
bounded positive solutions of (2). In this paper, we continue the study of equa-
tions (1) and (2) under the assumption

mnfwm»w=w

If 7(t) = 1, then (H,) is satisfied and equations (1) and (2) reduced. respectively,
to

(y(t) +p()y(t — 7)) +a®)G (y(t —0)) =0 (4)
and

(y(@®) +p@)y(t — )" + at)G(y(t — o)) = f(2). (5)

In recent papers [4], [5], Parhi and Rath have studied oscillation of solutions
of nth order neutral differential equations

(y(t) + Oyt — 7)™ + q()G (y(t — 0)) =0 (6)
and

(y(t) + p@®)y(t — )™ + ()G (y(t — o)) = f(8) . (7)

Clearly, equations (4) and (5) are particular cases of equations (6) and (7) respec-
tively. However, equations (1) and (2) cannot be termed, in general, as particular
cases of equations (6) and (7) in view of (H,). Therefore, it is interesting to study
equations (1) and (2) under (H,). Moreover, most of the results in [5] hold for
n even. The motivation for the work in [6] and the present work came from the
work of Kusano and Naito [2], [3], where they studied oscillatory behaviour
of solutions of fourth order nonlinear differential equations of the form

(r®y®)")" +y®)F (2 (t),t) =0,

where r and F are continuous and positive on [0,00) and (0,00) x [0, c0) re-
spectively, under the assumption (3) or (H,). It is interesting to observe that
the nature of the function r influences the behaviour of solutions of (1) or (2).
This influence is more explicit in case of unforced equation (1).

By a solution of equation (2) we understand a function y € C([—p, ), R)
such that y(t) + p(t)y(t — ) is twice continuously differentiable, r(t)(y(t) +

n

p(t)y(t — 7)) is twice continuously differentiable and (2) is satisfied for ¢ > 0,

where p = max{r,o}, and sup{|y(t)| : t > t,} > 0 for every t, > 0. A solution
of (2) is said to be oscillatory if it has arbitrarily large zeros; otherwise, it is
called nonoscillatory.
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OSCILLATORY FOURTH ORDER NONLINEAR NEUTRAL DIFFERENTIAL EQUATIONS II
2. Sufficient conditions for oscillation

In this section, sufficient conditions are obtained for oscillation of solutions
of (1) and (2). We need the following lemmas for our work in the sequel:

LEMMA 2.1. Let (H;) hold. Let u be a twice continuously differentiable
function on [0,00) such that r(t)u"(t) is twice continuously differentiable and
(7'(2€)u”(t))/l < 0 for large t. If u(t) > 0 ultimately, then one of the cases (a)
and (b) holds for large t, and if u(t) < 0 ultimately, then one of the cases (b),
(¢), (d) and (e) holds for large t, where

(a) w'(t) >0, u'(t) >0 and (r(t)u”(t)) >0

(b) w'(t) >0, u"(t) <0 and (r(t)u"(t)) > o
(c) u'(t) <0, u"(t) <0 and (r(t) u’(t))/ >0,
(d) u'(t) <0, u'(t) <0 and (r(t)u"(t)) <0,
(e) w'(t) <0, u"(t) >0 and (r(t)u"(t)) > 0.

Proof. Since (7"(15)11”(t))ll <0, then u(t), u'(t), r(t)u"(t) and (r(t)u“(t))’
are monotonic and hence there are eight possibilities. Let u(t) > 0 for t > t, > 0.
It is enough to show that (c), (d), (e) and the following cases, viz.,

(f) «'(t) <0, u"(¢t) >0 and (r(t)u ”(t))

(g) ' (t) >0, u'(t) >0 and (r (t)u”(t))

(h) «'(t) >0, v"(t) <0 and (r(t)u ”(t))
do not hold. Indeed, in each of the cases (c) and ( ), u(t) < 0 for large t, which
is a contradiction. In case (e), u"(t) > (r(t,)u”(t,))/r(t) for t > ¢, > t,.
Multiplying the inequality through by t and then integrating it we obtain
u'(t) > 0 for large t due to (H,), a contradiction. Since (r(t)u”(t))l is mono-
tonic decreasing, then in each of the cases (f) and (g), u”(t) < 0 for large t,
which is a contradiction. In case (h) integrating (r(t)u” (¢ £)" < 0 twice we
obtain r(t)u"(t) < (ru")'(t,)(t —t,), t; > t,, and hence r(t)u(t) < —kt for
t >t, >t,, where k > 0. Consequently, '(t) < 0 for large t in view of (H;),
which is a contradiction. Next suppose that u(t) < 0 for ¢t > t, > 0. The case (a)
does not occur because in this case u(t) > 0 ultimately. In each of the cases (f)
and (g), u"(t) < 0 for large ¢, which is a contradiction. Proceeding as above we
obtain a contradiction in the case (h). Thus the lemma is proved. O

LEMMA 2.2. Let the conditions of Lemma 2.1 hold. If u(t) > 0 ultimately,
then u(t) > RT(t)(r(t)u“(t))l for t >T >0, where

t
/ t—s ds.
T
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Proof. Let u(t) >0 for ¢t > t, > 0. From Lemma 2.1 it follows that one of
the cases (a) and (b) holds. Suppose that (a) holds. Since (ru')" is decreasing,
then we have

r(t)u’(t) > /(r(s)u”(s))/ ds > (t — T)(r(t)u" (1))’
T

for t > T > t,. Hence

t

u'(t) > (r(t)u”(t))//((s —T)/r(s)) ds.
T
Consequently the integration by parts yields

(/S-M)

((t—s)(s=T)/r(s)) d

u(t) > //

\ﬁ 'ﬂ\”

u”(t

= (r(tv’ ())RT()~

Next suppose that (b) holds. For t > T > t,, we integrate Rp(t)(r(t)u"(t))"
< 0 by parts to obtain

0 / Rp(s)(r(s)u"(s))" ds
T
R

vV

t

LB (1) + / (s — T)u"(s) ds

T
> Ry () (r(t)u" (t)) — u(t)

since R;.(t) > 0 and R.(T) = 0. Hence u(t) > (r(t)u”(t)) Ryp(t). Thus the
lemma is proved. O

LEMMA 2.3. ([1; p. 46]) If ¢ € C([0,0),[0,00)) and
t

llggf/q(s) ds>1/e,

t—1

%

then ' (t)+q(t)x(t—7) <0, t > 0, cannot have an eventually positive solution.
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OSCILLATORY FOURTH ORDER NONLINEAR NEUTRAL DIFFERENTIAL EQUATIONS II

THEOREM 2.4. Let 0 <p(t) <p<oo, 7 <o and (H)) hold. Suppose that

(H,) there exists A > 0 such that G(u) + G(v) > AG(u +v) for u > 0 and
v>0;,
(Hy) G(u)G(v) = G(uv) for u,v € R;

(H,) fcdu/G(u) < oo forall ¢>0;
0

(Hy) T G(Rp(t—0))Q(t) dt =00, T >0,
T+p
where Q(t) = min{q(t),q(t — 1)} for t > .

Then every solution of (1) oscillates.

Remark. (H,) implies that G(—u) = —G(u), v € R. Indeed, G(1)G(1) =
G(1) and G(1) > 0 imply that G(1) = 1. Further, G(-1)G(-1) = G(1) =1
and G(—1) < 0 imply that G(—1) = —1. Hence G(—u) = G(-1)G(u) = —G(u),
u € R. On the other hand, G(uv) = G(u)G(v) for v > 0 and v > 0 and
G(—u) = —=G(u), u € R, imply that G(zy) = G(z)G(y) for z,y € R.

Proof of Theorem 2.4 . If possible, let y(t) be a nonoscillatory solu-
tion of (1). Hence y(t) > 0 or < 0 for ¢t > ¢, > 0. Let y(t) > 0 for t > t,.
Setting

2(t) = y(t) + p(t)y(t —7), (8)
we obtain
0 < 2(t) <y(t) +py(t—7) 9)
and
(r(1)2" ()" = —a(t)G(y(t — o)) <0 (10)

for t > t, + p. Then one of the cases (a) and (b) of Lemma 2.1 holds. The use
of (H,) and (H,) yields

1"

0= (r@®)2"®)")" + q®)G(y(t — o)) + G(p)(r(t — 7)2"(t — 7))
+G(p)g(t —7)G(y(t — 7))
> (r()2" (1) + G) (r(t = 7)2"(t — 7 — 0))"
+AQ(t)G(y(t — o) +py(t — 7 — o))
> (r(t)2"(1))" + G) (r(t — 1)2"(t — 7)) + AQ()G (2(t — o))

for t > t, > t, + 2p. Hence, by Lemma 2.2, we obtain
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n

0> (r(t)2"(1)" + G(p)(r(t — 7)2"(t — 7))
+2Q(t)G(Ry(t — o) (r(t = 0)2" (¢ — U))')
= (r(®)2" ()" + C@)(r(t — )"t —7)"

+AQMG (Ry(t — 0))G((r(t - o) (t - 0))")

for t > T+ p > t,. Hence

MG (Ry(t - 0)) < — [G((r(t — 0)2"(t — 0)) )] (r(t)2"(2))"

~GE[G((r(t - 0)2"(t— ) )] (1t = )"t = 7))"

~[e(rm="®)")] " (r®"@®)"

~GO)[G((rt -t =7))] " (rt - D"t —7)"

Since lim (r(t)2" (t))’ exists, then the use of (Hy) Yields

IA

/ Q)G (Rp(t—0)) dt < o0,
T+p

which contradicts (Hg). Hence y(t) < 0 for t > t,. Putting z(t) = —y(t) for
t >t,, we obtain z(t) >0 for t > t, and

[r()(z() + p(t)z(t = 7)"]" + a()G (a(t — 5)) =0.

Proceeding as above we arrive at a contradiction. Thus the proof of the theorem
is complete. O

THEOREM 2.5. Let 0 < p(t) < p < 0o. Suppose that (H,) and (H,) hold. If
(Hy) G(u)G(v) > G(uv) foru>0,v >0,
(Hﬁ) G(—U) = _G(u)7 U € R;

and

o0
(Hy) [ Q) dt = oo,
then every solution of (1) oscillates.

Proof. Let y(t) be a nonoscillatory solution of (1). Let y(t) > 0 for ¢t >
to > 0. The proof for the case y(t) < 0, t > t,, is similar. Setting 2(t) as in (8)
we obtain (9) and (10) for ¢t > t, + p. From Lemma 2.1 it follows that one of

the cases (a) and (b) holds. Hence 2(t) > k > 0 for t > t, > t, + p. Proceeding
as in the proof of Theorem 2.4 we obtain
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0> (r(6)2"(®)")" + G)(r(t — 1)2"(t = 7)) + AQ)G (2(t — 0))

(r()z" ()" + G) (r(t — 7)2"(t — 7)) + AQ(t)G (k)

v v

o0
for t > t, > t, +2p. Hence [ Q(t) dt < oo, which is a contradiction to (H,).
to

Thus the theorem is proved. O

Remark. (Hj) and (Hg) need not imply (H,). Indeed, if
G(u):(a+ﬁ|u|’\)|u|“sgnu, A>0, u>0, a>1, 6>1,

then (Hj) and (Hg) are satisfied but (H;) fails to hold.

Remark. The prototype of G satisfying (H,), (H;) and (Hy) is

G(u) = (a+ blul*)|u|* sgnu, where a>1, b>1, A>0, u>0.

Remark. In Theorem 2.5, G could be superlinear, sublinear or linear. However,

(H;) implies (Hy) because R.(t) >0 for t > T, > T.

THEOREM 2.6. Let 0 < p(t) <p < 1. Suppose that (H,) and (H;) hold. If
(Hg) lilminf(G(a:)/:r) >v>0

z|—0

and

(Hy) liminf j G(Rp(s—0))q(s) ds > (eyG(1 - P))_l )

t—o0 t=o
then all solutions of (1) oscillate.

Remark. (Hg) implies that

o0

(Hy,) Tf G(RT(s — a))q(s) ds = oo.

+o

Indeed, if

o0

/ G(Rp(s—0))q(s) ds=a < oo,
T+o

then, for t > T + 20,

/ G(Ry(s — 0))q(s) ds = ( / - 7U)G(RT<s-a>)q<s> ds

implies that

t
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t

litnl(i}gf / G(Rp(s—0))g(s)ds<a—a=0,
t—o

which is a contradiction to (Hy).

Proof of Theorem 2.6. Suppose that y(t) is a nonoscillatory solution
of (1). Let y(t) > 0 for t > ¢, > 0. The case y(t) < 0 for ¢t > t, may similarly
be dealt with. Setting z(t) as in (8) we obtain z(t) > 0 and (10) for t > t, + p.
Then one of the cases (a) and (b) of Lemma 2.1 holds. In each case, z(t) is
increasing. Hence, for ¢ > ¢, + 2p

(1=p®)2(t) < 2(t) = p(t)z(t — 7) = y(t) — p()p(t — T)y(t — 27) < y(t)
and (1 —p(t))z(t) > (1 —p)z(t). Thus y(t) > (1 —p)z(t). From (10) we obtain,
fort>T+o0>t,+2p+o0,

(r®2"(®)" +at)G((1 = p)2(t — o))
(r@®)z" ()" + a®)G((1 = p)Ry(t — o) (r(t = 0)2"(t = 0))") (11)

"

(r(®)2" ()" + G(1 = p)a(t)G(Rp(t — 0))G((r(t — 0)2"(t — 7))")

0

(AYARRAVS

using Lemma 2.2 and (H,). Let Jim (rt)2"(t)) = a. If 0 < a < oo, then
—00
(r(t)z”(t))l > [ >0fort>t; >T+o.From (11) we obtain, for t > t, > ¢, +a,

!

G(1-p)at)G(Rp(t —0))G(B) < —(r(t)2"(1))" .

Integrating the above inequality yields

o0

/Q(t)G(RT(t —0)) dt < o,

to

a contradiction to (H;,). Hence a = 0. Consequently, (Hg) implies that
G((r(t)z”(t))l) > y(r(t)2"(t))" for t > t, > t,. Using this in (11) we ob-
tain, for ¢t > t, + o,

(r()2"(t))" + 4G (1 = p)g(t)G (Rp(t — ) (r(t — 0)z"(t — 7)) < 0.

Hence the inequality u'(t)+vG(1-p)q(t)G (R (t—0))u(t—o) < 0 admits a posi-
tive solution (r(t)z”(t))’, which is a contradiction due to (Hy) and Lemma 2.3.
This completes the proof of the theorem. O
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THEOREM 2.7. Let 0 < p(t) <p<oo, 7<o0 and (H,), (H,) and (H;) hold.
Suppose that

(Hy,) G(zy)/z$ > G(xy)/x§ for zp > 25> 0 and o > 1

and
(Hy) [ R3(t—0)Q() dt = oo.
T+o
Then every solution of (1) oscillates.
Proof. Proceeding as in the proof of Theorem 2.4 we obtain
(r)2" )" + Gp)(rt = 7)2"(t = 7)) + XQ()G (2(t - o)) <O (12)

for t > t; > t,+2p. Since 2(t) is increasing, then 2(t) > k>0 for t > ¢, > t,.
Using (H,,) and Lemma 2.2 we obtain, for t >T 4+ 0 > t, + 0,

G(2(t—0)) = (G(2(t—0))/z%(t — 0))2°(t — 0)
> (G(k)/k*)z%(t — 0)
> (G(R) k) RE(t = ) ((r(t = 0)2"(t = 0))" )"
Hence (12) yields
A(G(k)/E*) R (t = o) Q(1)
<= ((rt=o)2"(t =) ) " [(r(®)2" )" + Gp) (r(t = 7)2"(t — 7))"]
<= ((rH"®)") " (2" )"
_ G(p)((r(t —71)2"(t - T))l)_a (r(t—7)2"(t - )"

Since tl_i}rn (r(t)z”(t))' exists, then proceeding as in the proof of Theorem 2.4 we
o0

obtain

/ R&(t — 0)Q(t) dt < oo,

T+o

a contradiction to (H,,). Thus the theorem is proved. m]

THEOREM 2.8. Let —1 <p <p(t) <0.If (H)), (Hy), (Hy) hold and if
o0

(Hy) [a(t) dt = oo,
0

then every solution of (1) oscillates or tends to zero as t — 0.
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Proof. Let y(t) be a nonoscillatory solution of (1). In view of (H,) it is
enough to consider y(t) > 0 for ¢t > t, > 0. Setting z(t) as in (8) we obtain
(10) for t > t; 4+ p. Hence 2(t) > 0 or < 0 for t > t, > t, + p. Let z(t) > 0
for t > t,. From Lemma 2.1 it follows that one of the cases (a) and (b) holds.
Hence 2(t) > Rp(t)(r(t)2"(t))" for t > T > t, by Lemma 2.2. Since z(t) < y(t)
and (r(t)z"(t))’ is monotonic decreasing, then (10) yields, for t > t, > T + o,

n

(r(®)2"(1)" < —aOG(Rp(t — 0))G((r(1)2"(1))") -

Hence
o0

/q(t)G(RT(t —0)) dt < oo.

to

Since R/.(t) > 0 and R, (t) > 0, then fq(t) dt < oo, which is a contradiction

to (H,;). Hence z(t) < 0 for t > t, ThlS implies that y(t) < —p(t)y(t — 1) <

y(t — 7) and hence y(t) is bounded Consequently, z(t) is bounded. One of the

cases (b)—(e) holds by Lemma 2.1. Let the case (b) hold. If tlim z(t) = a, then
— 00

—00 < a < 0. Suppose that —oo < a < 0. Hence z(t) < 8 <0 for t >t > t,.

Further, 2(¢) > py(t—7) for t > ¢, and hence y(t—0) >p~ '3 >0 for t > t,+p.
Consequently, (10) yields

g(t)G(p~18) < —(r(t)2"(t))"

[e]

Integrating we obtain [ ¢(t) dt < co, a contradiction. Hence o = 0. Conse-
tz3t+p
quently,
0 = limsup 2(t) > hm sup( (t) +py(t — 7)) > limsupy(t) + liminf (py(t — 7))
t—o00 t— 00 t—oo
= limsup y(t) + phm sup y(t—7)=(1+p) hm sup y(t) .
t— 00

Since 1 + p > 0, then tl_i}m y(t) = 0. In each of the cases (c¢) and (d),
tlim 2(t) = —oo, which contradicts the boundedness of z(t). Suppose the case (e)
—00

holds. Since z(t) is bounded, then tl_i)m z(t) exists. Further, ¢ > t, implies that

o

Z"(t) > (r(t;)z"(t;))/r(t). Multiplying the inequality through by ¢ and then
integrating it we obtain 2'(t) > 0 for large t due to (H,). This contradicts the
fact that 2/(t) < 0 in case (e). Thus the proof is complete. O

THEOREM 2.9. Let —oo < p; < p(t) < p, < —1. If (H)) and (H,;) hold,
then every bounded solution of (1) oscillates or tends to zero as t — 0o.
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OSCILLATORY FOURTH ORDER NONLINEAR NEUTRAL DIFFERENTIAL EQUATIONS i

Proof. Let y(t) be a bounded nonoscillatory solution of (1). Then y(t) > 0
or <0 fort>t, > 0.Let y(t) > 0 for t > t,. Setting z(¢t) as in (8) we
obtain (10) for ¢ > t, + p and hence z(t) > 0 or < 0 for t > ¢t; > t, +p. If
2(t) > 0 for t > t,, then one of the cases (a) and (b) of Lemma 2.1 holds and
y(t) > —p(t)y(t — 1) > y(t — 7). Hence litrgigfy(t) > 0. From (10) it follows

that fq ) dt < oo, t, >t,, which is a contradiction to (H,,). Hence z(t) <0

for t > t,. Since y(t) is bounded, then z(t) is bounded and hence none of the
cases (c) (d), (e) of Lemma 2.1 occurs. Suppose that the case (b) of Lemma 2.1
holds. If —oo0 < tl_i)m z(t) < 0, then proceeding as in the proof of Theorem 2.8

we arrive at a contradiction. Hence tlim z(t) = 0. Consequently,
—>00

0 = liminf 2(t) < litlgglf(y(t) + poy(t — 7)) < limsupy(t) + litn_l)igf(pr(t - 7))

t—o0 t—o0

= (14 p,) limsupy(t).
t—o00

Since 1+ p, < 0, then tlim y(t) = 0. If y(t) < 0 for t > t,, then we set
—00
x(t) = —y(t) to obtain z(¢t) > 0 for ¢t > t, and

(r@®) (=@ + p)z(t —1))")" + aG (2t — o)) =0,

where G(u) = —G(—u). Proceeding as above we obtain tlim z(t) = 0 and hence
—00

lun y(t) = 0. Thus the theorem is proved. O

In the following, we obtain sufficient conditions for oscillation of solutions of
forced equation (2). Let

(1,,) there exists F € C2([0,00),R) such that F(t) changes sign,
rF'" € C*([0,00),R) and (rF")" = f;
(H,;) there exists F € C?([0,00),R) such that F(t) changes sign with
—00 < litmian(t) < 0 < limsup F(t) < oo, rF"” € C?([0,),R)
—00 t— 00
and (rF'")" = f;

(H,s) there exists FF € C2([0,00),R) such that F(t) does not change sign,
Jim F(t) =0, rF" € C?([0,00),R) and (rF")" = f;
—00

(H4) there exists F € C2([0,00),R) such that
Jim F(t)=0, rF" ¢ 02([ ,00),R) and (rF")" = f.
-0
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Remark. If tlim F(t) = a # 0 in (Hyg), then we may proceed as follows:
—00

We set F(t) = F(t) — a to obtain, F € C?([0,00),R), F"(t) = F"(t) and
tli}m F(t) = 0. If F(t) changes sign, then it comes under (H,,). If F(t) does
not change sign, then it comes under (H,g).
THEOREM 2.10. Let 0 < p(t) < p < oo. Suppose that (H,), (H,), (Hj),
(Hg) and (H,,) hold. If

o0 e}

JQWG(Ft(t—0)) dt =00 and [ Q(t)G(F~(t— o)) dt = co, where

F*(t) = max{F(t),0} and F~(t) = max{—F(t),0},
then all solutions of (2) oscillate.

Proof. Let y(t) be a nonoscillatory solution of (2). Hence y(t) > 0 or <0
for t > t, > 0. Suppose that y(t) > 0 for ¢t > ¢,. Setting z(t) as in (8) we
obtain (9) for t > t, 4 p. Let

w(t) = z(t) — F(t). (13)

Hence ;
(rtw" (1) = —q(t)G(y(t — o)) <0 (14)
for t > t; + p. Thus w(t) >0 or <0 for t > t; > ¢, + p. Since F(t) changes

sign, then w(t) > 0 for ¢ > t; by (13). Hence one of the cases (a) and (b) of
Lemma 2.1 holds for large ¢t and z(¢t) > F*(t). For t > t, > t,, we have

0= (r(Ow" ()" + CE)(r(t - D"t = 1) + g OC (¢t - 0))
+ G(p)g(t — )G (y(t — 7 — 0))
2 (r(t)w”(t))” G(p)(r(t —T)w"(t—7) "

) ) (1)
+ )\Q(t)G( (t—o)+py(t—71— U))
> (r(tyw" (®)" + G (r(t = Hw"(t = 7)) + AQM)G (2(t - 7))
> (r(Ow" (1)) + G(p) (r(t = yw"(t = 7)) + AQW)G(F* (t - ).
Hence -
/ Q)G (F*(t - o)) dt < oo,
tato

which is a contradiction to (Hy,). If y(t) < 0 for t > t,, we set z(t) = —y(t) to
obtain z(t) > 0 for ¢t > ¢, and

(r()(=(t) + p(z(t = )" )" + )G (a(t - 0)) = f(1),
where f(t) = —f(t). If F(t) = —F(t), then F(t) changes sign, F*(t) = F~(t)

and (r(t)ﬁ”(t))” = f(t). Proceeding as above we obtain a contradiction. Thus
the theorem is proved. O
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ExAMPLE. Consider
[e‘t(y(t) +(14+e Hy(t— 7r))"] +ely(t—2n) =2e tcost, (16)

t > 0.Hence 0 < p(t) = 1+et <2 and Q(t) = min{e,e!""} = e ™.

Further, F(t) = sint implies that (r(t)F"(t))" = (—e*sint) "= 2e tcost. As
F(t —2m) =sint, then

F+(t—27r):{8int’ 2nr <t < (2n+ D)7
0, Cn+1)r<t<2(n+ 7
and
0, 2nm <t < (2n+ )7,
F‘(t—?w):{ . sts( )
—sint, (2n+ 7 <t<2(n+1)m,

n=0,1,2,.... Thus

o0

o0
/Q( )G(F+(t—27r / EFT(t—2m) dt
27
oo 2n+1)7w
=e 7 Z / etsint dt
n=l onr
e o (2n+1)r
t n
=5 Z [e*(sint — cost)],
n=1
—e_”(e +1) Z
and
00 o 2(n+1)mw
/Q(t)G(F_(t —2m)) dt=—e"" Z / e'sint dt
27 n=0 2n+1)m

[\)

o0
=Lle (e®" +e7) Z e?"™ = 0o
n=0

From Theorem 2.10 it follows that all solutions of (16) oscillate. Equation (16)
may be written as

y W)+ (1+e )yt —m) -2y (1) —2(1 +3e )y (t — )
+y" (1) + (1+13e H)y (t —7m) — 12e7 Ty (t — ) (17)
+4e byt —m) +e* y(t — 27) = 2cost.
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However, (17) cannot be written in the form
[y® +pO)yt =]+ QOG- ) = 11 (18)
i=1

due to the presence of the terms (1+e7 )y (t—x) and y"(t). If we take
p(t) = (1+e7"), then we obtain

[y(t) + (1 + e “)y(t — 7)] @ @) 4 (1+e )yW(t —m) —de Ty (t —m)
+6ety(t—m)—dety(t—m)+etylt—7).

If p(t) is a term other than 1+ e~*, then we cannot get (1+ e *)y!! Nt — 7).
Hence the results valid for (18) cannot hold for (16). Thus the results in [{],
[5] cannot be applied to equation (2). However, the results in this paper can be
applied to (18) for r(t) = 1 in (2) because (H,) holds for r(t) = 1. As there
are a few results in [4], [5] for even n, the present work may be viewed as the
complement of the work in [4], [5].

THEOREM 2.11. Let —1 < p < p(t) < 0. Suppose that (H;) and (H,;) hold.
If

fq )G(F*(t—0)) dt = o0 and }Oq(t)G(F‘(t—i—T—a)) dt =
and ’ ’

fq G(F~(t—o0)) dt =00 and Tq(t)G(F+(t+T—U)) dt = oo,
then every solution of (2) oscillates. ’

Proof. Proceeding as in the proof of Theorem 2.10 we obtain w(t) > 0 or
<0 fort>t >t,+p when y(t) >0 for t > t,. Let w(t) >0 for ¢t > t,. Hence
one of the cases (a) and (b) of Lemma 2.1 holds. Further, w(¢) > 0 implies that
y(t) > y( )+ p(t)y(t —7) > F(t) and hence y(t) > F*(t). From (14) we obtain

f q(t)G(F*(t — 0)) dt < oo, a contradiction. Hence w(t) < 0 for ¢t > ¢,.

ti+o
Then one of the cases (b)—-(e) of Lemma 2.1 holds. Let the case (b) hold. Since

w(t) <0, then y(t) > F~(t+7) for t > t,. From (14) we get

(o]

/ qt)G(F (t+7—0)) dt < o0,

t1+o

a contradiction. If y(t) is unbounded, then there exists an increasing sequence
{o,}°°, such that o, — 0o and y(o ) — 00 as n — oo and y(0,,) = max{y(t)
t, <t < on} We may choose n large enough such that o, — 7 > ¢,. Hence

196



OSCILLATORY FOURTH ORDER NONLINEAR NEUTRAL DIFFERENTIAL EQUATIONS Il

w(o,) > y(0,) + py(o, — ) = Flo,) > (1+p)y(,) — F(c,). Since F(2) is
bounded and (14 p) > 0, then w(o,,) > 0 for large n, which is a contradiction.
Hence y(t) is bounded. Consequently, w(t) is bounded. This implies that the
cases (c) and (d) of Lemma 2.1 fail to hold. The boundedness of w(t) and (H,)
imply that the case (e) of Lemma 2.1 does not hold. If y(¢) < 0 for ¢ > ¢,, then
we set z(t) = —y(t) to obtain z(t) > 0 for ¢t > ¢,

(r(®)(=(t) + p()z(t — )" )" + )G (a(t — 0)) = (1),
where G(u) = —G(—u) and f(t) = —f(t). If F(t) = —F(t), then F(t) changes

sign with —oo < liﬂian(t) < 0 < limsupF(t) < oo, FT(t) = F(t),
o0 t—00

F (t) = F*(t) and (r(t)ﬁ’”(t))“ = f(t). Proceeding as above a contradiction
is obtained. Thus the theorem is proved. a

Remark. If ¢(t) is nonincreasing or 7-periodic, then

o0 o ¢]

/q(t)G(F+(t—U)) dt =00 = /q(t)G(F+(t+'r—a)) dt = 0
and ’ ’
/q(t)G(F'(t—a)) dt =00 = /q(t)G(F_(t+T—0')) dt =o00.

THEOREM 2.12. Let —oo < p < p(t) < 0. Suppose that (Hy), (H,), (Hy5),
(H,g) and (H,y) hold. Then every solution of (2) oscillates or tends to £oo as
t — 00.

Proof. Proceeding as in the proof of Theorem 2.11 we obtain a contra-
diction if w(t) > 0 for t > ¢, > t, + p. Hence w(t) < 0 for ¢ > ¢t,. One of
the cases (b)—(e) of Lemma 2.1 holds. Suppose that the case (b) holds. Since
w(t) <0, then py(t—7) < F(t), that is, y(t) > (—p~)F~(t+7) for t > t,. In-

o

tegrating (14) and using (H,;) we obtain [ ¢(t)G(F~(t+7—0)) dt < o,
t1+o
a contradiction. In each of the cases (c) and (d), tl_i)m w(t) = —oo. If, in

case (e), —oo < tlj}glo w(t) < 0, then we obtain a contradiction due to (H;).
Thus tl_lglo w(t) = —oo in each of the cases (c)—(e). Consequently, py(t — 7) <
w(t) + F(t) implies that liir_l)igp(py(t —-7)) < tl—]}}}o w(t) + ligigp F(t), that is,
plitlgigfy(t) = —oo due to (H,;). Hence thr& y(t) = oco. The proof for the case

y(t) <0 for t > ¢, is similar. Thus the proof of the theorem is complete. O
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COROLLARY 2.13. If the conditions of Theorem 2.12 are satisfied, then every
bounded solution of (2) oscillates.

THEOREM 2.14. Let 0 < p(t) <p < oo and let (H,), (H,), (H}), (Hy) and
o0

(Hyg) hold. If [ Q(t)G(|F(t—o)|) dt = oo, then every bounded solution of (2)

oscillates or tegds to zero as t — 0.

Proof. Proceeding as in the proof of Theorem 2.10 we obtain w(¢) > 0
or <0 fort >t >t,+p. Let w(t) > 0 for t > t,. Hence z(t) > F(t).
Suppose that F(t) > 0 for ¢t > t, > ¢, . From (15) it follows by Lemma 2.1, that

J Q@)G(F(t—o0)) dt < oo, which is a contradiction. Hence F(t) < 0 for

toto (o]
t > t,. From (14) we obtain [ Q(¢t)G(y(t — o)) dt < co due to Lemma 2.1.

toto o0
Hence liminfy(t) = 0 because fQ G(|F(t—o0)|) dt = oo implies that
fq (t) dt = oo. Since w(t) is bounded and monotonic, then llm w(t) exists

and hence hm z(t) exists. Thus hm z2(t) = 0 (see [1; Lemma 1.5.2]). As
z(t) > y() then tl_l)m y(t) = 0. Suppose that w(t) < 0 for ¢ > t,. Hence
(oo}

y(t) < z2(t) < F(t). Consequently, tl_i}m y(t) = 0. Thus the theorem is proved.
O

THEOREM 2.15. Let —1 < p < p(t) < 0. If (H)) and (H,5) hold and if

o0
[ q(t) dt = oo, then every solution of (2) oscillates or tends to zero as t — oc.

Proof. Proceeding as in the proof of Theorem 2.10, we have w(t) > 0 or
<0 fort>t >t,+p. Let w(t) >0 for t > ¢,. From (14) we obtain, due to

Lemma 2.1 that
/ q(t)G(y(t—0)) dt < o0, (19)

to+o
where t, > t,;. Hence liminfy(t) = 0. On the other hand, lim w(t) = oo in
t—00 t—o0
the case (a) of Lemma 2.1. Hence tgm z(t) = oo. However, y(t) > z(t) implies
(o)
that lim y(t) = oo, which is a contradiction. In the case (b) of Lemma 2.1,

lim w(t) = a, where 0 < a < 00. If @ = 0o, we obtain a contradiction as

t—o00
above. Hence 0 < a < oo. Consequently, thm 2(t) = a. From [1; Lemma 1.5.2]
—00

it follows that o = 0, which is a contradiction. Hence w(t) < 0 for ¢t > ¢,. We
claim that y(t) is bounded. Indeed, if y(¢) is unbounded, then there exists an
increasing sequence {o,}°° | such that o, — oo and y(o,) — 00 as n — oo
and y(o,) = max{y(t) : t; <t < og,}. Hence w(o,) 2 y(o,) + py(o, — 7)
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— F(o,) > (1+p)y(o,) — F(o,). Consequently, w(o,) > 0 for large n, which

is a contradiction. Thus w(t) is bounded. In each of the cases (c) and (d) of

Lemma 2.1, tlim w(t) = —oo, which is a contradiction. In each of the cases
—00

(b) and (e) of Lemma 2.1, (19) holds and hence lip_}infy(t) =0 and tl_i}m w(t)
o0 o
exists. Consequently, tl—i)m z(t) exists. From [1; Lemma 1.5.2] it follows that

t]im z(t) = 0. Hence

0= tlim z(t) = limsup[y(t) + p(t)y(t — 7)] > limsupy(t) + litrginfpy(t -7)

—o0 t— o0 t— 00

= (1+p)limsupy(t).
t—o0
As 14+p >0, then tlim y(t) = 0. The proof of the theorem is complete. O
—00

ExAMPLE. Consider
[e7 (y() +e (e —y(t — 1))"]" + 4e 0 y*(t — 2) = 40e7*, (20)

t>1.Here —1 < —e ! <p(t) <0and q(t) =4e 5. If F(t) = (10/9) e~%, then
(emt F(t))" = 40e73¢ and Jim F(t) = 0. As all the conditions of Theorem 2.15

are satisfied, then every solution of (20) oscillates or tends to zero as t — oo.
In particular, y(t) = e™? is a solution of (20) which goes to zero as t — o0o.
Equation (20) may be written as

y(4)(t) _ (e—(t+1) _ e_l)y(4)(t _ 1) _ 2y”’(t) + (2 e~ ! —66_(t+1))ym(t _ 1)
+y”(t) _ (3 e—(t+1) +e—1)yl/(t _ 1) —12 e—(t+1) y/(t _ 1)
+4e Dyt — 1) + 479 43 (t — 2) = 40e7"

Explanation given in the example following Theorem 2.10 also holds here.
THEOREM 2.16. Let —oo < p(t) < 0. If (H)) and (H,4z) hold and if
?q(t) dt = oo, then every bounded solution of (2) oscillates or tends to zero
gs t — 00.

The proof is similar to that of Theorem 2.16 and hence is omitted.

COROLLARY 2.17. Suppose that the conditions of Theorem 2.16 are satisfied.
Then every nonoscillatory solution of (2) which does not tend to zero as t — oo
s unbounded.

Remark. Theorems 2.10-2.12, 2.14 and Corollary 2.13 do not hold for equa-
tion (1). However, Theorems 2.15 and 2.16 hold for equation (1).
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3. Existence of positive solutions

Sufficient conditions are obtained for the existence of bounded positive solu-
tions of equation (2).

THEOREM 3.1. Let 0 < p(t) < p < 1. Suppose that (H,;) holds with — (1 —p)

< liminf F(t) < 0 < limsup F(t) < 3(1 —p) and G is Lipschitzian on mtervals
t—oo t—o0

of the form [a,b], 0 < a<b<oo. If

oo oo

/T(t_t)(/sq(s) ds) dt < oo, (21)

then (2) admits a positive bounded solution.

Proof. It is possible to choose ¢, > 0 sufficiently large such that

o o0

t 1
L/T—(5<t/sq(s) ds) dt<z(1—p),

to

where L = max{L,,G(1)} and L, is the Lipschitz constant of G on [§(1-p),1].
Let X = BC([ty,0),R). Then X is a Banach space with respect to the supre-
mum norm. Let

S={zeX: t(1-p)<z(t)<1, t>t}.
Hence S is a complete metric space. For y € S, we define

Ty(ty + p) for t € [tg, to+r].

Ty(t) = 4 —p()y(t —7) + L+ F(1)
_tf((;; [ (u = $)g(u)G(y(u - o)) du) ds for t>t,+p.

S

Hence Ty(t) < 2 + 132 = 1 and Ty(t) > —p+ 52 — 52 — 132 = 122 for
t > t, + p. Consequently, Ty € S, that is, T': § — §. Further, for z,y € S

-p
Ty(t) = Tx(t)| < pllz -yl + Tllx -yl =

Hence ||Ty — Tz| < #Hx —y|| for every z,y € S. Thus T is a contraction.
Consequently, T has a unique fixed point gy, in S. Then y,(t) is a solution of
(2) with §(1 —p) <yy(t) < 1. Thus the theorem is proved. a
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THEOREM 3.2. Let 0 < p(t) <p < 1. Suppose that (H|g) and (21) hold. If G
is Lipschitzian on intervals of the form [a,b], 0 < a < b < oo, then (2) admits
a bounded positive solution.

Proof. We may choose t, > 0 sufficiently large such that |F(t)| < =2

10
and - -
t 1—-p
L/m(/sq(s) ds) dt < 50
to t

where L = max{L,,G(1)} and L, is the Lipschitz constant of G on [17_02,1].
We set X = BC([ty,),R) and
S={zeX: L2<zt)<1, t>t}.
For y € S, we set
Ty(ty+ p) for ¢ € [ty, to+0],

Ty(t) = { — p(t)y(t — 1) + =22

- T(ﬁ(sg T(U — 8)q(u)G(y(u — o)) du) ds for t >ty +p.

Proceeding as in the proof of Theorem 3.1 we may show that 7 has a unique
fixed point y, in S and it is the required solution of (2). The proof of the
theorem is complete. O

+ F(t)

Remark. Theorems similar to Theorems 3.1 and 3.2 can be proved in other
ranges of p(t).

Summary

In [6], equations (1) and (2) are studied under the assumption (3). As (H,)
holds for r(t) = 1, then the results of this paper can be compared to some of
the results in [5]. Indeed, Theorem 2.4 is better than [5; Theorem 3.6] for n = 4.
Theorems 2.5 2.7 are new. Theorem 2.8 is comparable with [5; Theorem 3.12].
As equation (1) is not, in general, a particular case of equation (6), then we
obtain every solution of (1) oscillates or tends to zero as ¢ — oo in Theorem 2.8.
Similar situation occurs when Theorem 2.9 is compared with [5; Theorem 3.14].
Theorems 2.10 and 2.11 are similar to [5; Theorems 2.3, 2.1] respectively for
n = 4. Theorem 2.12 can be compared with [5; Theorem 2.2] for n = 4. The-
orems 2.14 2.16 are new. It would be interesting to study neutral differential
equations with quasi-derivatives of the form

(rs (&) (ro () (ry () (y(t) + POyt = 7))")")") + a(t)G (y(t - 0)) = f(2).
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