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Abstract

The multivariate linear model, in which the matrix of the first or-
der parameters is divided into two matrices: to the matrix of the useful
parameters and to the matrix of the nuisance parameters, is considered.
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rameters without loss of information on the useful parameters and on the
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88 Pavla KUNDEROVA

1 Notations, auxiliary statements

The following notations will be used throughout the paper:

R» the space of all n-dimensional real vectors;
Up the real column p-dimensional vector;
A, Tr(A) the real m x n matrix, the trace of the matrix A;
A r(A) the transpose, the rank of the matrix A;
AW j-th column of the matrix A;
vec(A) the column vector ((AMY, ..., (A™)Y;
A® B the Kronecker (tensor) product of the matrices A,B;
M (A) the range of the matrix A;
A~ a generalized inverse of the matrix A
(satisfying AA~A = A);
AT the Moore-Penrose generalized inverse of the matrix A

( satisfying AATA = A, ATAAT = AT (AAT) = AAT,
(ATA) = AT A);

Py the orthogonal projector onto .#(A);

M, =1I—-P, the orthogonal projector onto .#"(A) = Ker(A');
Iy the k& X k identity matrix;

Om,n the m x n null matrix;

o the null element.

If #(A)C #(V),V ps.d., then the symbol PX denotes the projector on the
subspace .#(A) in the V-seminorm given by the matrix V, ||z||y = V&'V,
MY =1-P4Y=1-A(AVA)~AV.Let N,, ispd. (ps.d.) matrix and
A,, » an arbitrary matrix, then the symbol A;n( N) denotes the matrix satisfy-

ing AA_ \WA=A and NA A =[NA_ \ A]'. (A \y is asolution of

the consistent system Az = y whose N-seminorm is minimal, see [4], p. 151).
A;L( N) is called a minimum N-seminorm g-inverse of the matrix A. It holds

MA) ¢ MN) = AN A(AN"A')".
Assertion 1 (see [3], Lemma 16)

(MsSMg)T =3 -9 18(8's718) §'S L= MT ', if S is p.d.,
(MsXMg)m =" —%18(S'S™8)"S'S™, if ¥ is p.s.d. and A4 (S) C ().
Assertion 2 If X is p.d. matriz, Wp.s.d. and S such matrices, that

M(S") = 4(SWS),
then (see [6], Lemma 1)

(M) [MGS(MY)]TMY = (MsEMg)*.
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2 Multivariate linear model with nuisance parameters

Let
Yn,m = Xn,k'Bk,lZl,m + En,m (1)

be a multivariate linear model under consideration. Here Y is an observation
matrix, X, Z, are known nonzero matrices, ¢ is a random matrix and B is a
matrix of unknown parameters

B = (B1, By),

where B; is a k X r matrix of useful parameters which (or their functions ) has
to be estimated from the observation matrix Y and Bs is a k X s matrix of
nuisance parameters. Thus we consider the model

Y = X(B1, B,) (2) +e. (2)

Lemma 1 The model (2) can be equivalently written in the form

veeY) = (2, © X, Z @ X] (Zizggg ) + vec(e). 3)

where a r X m matriz Z1 and a s X m matriz Zo are known nonzero matrices.

Proof is obvious by virtue of the following statement
vec(ABC) = (C' @ A)vec(B), (4)

valid for all matrices of corresponding types. a

Suppose that

1. the observation vector vec(Y) has the mean value

Elvec(Y)] = 2} ® X, 2, X] (2§§E§3 ) 7

and the covariance matrix
varfvec(Y)] = Xy @ I,

where m x m matrix Xy (the covariance matrix of any column of the matrix Y)
is such a matrix that

2. 8y =>" Vi, V9 = (V1,...,9,) €9 C RP, Vi,...,V, given symmet-
ric matrices,

3. ¥ C RP contains an open sphere in RP,
4. if ¥ € 19, the matrix Yy is positive definite,
5. the matrix 3y is not a function of the matrix B = (B1, Ba),
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6. suppose that
M2, X, Z, 0 X) C My @ I); (5)
this condition is warranted by
M(Zy)CMEy) N M(Zs) CAM(y); (6)

and it means that
vee(Y) € A (X9 @ 1) (a.s.).

Remark 1 A parametric function p’vec(B1),p € RF", is said to be unbiasedly
estimable under the model (2) if there exists an estimator L'vec(Y'), L € R™,
such that E[L'vec(Y)] = p'vec(B1), Vvec(B1), Vvec(Bs).

The equality

E[L'vec(Y)] = L'(Z} ® X)vec(B1) + L' (Z}, ® X)vec(Bsy) = p'vec(B1),
VYvec(B1), Vvec(Bs), is fulfiled if and only if
p=(Z19 X)L & (Zy® X')L = o,
that is equivalent to
p=(Z,® X’)Mzé@)xu, u € R™.

Thus the class of all unbiasedly estimable linear functions p’vec(B;) of the
useful parameters in the model (2) is given by

51 = {p/UGC(Bl) p € %[(Zl ®X/)MZQ®X] = -//[ZIMZé ®X/]} (7)

Obviously the class of all unbiasedly estimable linear functions q'vec(B3) of the
nuisance parameters in the model (2) is given by

&y = {q/UBC(BQ) 1 qc %[(Zg X X/)MZ{Q@X] = %[ZQMZ{ ® X/].

Notation 1 Denote Uec(/Bl) and vec(/ﬁg) an (X3 ® I)-LS estimator of the
vector parameter vec(B1) and vec(Bs) respectively computed under the line-

ar model (2) (see [1], p. 161). According to the assumption (6) p’ve/c-(\Bl),
p e M|(Z1® X' )Mz 5x], and q'vec(Bs), q € M[(Z2® X')M 21 5], are the
BLUES of the function p’vec(B1) and q'vec(B3) respectively (see [1], Theorem
5.3.2., p. 162).

Theorem 1

vee(B) | _

vec(Ba)
((Zl[MZézﬁMZ§]+Z/1)_Z1[MZ§26M2§]+ ® (X'X)" X'

(M, S9My )t vec(Y).
(Z:55 Z5) " Z,5, M, 2% o (X' X)X ) )
1
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Proof According to [1], Theorem 5.3.1 we have under the model (2)

()
vec(Ba)
=[(Z10X,Z,2X) (Zy@I) (210X, Zy0X)]~ (§;§§:> (By®I)"vec(Y)

Z\3,Z' 0 X'X, 215, Zy0 X' X (Z15,' o X'
= v ’ L, ’ 21 ;| vec(Y). (8)
25,7270 X' X, Z:X,7Z,0 X' X ZyYy X
Using the following Rohde’s formula for generalized inverse of partitioned p.s.d.
matrix (see [3], Lemma 13, p.68)
A, B\ (A +A B(C-B'A"B)"B'A",-A"B(C-B'A™B)"
B.,C) —(C-B'A"B)"B'A™, (C—-B'A B)~
_ (A-BC B, —-(A-BC B')"BC~
~\-C"B(A-BC B')",C +C B (A-BC B')"BC™ )’
we get the blocks of the g-inverse matrix in (8):

A = (Z\[M 5% My " Z))” © (X'X)7,

A12 = —[(Zl[MzéZﬁMzé]-i_Z/l)_ZlZ;Z/Q(ZQEEZQ)_
2(X'X) (X' X)(X'X)",
A21 = (Alz)/7

Az = (2235 Z3)” @ (X'X)7]
+(Z255 Z)” 225, Z5(Z1[M 2,29 M 2,]Y 2)” 2155 Z5(Z25; Z5)~
(X' X)) (X' X)) (X' X))
After some calculations we get

—

UeC(Bl) = [(Zl[MZéZ19MZé]+Z/1)_Zl[MZéEﬁMZé]J'_ ® (X/X)_X/]UBC(Y).

— M, SyM, ]t
[zé9 zé]

vec(Ba) = [(Z235 Z4)” Z2X 3 M, ® (X' X)” X'|vec(Y).
1

—

The estimates obtained by substitution vec(B1) into unbiasedly estimable func-
tions p’vec(B;) are given uniquely. It can be proved if we take the following
assertion (see [3], Lemma 8, p.65)

AB™ C is invariant to the choice of the g-inverse B~
— HMA)Cc #(B') & .#(C)cC.#(B), 9)

into account. O
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Theorem 2 Let us denote Xg = > ©_, 99, V.

a) In model (2) the function g'9 = > 1_, g¥;, ¥ € ¥, is unbiasedly, quadrati-
cally and invariantly estimable (i.e. the estimator has the form [vec(Y )] Afvec(Y)],
where Apn mn 1S symmetric matriz, the estimator is invariant with respect to
the change of the matriz B) if and only if

ge A (S(M(Zich,zé@x)(20®1)M(zi®x,zé®)())+) )
where
{S(M(Zi®x,zé®x)(EO@I)M(Zi(g;X,Zé@X))'F}iJ =
= TT[(M(Z;®X,Z§®X)(20®I)M(Z;®X,Z;®X))+(Vi®1)(M(Z;®X,Z§®X)(ZO®I)
XM (z1ox,2,0x) (Vi 1), i,j=1,...,p.

b) If the function g’'0 satisfies the condition from a), then the 9o-MINQUE
of g'9 is given as

p
g0 =Y N(wee(Y)) M (z70x 20x)(Z0 @ DM (z10x, zy0x)) T (Vi @ I)
=1

X[M (z10x,250x) (B0 @ I)M (710 x, 2;0x)] Tvec(Y),

where the vector A = (A1,...,\,)" is a solution of the system of equations

S(M(Zi®X,Zé®X)(ZO@I)M(Zi(X)X,Zé@X))-F A= g

Proof see [4], Theorem IV.1.11.

Remark 2 The matrix S(M(z/ ox)* is called the crite-
1

®X,Zé®x)(20®I)M(Z£®X,Zé
rional matrix for the estimability of the function g’¥.
As M (z19x z,0x) = Mzyex M, o zi0x) = Mg, o (ziex) M zjx, it
holds

{S(M(Zi®X,Zé®x)(ZO@I)M(Zi(g;X,Zé@X))'F}i’j
= Trl(Mar ) gy (210 M zp0x (B0 @ I)MZQQ@XMM(Zé@X)(Z{®X))+(Vi ®I)
X(MM(ZQ®X)(Z{®X)MZ§®X(ZO ® I)MZ§®XMM(ZQ®X)(ZQ®X))+(Vj ® I)]
=Tr{(Mzox M z;0x (30 @ )M 710 x M 70x) " (V@ I)
X(M z15x M z10x (30 @ I)M z16x M 210x) " (V@ I)],i,j =1,...p,
where the equality

Mty 60 Mg (S0 © DM 230 Mo o))

= [M z16x M z;0x(X0 © I)M z;0x M 219 x]7,

was used.
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3 Eliminating transformations

There are situation in the practice, that the number of nuisance parameters is
much more greater than the number of useful parameters. This fact could cause
difficulties in the course of calculations.

There exist two approaches to the problem of nuisance parameters. One
of them is to eliminate the nuisance parameters by a transformation of the
observation vector provided this transformation is not allowed to cause a loss
of information of the useful parameters.

Our task is to eliminate in the model (2) the matrix Z3 ® X, belonging to
the vector vec(B2) of nuisance parameters, i.e. we consider the following class
of eliminating matrices

T={T :T(Z)® X) = 0},
that leads us to linear models
[ Tvec(Y),T(Z @ X)vec(By),T(Zy @ )T . (10)
The general solution of the matrix equation T(Z5 ® X) = 0 is of the form
T=A[I-(Z,0X)(Z,2X)7],

where A is an arbitrary matrix of the corresponding type, (Z), ® X )~ is some

version of generalized inverse of the matrix Z}, ® X.
If we choose (Z4,® X))~ =[(Z,®@ X)W (Z,® X)|~(Z5 2 X)'W, where
W =W, ® Wy is an arbitrary p.s.d. matrix such that

M(Z20X') = M (220 X)W (245 X)), (11)
then T = AM ?Z@) x, where M ‘évé@ x is given uniquely.

First we consider the transformation matrix T' = M %@ x, l.e. we consider
linear model

[M 3, o xvee(Y), My, o x (Z10X vec(B1), My, o x (S9@I) (M, x)'], S9 pd.

(12)
Remark 3 As M‘é?g)gv%ec(Y) = I, @ I,)vee(Y) — (P?Zl @ PY*)vec(Y),
we can write Y =y — P)ngY(PZI)’.
Lemma 2 Let W is p.s.d. matriz such that (11) is valid. Then
M(Mzyex) = M (MY ox]).
Proof see [7], Lemma 2. O

Thus
M(Zy® X'\M gyx] = M[(Z1© X')(My,5x)],

i.e. the classes of the estimable functions p’vec(B1) in the model (2) and in the
model (12) are identical.
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Theorem 3 The 9-LBLUE of the estimable function p'vec(B1), where p €
M(Z1 @ X")M z,5x] in the model (12) is given as

p’ve/cFBl) =
= p'[(Zl[MzézﬁMZé]jLZ/l)*Zl[MzézﬁMZé]+ ® (XIX)in]UGC(Y),
i.e. it is the same as in the model (2), (see Theorem 1).

Proof According to [2], Theorem 3.1.3 the ¥-LBLUE in the model (12) is given

as -
p'vec(B1) =
!
=p’ {(M ox (2] ®X)) } Mlgg@Xvec(Y)
O (E0@D(MY )

=p {[MZ’®X(Z/1 ® X)] [(MZ’®X(E«9 ® I)(MZ’@)X) I MZ’®X(Z/1 ® X))}
X [MZ§®X(Z/ ® X)|'[MY, 1ox (3o ®I)(MZ’®X) ]_MZQ@)XU@C(Y)
=p'{(Z:o X’ )(MZ'®X) [MZ'®X(E«9 ®I)(MZ;®X) It MZ@X(le ® X))}
x(Z1oX' )(MZ’®X) [MZ’®X(219 ® I)(MZ®X)I]+MZ®XU€C(Y)'

Using Assertion 2 and Assertion 1 we get
p'vec(B1) = p'{(Z1 © X')[M z0x (S0 © DM z50x]" (2 ® X)}~
X(Z1® X") M z,6x (X9 @ I)M 215 x] vec(Y)
=p{(Zi0 X5 e D)(Z1 0 X) - (Z1e X') (2, @ I)(Z, ® X)
< (220 X)(S;" © 1)N(Zh © X)| (220 X)(S;" 0 (2, 9 X))
x{(Z12 X' 0l) - (Z10 X)) (' @ I)(Z, X)
x[(Zo© X')(35' @ I)(Zy ® X)] (Zo® X') (S, @ I)}vec(Y)
=p'(Z\[M 2,30 M 7)Y Z)” Z1[M 2,59 M z]" ® (X' X)™ X|vec(Y).
The validity of
MMy, ox(Z1®X)] C f//f[MZ'@)X(Zﬂ ®I)(MZ’®X) ]

follows from (5) and from regularity of ¥y. O

Lemma 3

(MZ’®X) [MMW

’®X

(z ®X)MZ’®X(ZO®I)(MZ’®X) M ppw (Z{®X)]+M?2®X

z’®x

= [M z10x M 7;0x (%0 © I)M 210 x M 770 x]"
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Proof Using Assertions 1,2 we have

(M7,0x) [M

Z’®X

(Z’®X)MZ’®X(ZO®I)(MZ’®X) M yw (Z{®X)]+M?Z®X

Z’®X
= (M?Z®X)/[MZ®X(ZO ® I)(M?{@X)/]JrMZ@X
(MY ) [MYx (B0 @ (MY )]| MYk (2, 0 X)
< {(Z0 0 XN (MY o) [MY o (S0 @ DMYox)| MYox (210 X))

X (2 ®XI)(MZ’®X) {MZ'Q@X(EO ®I)(MZ’®X)I}+M?Z®X
= (M z,0x (20 @ I)M z,5x)" — (M z,0x (20 ® I)M z,5x) "
X (210 X)[(Z1® X") (M z,0x (20 @ )M 710x)" (2} @ X)|~
X (Z1 @ X") (M z,5x (30 @ I)M z,5x)"
= [Mzj0x M 7;0x (S0 @ I)M 7,0 x M 70x] "
O

Theorem 4 A linear function g'9 of the vector parameter 9 € 9 C RP, unbias-

edly estimable in the model (2) before eliminating transformation is unbiasedly
estimable in the transformed model (12).

Proof The (i,j)-th element of the criterional matrix in the model (12) is given

by
S w MW (Se@D)(MY, )MW )t
MZé@X(Zl(X)X) zL®X Z,0X M (Zl®X) i
+
/
:T {|:MM‘Z/‘C®X(Z’®X)MZ’®X(EO®I)(MZ’®X) MM‘Z/\7®X(Z{®X):|

+
[MMW (Z{®X)M?Z®X(EO®I)(MEV’®X)MMW (z;®X)}

zZ!®x 2 z’®x

XMZ’@X(Vj ® I)(MZ’®X) }

+
{[MZ’®X) [MMW (Z’®X)MZ’®X(EO ®I)(MZ'®X) M yw (Z{®X):|

’®X Z’®X

X MZ’@X(Vi ®I)(MZ’®X)

+
[MMW (Z’®X)MZ’®X(EO®I)(MZ’®X)/MMW (Z{®X):| MZ’®X(Vj®I)}~

Z! @ X Z’®X
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By Lemma 3 then

S( w w ==
M, w M (EO@I)(M )’M w )+
{ MZQ®X(21®X) zhox zh@X MZé®X(Zi®X) iy

=Tr { [M 2/ x M 776 x (Yo ® I)MZ§®XMZ{®X]+ (VielI)

X [Mz0x M z30x (30 @ )M z,x M 70x] " (V; ®I)} cij=1,...,p.

Due to the Remark 2 it is evident that the criterional matrices in the model (2)
and in the model (12) are identical. O

Theorem 5 Let g'd, 9 € ¥ be an unbiasedly estimable function. Then the
Yo-MINQUE in the model (2) and the 99o-MINQUE in the model (12) after
elimination coincide.

Proof We have seen that each function g’d, that is unbiasedly estimable in
the model (2) is unbiasedly estimable in the model (12).
According to Theorem 2 the ¥o-MINQUE in the model (12) is given by

g0 = N(vee(Y)) (MY, o)

=1

’ ’
ZH®X Zy0X

+
My (oo Mox (% 8 DM ox) Magy 0]

x M?Z@X(Vi ® I)(M?Z@)X)/

+
X [MMW (Z{®X)M?Z®X(EO ®I)(MZ®X)IMMW (Z{®X):|

zh@X Z,eX
X Mgz@Xvec(Y)
+
=Y Xi(vee(Y)) [M z10x M 7,0 x (S0 @ )M zjox M zjex ] (Vi ® I)
=1
+
X [M 719 x M 730x (S0 @ I)M z,6x M z15x] " vec(Y),

i.e. this estimator is identical to the estimator in the model (2)—see Remark 2.
Lemma 3 has been taken into account. a

Lemma 4

_ »t
[MZ{®X(219®I)MZ{®X]+:(Eﬂl(g)I)_(sz ® Px). (13)
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Proof With respect to Assertion 1
[Mz;0x (39 @ I)M z15x]" =

= (' o)~ (55" 21(2,:3;'2))" 2,5 @ X[X'X]” X)

Z_l

= (S 'eI) - (zglpzf ® Px).

Lemma 5
[MZ£®X(E’0®I)MZ£®X]+ [MzizﬂMzi]Jr@I

Zy0X =Mzex (14)

Proof With respect to MY, = I — P = I — A(A’VA)~ A’V and using
Lemma 4 we get

(M1 @X) (S0 @T) Mgy g x]*
20X
— (oD~ (2,0 X)(Z:0 X) (S @ 1) - (5P} @ Px)}(Z)e X))
% (2,0 X)(S;" @ 1) — (55 P} @ Px)]
= (I 1)~ (Z4]Z5[M 2, S9 M 5,|" Z4]” Z5[M 2, Sy M 7" © X[ X'X]”X')

[MZ1219M21]+ [Mziz19Mzi]+®I

:(I@)I)—(PZé ®PX):MZ§®X . a
Lemma 6
[1\4zé®x(219‘591)1\4zé®xrr [MZ£®X(E'0®I)MZ£®X]+ _
Zi0X T zyeX -
. [M21®X(219®I)M21®X]+ [Mzé®x(z19®I)Mzé®x]+ —0
— Y zeX P ziRX -
Proof With respect to Lemma 5
[MZ£®X(219®I)MZ1®X]+ [MZ£2,0M2£]+®I [MZ£2'0MZ£]+ p
ZyRX — ' zi0x — 4z ® Fx,
[MZ’®X(Z19®I)MZ’®X]+ My Sy My, |t
analogously P, 2 2 =P, ? 2 ® Px. Since
gously £z g x 7z X
(Mg ¥o Mgy |*[Mgr 3o My ]* [MyrBo Mg 1T [Myy 39 My, ]*
z 4z =tz z =0,

we get the statements. a
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Lemma 7
oytel (Mg X9 My ]+ (M 39 My, 1"
M(Z191®X,Z£®X):(I®I)_(PZ{ ’ ’ ®PX)_(PZ; ® Px)
[MZ’®X(219®I)MZ’®X]+ [MZ’®X(E19®I)MZ’®X]+
:(I®I)—PZ§®2X 2 _ Zé@lx 4
[Mzi®x(219®1)Mzi®x]+ [Mzé@ux(z@])Mzé@X]Jr
T zyex "Mziex
Proof
M ®l —(Iel)-(Z,9X,Z,® X
Ziox,zex) = LT = (210 X, Z,© X)

Z,®X' _i , , T (Z:5)' e X!
(Zox)Erenzex e (5005

=(I®I)—-(Z)2X,Z,2 X)

(23512 0 XX, 2,55 20 XX\ (255 9 X!
Z:5,'Z\ 0 X'X, Z,5,' Z, 9 X' X Z:5, @ X'

o / / Alla A12 legl ®X/
~ren-Zexzex) (440 (250N,

where (using the second Rohde’s formula)

Ay = (Z\[M 759 My)"2))” @ (X'X)7,

Ay = —[(Z1[M 529 M 2| " Z1)” 2,55 Z5( 255" Z)~
B(X'X) (X' X)(X'X)7],
and (using the first Rohde’s formula)
Agy = —[(Z2[M 259 M 7,17 Z5)” 2,55 2 (2,5, Z7)~
B(X'X) (X' X)(X'X)7],
Aoy = (Z2[M21219MZ{]+Z/2)7 X (X/X)7

Substituting these expressions we get the first assertion. The rest of the proof
is evident (with respect to Lemma 5 and Lemma 6). O

If we use in the eliminating transformation T' = M Z@ x the following matrix

+
W =[Mzex(Xo@D)Myzox|
we get the transformation matrix (see (14))

[MZ1®X(E19®I)MZ1®X]+ [MZQET9M21]+®I

T= Mz§®X — M zieX )
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that is very useful. It eliminates the nuisance parameters and does not change
the design matrix belonging to the vector of useful parameters, i.e. this trans-
formation yields the following model

My S9My 1TRI ,
Z;@lx 1 vec(Y), (Z] @ X)vec(Bh),

M, S9My TRI M, S9My TRI
My (e DMy )], Sepd (15)

Remark 4 a) The matrix W = [M21®X(El9 ® I)MZ;®X]+ satisfies the as-
sumption (11), see [2], page 189.
b) Theorem 3, Theorem 4 and Theorem 5 are true in the model (15).

Let us consider the more general model

(M 3o My T @1

AMZ$®X vec(Y), A(Z} @ X)vec(By),

My S9My TRI
1 1
Z,®X

[Mzi EﬁMzi]Jr@I

AM (Zo @ I)(M i YA'|, Sy pd., (16

where A is such that
M(Z10 XA ] = M|(Z1® X'\ M z7,5x], (17)

i.e. the classes of the unbiasedly estimable functions in the model (2) and in the
model (16) coincide.
It holds

E (AP[MZé®X(219®I)MZé®X]+UeC(Y)> _ 5 (A [MzéEﬁMzé]+®I

Z|9X P, o vec(Y))

M, SyMy )TeI
2 2

= APZ;@X

[(Z] ® X)vec(B1) + (Z4 ® X )vec(Bs))
= A(Z'| ® X)vec(B1),
e APL Al

Z@X
A(Z ® X)vec(B;) for each matrix A.

vec(Y') is an unbiased estimator of the vector function

Lemma 8

M, oMy 1TQI
2 2
Z!®X

My ox (o@D Myr o5t
vec(Y) = APZ,QZ;)?X ' 2295 ece(Y)
1

1s the best estimator of its mean value.
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Proof We use the basic lemma on the locally best estimators (see [4], p. 84).
The class of the estimators of the null parametric function in the model (2)
can be expressed in the form

, el mn
U = {“’Mézi’@gx,)zg@X)”eC(Y)’V“ € R™},

as

BlDvec(Y)] = 120 X, 2,0 %) (1ot pt) ) <o
Yvec(B;) € R*, Yvec(Bs) € R*,
— L(Z\®X,Z,® X)=0
o 'er
< Le <//Z[M(Z{®X,Z§®X)] = %[(M(£{®X7zé®x))l]~

[Mzé®x (219‘591)1\4zé®xrr
Zi9X

vee(Y), w' M. 2, &1 vec(Y))

cov(AP (Z0X, 2,0X)

[Mz/®x(219®1)Mz’®x]+ soler
2 2 9 /
210X (E‘9®I)(M(Z{®X,Z§®X))u

[Mzé®x (219®1)Mzé®x]+
Z@X

=AP

-1
Py

= AP M(Z{@X,Zé@X)(Eﬁ ®@Iu =o0, Yu € R™,

for each matrix A, as according to Lemma 6, Lemma 7

n
Mz 5 x (Bo®D My g x] Mz;1®1 —0 O
71X (210X, Z,0X) = =

My o x (Zo@N My o 1T
Theorem 6 In the model (16) the estimators APZ,;Z)?X ! 72X vec(Y),
1
where A is an arbitrary matriz such that

M((Z1 @ X")A) = M(Z, @ X' )M z,5x],
create the class of all optimal estimators of the vector function A(Z®X )vec(B1).

My S9My tTRI )
Proof Let us denote B =M ,, .'v ! . According to [2], Theorem 3.1.3,
2

the 9-LBLUE of the vector function A(Z}] ® X )vec(B1) in the model (16) is

/
A(Z} @ X)vee(B1) = A(Z1@X) {[(Z1© X)A] 4o | ABuecY)

= A(Z 0 X) {(Z1© X)A' [AB(2 @ DB'A]” A(Z, 2 X)} (Z19X)A’
x [AB(Sy @ I)B'A’| ABuvec(Y)
— AB(Z\©X){(Z,® X')B'A'[AB(Xy © )B'A'|"AB(Z} ® X)} (Z,2X")

xB'A' [AB(S) © )B'A']” ABuec(Y) = PLL 2074 ABvec(y).
1
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It is the best unbiased estimator. With respect to the basic lemma on the best
estimators

cov {P[AB(E@@I)B,ATABvec(Y), uIM(EZTg)é,Z;@X)UeC(Y)} =0, Vu € R™,

AB(Z;®X)
is valid, i.e.
[AB(Zy®I)B' A~ s;tel
PAB(Z{%X) AB(Zg®I)(M(Z01®X7Z£®X))’u’

_ P[AB(E,@I)B'A']—ABMZ;1®1

AB(Z®X) (Ziex.zy0x) (50 © Nu' =0, Yu €R™.

Thus

(M ¥ Mz, |t @1

[AB(Sy@I)B'A']~
PAB(Z;%X) ABMZ{@X =Y

where Lemma 7 and Lemma 5 have been utilized. From this equality it follows

P[AB(M@I)B’A’]*AB%C(Y) _ P[AB(E@@I)B’A’TABP[MZQE’9MZ§]+®IUec(Y).

AB(Z,®X) AB(Z,®X) Z/®X
Let us denote
C=(Z,® X/)B/A/[AB(Eg ® I)B’A’]‘AB(Z’1 ® X).

Then

A(Z} ® X)vec(By) = PE?IQ(ZE{%@;;B,ATABWC(Y)

=AB(Z,® X)C C[(Z,® X')([M 2,39 M 7" @ I)(Z} @ X)|~
X(Z1 @ X")[(M 2,59 M z;)* @ I'vec(Y)
=AZ1 @ X)[(Z1® X')([M 7,2 M z|" @ I)(Z) @ X)|~
X(Z1 @ X")[(M 7,59 M z;)* @ I'vec(Y)

(Mg S My )01

= APZ£®X vec(Y),

(the best estimator of its mean value A(Z® X )vec(B1) according to Lemma 8).
The following equivalence has been taken into account

(Mg S My ) oL

(Z\eX)C~C _an M) e
Z,®X 1 Z,®X

AM (Z1©X)=AB(Z\®X)

+
P ( apg Mz Bo Mzl

M, % (Z, @ X)) 1 c.u(C).

The g-inverse matrix in the matrix C can be chosen arbitrarily. If we chose it

positive definite, the condition on the right side of the equivalence is obvious.
O
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Example 1 Let us consider following situation (see [5]). When laying the foun-
dations for a large building it is necessary to determine the moment at which
the subsoil (after large landscaping has been done) stabilizes to the point that
it is possible to continue construction without risk of following damage.

There are n points chosen at the building site and their heights are repeat-
edly measured at the moments ¢1,...,¢,. It is necessary to create a model
describing the subsidence of the subsoil at the chosen points and to estimate
the unknown parameters of this model on the basis of the results of the repeated
measurements.

The result of the measurement at the i-th point in the j-th epoch could be
described as follows:

ni(ty) = ki — (1 —e M) tey, i=1,...,n, j=1,...,m, (18)

where r; is the height of the i-th point at time to, the function (1 — e=72t)
describes the movement of the earth-strata at each point. The parameters
B1 > 0,02 > 0 are the same at the different points, i.e. we suppose that the
geological composition of the subsoil is homogenous. The aim is to estimate the
unknown parameters 81,02 and k;, i =1,...,n.

The civil engineer needs to know when it is possible to continue the con-
struction, i.e. when the subsidence of the subsoil at the points is insignificant.
It means that it is necessary to determine such 7 that

Bi(1—e P27 > O,

where 0 < C < 1 is a suitable constant which is sufficiently close to 1. It is
possible to continue the construction at the time ¢ > 7.

The model (18) is not linear in parameters; we linearize it by using the
first two members of the Taylor expansion of the function 3;(1 — e~?2%) at the

suitable point (81,0, 082,0), 81,0 > 0, 82,0 > 0.
We get the model

ni(tj) =
= ki —[Bro(1—e P200) 4 (1 —e P20 ) (B — By o)+ B ot e P20 (By— Bao)] +eij,
1=1,....,n, 5=1,...,m.

Denote
VI = mity) + Bro(1— e P20%), 1(t) = —(1— 7729, a(t) = = gte” ",

0pr =01 — B, 6Ba=p02—Poo, t=1,...,n, j=1,...,m.
Thus

}/;(j) = K; + apl(tj)éﬁl + QDQ(tj)(SﬁQ +éey,t=1,...,n, j=1,...,m.
Let us consider the observation vector

Y:(Y(l)w”?y(m))7 vy :(Y1(j)7«-«7yygj))-
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The model described above could be rewritten in the form

Y = X(B1, B,) (g;) +e,

where
01, 602 K1
01, 602 K9
X=1I, B;= . . By = . )
01, 6032 Kn

e1(t1), pa(ta), .. 1(tm)
Zi = Zs=(1,1,...,1).
= (o oy ) 7= :
The n x 2 matrix B; is a matrix of useful parameters, the n x 1 matrix By

is a matrix of nuisance parameters.
Let us choosen =2, m=2, t; =1, t2=6, Bio=1, [(0=1,

—0,6321 —0,9975 B
7= (—073679 —0,0149> . Zy=(1,1).

dB1 62 K1
B - B =
' (551 582 ) TP Ko )’
For the sake of simplicity let us choose W = I, X = ¢2I, then we have for
X=1

05 0 —-05 O
0 05 0 -05
-05 0 05 O ’
0 -05 0 05

M?Z@)X =1-[25(2:25) Z>® 1] =

10-1 0
M, SM,/ |T®I - 010 —1
s L =1 (25(2M 4 Zh) ZoMy oI = | (00 o |
00 0 O

M, M, 1Tl
[ 7} zé] ®

z =Z\(Z 1M 2,Z))"Z My o1

—0.3917 0 0.3917 0

0 -0.3917 0  0.3917
—1.3917 0 1.3917 0

0 —-1.3917 0 1.3917

All these matrices eliminate the nuisance parameters.

Remark 5 Papers [3], [6] deal with univariate model, in [7] there is the multi-
variate linear model (2) with var{vec(Y )] = I ® Xy considered.
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