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(Communicated by Gejza Wimmer )

ABSTRACT. In a deformation measurement a link between the mean value of
an observation vector and coordinates characterizing an investigated object need
not be linear. Also functions characterizing the time course of coordinate changes
of points need not be linear in parameters. Thus the problem arises whether esti-
mators can be obtained by linear methods or not. Some criteria for a linearization
are given in the paper.

1. Introduction

Deformation measurement can be characterized as follows. Several points
characterizing a state of an investigated object (dams, bridges, gas holders, etc.)
are located on it. Their positions are given by a k-dimensional coordinate vec-
tor B € R¥ (k-dimensional Euclidean space). The value of 3 is changing during
the investigation and it can be expressed in the form {8}, = 5, = 5,(t,,),
i =1,...,k, where 3,(-,~) is a known function and +, is an unknown vector
parameter linked with the time varying coordinate 3; and ¢ is the time. The posi-
tions of the vector 3 are measured at several time moments ¢,,...,t,, (epochs),
and differences among vectors 3(t,),...,0(t,,) characterized by a time course
of the functions G, (:,+),...,B,(+, ) are a basis for studying a behaviour of the
investigated object deformations. (Another model of deformation measurement
is investigated in [3].)

Positions of characterizing points, i.e. values 3(t,),...,8(t,,) of the vector 3
at the times t,,...,t, , respectively, are determined in m experiments, each of

b
them characterized by a nonlinear regression model. The models are linearized
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and, by a standard method, estimators ﬁ(tl), e ,,é(tm) from these experiments
are determined. Then a problem arises how to estimate parameters =,, i =
1,...,k, occurring in the functions 8,(-,~), i=1,...,k.

A standard procedure is the following one. At time points ¢,,...,t  , approx-
imate values ﬂo,w i=1,...,m, of the vector 3 (i.e. a position of the charac-
terizing points) are known and the nonlinear regression models are linearized at
them, i.e. the linear term in the Taylor series of the model is used only. Thus
the estimators B(¢;), i = 1,...,m, are given in the form B(¢;) = B, ; + 6B(¢,;),
i=1,...,m. The vectors ﬁ(ti), i=1,...,m, are a basis for a determination of
the parameters =;, i = 1,...,k. In general the functions §,(:,;) are nonlinear
in the parameter 7, and thus again a problem of linearization arises.

Since a utilization of a nonlinear estimation theory in the investigated case
is complicated, the linearization of the mentioned regression models and the
functions f;(-,+-) seems to be the only possible way. Nevertheless it can lead
to nonadmissible biases in estimators of the vectors 3(t,), v;, i = 1,...,k,
and their variances, i.e. to a nonadequate interpretation of the deformations. In
practice it can have far-reaching consequences.

The aim of the paper is to contribute to a solution of the problem in such
a way that there are given sufficient conditions under which estimators of the
vectors 3(t,),...,B(t,,), and the parameters v, ..., , can be obtained in the
framework of linear models. The conditions are based on measures of nonlinearity
inspired by Bates and Watts [1].

2. Notations and auxiliary statements

Let Y, be an observation vector at the time ¢;, ¢ = 1,...,m, and let
Y, ~ N {f[B(t;,7), X}, ie. Y, is normally distributed with the mean value
f[B(t;,~)] and the covariance matrix X. The known function f[B(t;,v)] is of
the form

{f[ﬁ(ti,'y)]}s = f, [ﬂ1(tw71)»--'vﬂk(ti,%)] , s=1,...,n.
The vectors Y,,...,Y,, are stochastically independent.

In practice, in horizontal deformations the functions f;,(3) are of two kinds.
When a distance between points P(g,, B,.1) and P(B,,B,,,) is measured,

14B) = \J (B = B2 + (B, — Br40)?

When an angle at a point P(8,, 0, ;) between directions on points P(0,, Bs+1)
and P(B,,B:41) is measured, then

t r s — P
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The functions f,(:,--) are either chosen after several experiments, when a
time course of values Bi(tl),...,ﬁi(tm) hint a type of the function, or it is
known from a theory of investigated deformations what kind of function have to
be chosen.

In some cases, e.g. in vertical deformation measurements, experiments for

a determination of the parameters 3(t,),...,8(t,,) can be characterized by a
linear regression model, i.e.

Y,,: ES Fﬁ(tl) + e’i y Va.r( Yl) = 2

S
and the functions can be given in the form §;(t) = > v, ,4,(t), where v, ,. are
T:l ’ k)

unknown parameters and ¢,.(-) are known, e.g. polynomials. When the notation
Y = (Yigr--s%s)s © = 1,...,k, is used, then we obtain well-known linear
growth curve model

!
T\ [61(t), 6(8)s ooy $i(tn)
(Y., Y )=F | o [ o +e
’7’ ¢3 (t1)7 ¢3(t2)7 bl ¢3(tm)
where € is an error matrix.
a
In the following let vec(A,, ) = . |, where A is an m X n matrix

a

n
with the columns a,,...,a

.

The symbol ® denotes the Kronecker multiplication, i.e

(a1,1v a1,2) ®B= (a1,1B’ a1,2B) _
G310 G2 a8, a,,B

The model which is in our focus can be written now in the form

Y=(Y,...,Y,)=(B),...,0(t,)) +¢, Var[vee(Y)] =10 X,
Bt) = (B (tnv1)s-- B8t )) s i=1,...,m

(1, ., is an m x m identity matrix).

The symbol Pf:r1 denotes the projection matrix on the subspace M(F) =
{Fu: u € R*} in the norm ||x||g-: = V/x'X~1x given by the positive definite
(p.d.) matrix 7' and M =1-PE .

In the following the Taylor series of the second order will be assumed to be
sufficient to express the functions f,(-), s=1,...,n, and ﬂj(t, ), i=1,...,k.
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It means

fB(t,v)] = f[B(t,7?)] + F(¢)G(t)dv + %n(t) + %F(t)‘r(t),
F(t) = 0f (u)/0u'|,_p, -0y »
G(t) = c'?ﬁ‘(l/)/ﬁ'v lyey >

k(1) = (K (1), K, (1))
Ki(t) = 8v'G (£)0% [, () /Oud’|,_y, o) G®OY,  i=1,....n,

() = (r,(8), ..., 7, (1),
7,(t) = 6v'0%6;(¢, v)[OvdV'| ,__ )0 ji=1,...,k.

After m epochs the model can be written in the form

Elvec(Y,,...,Y,)] = +FG57+§n+§F (1)

b= [F 186~ P (B 7))

Fit,), 0, ..., 0, 0
F— 0, F(,), ..., 0, 0 ’
0’ ...... 0 ”O’F(tm)
G = (G'(t),---,G' (),
9B, (t;,71)/ 07 o, o, ... 0
G(t,) = 0, 006, (t:sY,) /075, 0, ..., 0 |
. e e

v =(0,...,0m), k= (k). ..,k (t,)),
= (r'(t,), ..., 7'(,))
Var[vec(Y;,..., Y,,)] =1®%.

The model (1) is given by its mean value

F(8) = f,+FGoy + S5 + SF7

and its linear version is
f(B) = £, + FGd~. (2)

A link between the mean value of the observation vectors Yi,..., Y, and the
parameter « is expressed here. The parameter « is unbiasedly estimable in this
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model if and only if r(FG) = s and the matrix ¥ is p.d. Thus the model cannot
be used until the number of measured epochs multiplied by the dimension & of
the parameter 3 is larger than the dimension of the parameter . The model
of first m (mk > s) epochs must be considered in the form

E[(vec(Y)] = f = £, + F68 + %—n(aﬁ) . (3)

This model (usually in its linear version) is used for the determination of the

vectors ﬁ(tl), e ,B(tm).

When a determination of the parameters =, . . .,7, comes into consideration,
then the relation between @ and 4 must be taken into account, i.e.
B =B, +Govy + 57(07). (4)
The linear versions of the two last models are
f="f+FiB (5)
and
B =B, + Gdv. (6)

It is to be emphasized that a possibility to use the linearized version, i.e. the
models (5) and (6) leads to the equivalence between estimators of the parameter
~ from the model (2) and from the model

B(tl) Var[,[;(tl)], o, ..., 0
E - ,80 Nmk Gé")’, ............................ REREE
'@(tm) 0, 0, ..., Var[G(t,,)]

(cf. Lemma 3.3). From the viewpoint of practice, it is very important and thus,
except another reasons, a problem of linearization becomes important as well.

Let the rank of the matrix F(t;) be r[F(t,)] = k < n, ie. r(F) = mk,
1(G,,; ,) = s <mk, 1(FG) = s < mn and let the matrix ¥ be positive definite
(p.d.) and known. In the case ¥ = 0%V, the known matrix V is p.d. and
0% € (0,00) is an unknown parameter. It is assumed that the matrix ¥ is either
known, or it is of the form ¥ = 02V and the matrix V is known.

If the number 7 of the epochs is smaller than s/k, then the vector pa-
rameter v cannot be estimated on the basis Y,,..., Y, , however, the vectors
0B(t,),...,60(t,) can be estimated.

Thus it seems to be natural to determine the estimators 6,3(ti) after each

epoch i =1,...,r, until the number of epochs enables us to determine the esti-
mator 4. These estimators can be calculated either on the basis of the estima-
tors d03(t,),...,003(t,,), or on the basis of the observation vectors Y,,..., Y, .

It will be shown that these estimators are the same. (Lemma 3.3).
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The main problem is whether a calculation can be proceeded in the framework
of the linearized version (2) of the model (1), i.e. whether the terms x and
7 can be neglected. The solution will be given in the form of some sufficient
conditions which are inspired by measures of nonlinearity introduced by Bates
and Watts [1].

The following lemmas will be necessary for the consideration. In these
lemmas, for the sake of simplicity the model

Y ~ N, (f + FoB + 5w(96), %)

is considered. Here f; is a given vector, F is an nxk matrix with the rank r(F) =

k<n, w©0B) = (w,(68),...,w,8))", w;(68) = §B'H,;68, i = 1,...,n, H,,
i=1,...,n, are given k x k symmetric matrices and ¥ is a given p.d. matrix.
(It means that a quadratization of a nonlinear model Y ~_ (f(8),%), B8 € R*
is under consideration.)

LEMMA 2.1. Let the symbol x2_, (§) mean the random variable with chi-square
distribution with n—k degrees of freedom and with the parameter of noncentrality

equal to §. If
2,/6
3 Cop < L max

K (int) 2

where C=F'X~'F, §_ .. is a solution of the equation

P{X2 _k0nax) 2 Xoy(1-a)} = +e,

(x2_.(1 —a) is the (1 — ) -quantile of the central chi-square distribution with
n —k degrees of freedom), then

P{(Y — R EMET (Y —£) <X (1- @)} 21— (ate).

Here K(int) 4s the Bates and Watts intrinsic measure of nonlinearity (cf. [1]),

\/w’ B)E-IME " w(50)
K = sup : SBERE Y .

B FS-1Fi3

Proof. See [2] and [4]. O
LEMMA 2.2. If )
. c
6B'CoB < Koan)
then
(vheR)([E[WCTIFET(Y - )] - W68 < VICTh ).
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Here

V@ (0BE-1PE w(38)
KPar) — gyp SAFS-F0 : 03 € RF

is the Bates and Watts parametric measure of nonlinearity.

Proof. See [2] and [4]. |

Remark 2.1. If 6% = Y/(MgVME)TY /(n—k), then E(62) = 02 +0%5/(n—k)
and thus approximately

J

2 2
og‘+o0 pr— A

_ 5 \'? od
_0(1+n—k) ~0+2(n—k)'

LEMMA 2.3. Let £ = 02V, V be a given n x n matriz and 0> is an unknown
parameter o* € (0,00). Let Cy = F'V™IF.

If
, 2y/2(n-k)e
59/C 38 < 220 Re,
K,
then
06/[2(71 - k)] <e,
where

0= %w/(éﬁ)(MFEMwa((sﬁ), Jtint) _ O'K(()i"t) .

Here the value € is chosen by a user in order to bound the bias in the estimator
of 0.

Proof. Seein [2] and [4]. a

Remark 2.2. The linearization regions

2,/6

o,= {6,3: dB'CéB < K(—l;‘:‘)‘x} (Lemma 2.1),
2c

Ob = {(Sﬂ : (S,BIC(Sﬁ S W} (Lemma 22),

0, = {w: §8'Cy08 < %";’“E} (Lemma 2.3)
0

are of practical use in such a case only, if the confidence region for 43, i.e.
E1_o={08: (68-388)'C(88 - B) < x;(1 - a)}
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for a sufficiently small «, is included in them. For example in the case O, it

means
2 V 6m ax

K (int)

If this strong inequality is valid for O, then the model has a weak nonlin-

earity in the intrinsic curvature. If x2(1 — a) < %y, then the model has a

weak nonlinearity for the bias of the estimator of the vector parameter 3. If

2v/2(n—k)

o* Xk (1 = @) < ~Vmr—
3]

bias of the estimator of the parameter o.

Xi(l-a) <

, then the model has a weak nonlinearity for the

3. Solution in linear model

The notation BLUE (best linear unbiased estimator) in the regular model
Y ~, (F3,%), B € R (ie. 1(F) =k <n and ¥ is p.d.) means the estimator

B=(FE'F)"'FE-1Y.If £ =02V, then 8= (FV-IF)"lF'V-ly,
The following two lemmas are well known and therefore they are given with-
out proofs.

LEMMA 3.1. The BLUEs of the vectors 63(t),...,68(t,,) in the model (5)
are

66(t;) = [F'(t) ST F(t,)] " F (t)= (Y, — FIB(t, v )]}
= [F@IVTIFE)] P VY = B, YO}, i=1,.,m.

1

LEMMA 3.2. The BLUE of 6~ in (2) is
54 = [GF(1e 2~Y)FG] 'G'F (e =) vec((Yl, LY
= {F18(t, YN, -, FB(t, )]} )

= i G,(ti)F’(ti)E_lF(ti)G(ti)] Zm: G'(t,)F'(t)=7" x

=1

x {Y; = FB(t, Y]} -

LEMMA 3.3. The BLUE 6% of §v in the model (6) based on the estimators
éB(ty),...,0B(t,,) is 64 from Lemma 3.2.
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Proof. Let C(tz) = F,(ti)z_lF(ti); 1= 1,”"ma C= F’(I ® E—I)F' In

dB(t1)
the linear models (5) and (6) dyv =F : . Thus

58(tm)
58(t,) pB(t,) (C‘l(tl), 0, ..., 0
: ~ N, i : I [
3B(t,,) 3Bt 0, 0 .o C‘l(tm))
~ N, ,(Géy,C1)
and
) 5p(t,)
# = (G'CG)T'G'C|
5A(t,,)
m -1
=[ZG'(t,-)F’(ti)E’lF(t,-)G(t,-)} > G'(t,)C(t,)08(t,)
=1 =1

m -1,
[ > G'(ti)F’(ti)E“lF(ti)G(ti)J D G'(t,)CCT(t)F (t,)B 7 x

=1
< (Y= FBt, A P)]} = 6.
a

In the following lemma several estimators of the parameter o2 are given.
These estimators are best in the considered models in the following sense. They
are unbiased and if the observation vector Y is normally distributed, they have
the smallest variance among all unbiased estimators in the considered model.
(Cf. also [4; Theorem 4.1.1].)

LEMMA 3.4. The best unbiased estimator 6% of o2 is
(i) in the model (5),
62(5) = [vec(Y — £)]' [Me(1 @ V)Mg] F vec( Y - £)/[m(n - k)],
where Y = (Yy,..., Y,y,), £= (FIB(t, 7)., fFIB(t,, 7)),
(ii) in the model (2),
52(2) = [vec( ¥ — £)]' [Mpg(1® V)Mgg] " vec( ¥ = £)/(mn ~ s),
58(t,)
(iii) in the model 68 ~ N, , (Go~,0%Cyt), 68 = : )
5B(t,,)
&2(iii) = §8'{MgCy Mg} 08/ (mk — s);
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here Cy = F' (1@ V™1)F.
The estimators 62(iii) and 6%(5) are stochastically independent and

6%(2) = [(nk — s)62(iii) + m(n — k)6*(5)] /(mn — s) .
Proof. In the model Y ~ N, (XB,02V), B € R*, 1(X) =k < n, V is
p.d., the well-known formula

has been used for the estimation of o2 (here ( MxVMy)* is the Moore-Penrose
inverse of the matrix MyVMy, cf. [6]). Further Y'A, Y and Y'B,,Y are
independent if and only if AVB =0 (cf. [5]).

Since

§2(iii) = [vec(Y — £)]' 1@ VHF{Mg[F (1@ V"1)F] 'Mg}* x
xF oV ) vec(Y —f)/(mk—s),

it is sufficient to prove
(1@ VYFC; Mg [F (1o V")F] 'Mg} (1o V1) x
x (18 V)[Me(1® V)Mg] " = 0.
The last equality is obviously valid, since
FloV )(1eV)[M(1eV)ME]" =o0.
Thus the estimators 62(iii) and 62(5) are independent. Further
[Me(1© VIME] ™ + (10 VTHFC; (Mg Cy'Mg) Y C lF(1@ V)
=1V H) -1V HFCIF (1o V™)
+1®VT'FC1[C, — C,G(G'C,G)'G'Cy]C, ' F (1o V1)
=1V - 18 V'HFG[G'F' (18 V'I)FG] 'G'F (1o V)
and
[MFG(I@)V)MFG]Jr =gV !- (I®V'1)FG[G'F’(I®V"1)FG]_1G’F'(I®V‘1)

thus
(mn — 5)62(2) = (mk — s)62(iii) + (mn — mk)62(5) .
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LEMMA 3.5. If the number of epochs is r, then 62(5) from Lemma 3.4 is

T

52(5) = = 3 6%(Y)),

i=1
8(Y,) = [Y, = £(t)] (M) VMg ) Y= F8)], i= 1,01
Proof.
vec(Y — £)' [Me (1@ V)M] ¥ vec( Y - £)/[r(n - k)]
F(¢,), 0, ..., O
=vec(Y-f) |:I®V—1—(|®V_l)( ...................... )x
Oy Oa ) F(tr)

X

Ct), 0, ..., 0 \“'[/F(), 0, ..., 0
( ...................... ) ( ....................... >(|®v—1)] }
0, 0, ..., C(t) 0, 0, ..., F(t)

x vec(Y —£)/[r(n — k)]

=1 Z[Y(ti) — ()] [V™ = VTIF(,)C () F () VT [Y () = £(2:)]/(n = k)
=1

T

=1Za2(Yi).
r i=1
O

Remark 3.1. Lemma 3.3 enables us to determine the estimator 6 either on
the basis of the estimators d3(t,),...,08(t,,), or on the basis of the observation
vectors Y,,..., Y, , in the case that the linearization is possible. It is suitable
from the viewpoint of a numerical calculation and a check of a numerical reliabil-
ity. Lemma 3.4 enables us to determine several estimators of o2. A sequence of
estimators 62(Y;) after each epoch is a good check of a stableness of a precision
of measurement. A statistical comparison of 62(iii) and 62%(5) is a good check
of the proper choice of the functions §;(t) = B,(t,v), i = 1,...,k, which must
express the time course of deformations adequately.

If the model (1) is linear (the terms k and 7 can be neglected), then there
is not necessary to find (%, i.e. also ﬂfo) (t) = B,(t,v?), and Lemma 3.3 and
Lemma 3.4 can be used.

In what follows, conditions will be found under which the terms x and T
can be neglected without any serious deterioration of considered estimators.

4. Criteria of a linearization

In this section some generalization of ideas given by Lemmas 2.1, 2.2 and 2.3
is presented.
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THEOREM 4.1. If the intrinsic measures of nonlinearity in (1), (3) and (4)

are K fm;;, K (int) 4nd Kg (int) , respectively, and analogously K ft(’;r)) , Ky (Par) ond

K gm) are parametric measures of nonlinearity, then

(l) K;:(nﬁt; < K (int) + K (int) +K par),

.. (par) par) (par)
(ii) Kf(g <K+ Ky

Proof.
(i) We have

(int) _
Kig) =

= su {\/[nmavwwaw] (19 Z-1)ME™ ™D [x(Goy) + Fr(dy)] a'yeRs}

5v'G'F (1@ =-1)FGoy
Since

(k+Fr)(1@%" 1)M“®2 (k +F7)

2
_(\/ Pl B-1)MUSE" )FT+\/n'(|®z—1)MS§2")n> ,

. 7F (1o S-1)MUEZ VFr
K(mt) < \/ FG : s
= sup { 5+'G'CGovy oyeR

\/n’(l ® E‘I)Mggz_l)n
04'G'CGd~y

-+ sup vy eR’

Let H be a km x (km — s) matrix with the property r(H) = km — s and
H'G = 0. Then

(Igxs~! Iez~! -
Pre” ) = P(®E ) = FMy (M CM,) M, F (1o =71)

= |=[c-l ~CT'HHC'H)'HCF (1o =7Y)

_ p(le=~1h) (lex~1)
=Pg —Prciin

and thus

(197") _ pp(l®@="1) (le=~1)
Mpg™ =M +Pren’
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WEAK NONLINEARITY OF GROWTH CURVE MODELS
-1
Since Mg®2 )F = 0,

rF (1@ 2-1)PUSE s
Kint) <sup{\/ ( Pec-in v ER’

f(e) 6~'G'CGdy
\/K.'(I ® E“I)Mg®z—l)n ,
+ sup 57G'CGo vy eR
JeCoT R
+ sup 57GCGoy : dyER .

Further
TP (1o = )PUSE Fr
=7'F(1® E")FCT'H[H'C'F(1® 1)FC'H] 'H'C'F' (1o ~!)Fr
=7'H(H'C'H)~'H'r
=7'C!/2C™/2H(H'C™'H)TH'C™1/2C'/?r
=7'CY2P¢ 1,y CY/%r = 7'CY?Mci/2gCY/ 2T = T'CMET

and
. \/T'CMCT
Kt = sup y _— G . yeR’ .
B 0v'G'CGé~y
- Thus

K{oo < K™ + K5 + kP,

since

\/K,'(G&y )(1® S-)MUI®=) (Gov) e
37/ G'CGo V€

V81 M=k (5p)
33'Cop '

I8 € R’”"} = K™

: vy eR

0v'G'CGoy

0B'Cop

{ V/K/(G7)(1 8 -1)PUEZ D e (Goy)

; (Igz-1)
[ VREpe )P i) JﬂeRmk} = K™
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(ii) Analogously

(par) __
Kig) =

V(s +Fry(1@ =-)PUS ) (x 4 Fr) Cew
= sup 5~'G'CGory ve

2
\/(\/n’ 1o5-1)PIST Nk 4\ [rF (10E-1)PUSE ),

FG
3~'G'CGd~y + 07€R

< sup

'(68) (10 E-H)PEF k(58
Ssup{\/n( - aﬂrczsﬁF . I8 € R*™

\/T’(G(S‘y)CPST(Gé'y) -
+ sup 54'G'CGor 1 dveR
_ elpar)  po(par)
=K+ K,

since

'F(18 )FG(G'CG)'G'F/(1® =~ )Fr
= 7'CG(G'CG)~'G'Cr = 7'CPYr.

Let F, = F(t,) =---=F(t,,), C;, = FX7'F,, G, =G(t;) =--- = G(t,,),
kK, =k(t)=-=k(t,), =‘r(t1) =---=7(t,,). Then

P HMIEE T = (Ve ) 1o (BT 'MEG )] A +7)
= mTl’E'lME:GllTl
and 7'G'CGT = m7/G|C,G,7,. (Here 1 =(1,...,1)) € R™.)
The intrinsic measure of nonlinearity for m epochs in this case is K (mt)

f® =
1 (int) (par) (par) (int) _ 1 z-(int)
WKLf(ﬁ and analogously K mf(B) = \/—Kl f(/a Km,f K1 £ ete.
The confidence ellipsoid for 68 = (68'(t,),...,0 (tm))l in this case is

= {88 (68~ 30)' (19 C,)(68 — 36) < X7, (1 - @)}
= {a8: 3 [88(t) - 01 1@ CBBE) ~ 58(1)] < X1~ @)}



WEAK NONLINEARITY OF GROWTH CURVE MODELS

How the number m of epochs influences the inclusion of the confidence region
into linearization regions can be characterized by the ratio x2, (1—a)/y/mé,,.
(cf. Table 4.1), where P{x?, (n—k) (Omax) = Xm(n—k)(l @)} = a+e, and by the
ratio x2, (1 — a)/v/m (cf. Table 4.2).

Table 4.1. k=6,n—-—k=5, a=0.05, e =0.05.

m 1 2 3 4
xﬁm(l—a)/,/mdmax 12.35 | 12.29 | 12.27 | 12.41

Table 4.2. k=6, n—-k=25, a=0.05.

m 1 2 3 4
x,%m(l—a)/\/ﬁ 11.10 { 12.94 { 14.40 | 15.70

(int)

(par
f(t:)

The quantity K" seems to be essentially more dangerous than K
Nevertheless it seems to be useful to check the inequalities x%(1—a) < 2¢/K

and 02x%(1 - a) € 2/2(n - )e/Ké”;t)t , before each epoch.

When the number m of epochs is sufficiently large in order to estimate the
vector 7, it can be checked whether

2 V 6max
(int) (int) (par) ’
K f T K st K f
< 2c
(par) (par) ?
K £+ K 8

X(l-a) <

xX2(1-a)

2(mn — s)e
mt.) mt) (par) *
K + K5 + Ko,f

21 -a) <

The value §____ is a solution of the equation P{xZ,._,(0,,.) > X2n_,(1—0)} =
o+e.

The inequality x2(1 — @) < [2\/ max/( mt) + Kﬂlg) + Kif’;r))] Vm, etc.
can be checked for the first orientation.

If the given inequalities are satisfied, then Lemmas 3.1, 3.2, 3.3, 3.4, 3.5 and
Remark 3.1 can be used without any essential deterioration of estimators.
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