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ABSTRACT. In this paper, we show that if S; and S, are two separable, real
inner product spaces such that P(S;) is algebraically isomorphic to P(S,), where
P(S) denotes the modular lattice of finite and cofinite dimensional subspaces of
an inner product space S, then §; and S, are isomorphic as inner product spaces.
The proof makes use of Gleason’s theorem. We also remark that, as a consequence
of this, if for two separable, real inner product spaces S,, and S,, the respective
complete lattices of strongly closed subspaces are isomorphic, then S; and S,
are unitarily equivalent. In particular, if we just restrict ourselves to complete
inner product spaces, we obtain the classical Wigner’s theorem ((WIGNER, E. P.:

Group Theory and its Applications to Quantum Mechanics of Atomic Spectra,
Acad. Press. Inc., New York, 1959)).

1. Introduction

For an inner product space S, let P(S) (see [3]) denote the family of finite
and cofinite dimensional subspaces of §.! The idea is to show that if S, and
S, are two separable real inner product spaces such that P(S,) is isomorphic
to P(S,), then S; and S, are isomorphic as inner product spaces.

We say that P(S,) is isomorphic to P(S,) when there exists a bijective
mapping 9: P(S;) = P(S,) such that:

(1) 9(S;) = 5,3

2) Y(ALs:) = ((4))" for all A € P(S,);
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1A subspace A of S is cofinite dimensional if there exists a finite dimensional subspace M
of S such that A= ML,
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(3) ¥(AV B) =4(A) V¢(B), whenever A,B € P(S;) and A C Bts:;
(4) ¥~ satisfies (1), (2) and (3).

2. Preliminary results

We first prove that P(S) is an orthomodular lattice.

PROPOSITION 2.1. P(S) is an orthomodular lattice with the largest and
smallest elements being S and {0} respectively.

Proof. First we show that P(S) is a lattice. If A and B are either both
finite or cofinite dimensional, then obviously we have AVB = A+ B. If A is
finite and B is cofinite dimensional, then, by noting that

(A+B): = At nB* c B+,

it follows that A + B is cofinite dimensional. (The other case is the same).

We now show that P(S) is orthomodular. Let A C B be elements of P(S).
We certainly have that A @ (B N A+) C B. Moreover, since A C B, we have
B=Bn(A@A*)c(BnA)® (BNAt)=Aa (BNnAY). m

In [6], the family of complete-cocomplete subspaces of an inner product space,
denoted by C(S), was defined and investigated. It was shown that the structure
of C(S) can be very different for different separable inner product spaces. It is
evident that P(S) is a suborthomodular lattice of C(S), and using an argument

similar to that used in [1], one can easily show that P(S) admits no o-additive
states.

LEMMA 2.2. Let A€ P(S;), dimA =n < oo, then dimy(A) =n.
Proof. Let {e,: i <n} be an ONB for A. Then
v =v( Vied) = V w(led)
i<n i<n

Since for i # j we have 1/)([@ 1) L9 ([e;]) , it follows that dim A < dim(4). On
the other hand, let {f,: ¢ €I} bea MONS in ¥(A). Then ¥(A) = V[f,]. Let

I, C I such that |Ij| =n. Then iel
) = (Vv w) = Ve ve (V)
i€l i€I\Ip i€l i€I\Io
and therefore dim A > dim¢(A). O
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As a consequence of Lemma 2.2, we have that atoms in P(S;) are mapped
onto the atoms of P(S,). Since S, is separable, we can always find an orthonor-
mal basis {e;} of S, in S, see [3], [5]. For every i € N, let f; be a unit vector
in S, such that ¥([e;]) = [f;].

For every atom in P(S,), choose a representative vector — i.e., a unit vector
in S, which spans the atom. For the atom [e;], the representative is chosen to be
e;, and to make the proof of Lemma 2.9 free of unnecessary awkward notation,
we also take the representative of the following atoms to be as follows:

1 .,
le; +e] 2y = 7§(ei +e)) njEeN;

!
Zei I>keN.

1
T e E B S —
lex + e e = 2y T—%krl r

Denote by G} the union of {0} and the collection of all these unit vectors.
For every z € Gf (z # 0), let £ be a unit vector in 9 ([z]). (To simplify the
notation we set é; to be equal to f;). The union of {0} and the collection of all
these unit vectors in S, is denoted by &3 .

Moreover, for every i € N let A; = span{e;,€;,1,€;,,}. It is then not difficult

to see that ¥(A;) = span{f;, fi,1, fiio}-
Consider the Gleason state s, on P(S,) defined by

8¢, (M) = (Pye;, e;) -
This state induces a state 3, on P(S,) as follows:

5, (N) =5, (v (N)). (2.1)

One can easily verify that 3, (1/)(Aj)) = 1 if and only if i € {j,j+1,j+2}.
Moreover, for every i € N, the restriction of §,, on L(zb(Ai)) defines a state on
L((A)))-

The cornerstone of quantum logic theory on L(H) (the complete orthomodu-
lar poset of closed subspaces of a Hilbert space) is Gleason’s theorem ([3], [4], [7]).
This states that:

If H is a separable Hilbert space, dim H > 3, then for every state s
on L(H), there erists an orthonormal sequence of vectors {z;} C H
such that

s(M) =" s([z,])(Pyz;z;), M eL(H),
i€EN

where P,, denotes the orthoprojection of H onto M .
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This fundamental and highly non-trivial result is of crucial importance for the
probabilistic theory of L(H) and has many generalization and applications (see,
for example [3]).

We shall need the following proposition ([2]).

LEMMA 2.4. Let S be any inner product space, and suppose that s, , s, are
two (finitely-additive) states on P(S) such that:

(i) s(M)=s,(M)=1 for some M C S, M finite dimensional;
(ii) s,(K) = s,(K) forall K C M.
Then s,(L) = s4(L) holds for all L € P(S).

Proof. It suffices to show that s,([z]) = s,([z]) holds for all z € §.
Let z € S, ||z|| = 1, be arbitrary. If z € M, result follows by hypothesis.
Suppose that z ¢ M. Let N be a finite dimensional subspace of S, of dimension
at least equal to 3, including M and z. We certainly have that 31| N and
32| N are states on L(NN), and therefore, by Gleason’s theorem, there exist finite
orthonormal sequences {e, : i <n} and {f,: i <n} (n =dimN) in N such
that '

SIIN(K) =s;(K) = Zs([ei])(PKei,ei),
52|N(K) = 5,(K) = ZS([fi])<PKfi7fi>

i<n

for all K C N.
Let z € M1~ . Then

0= 81 ([Z]) = Z 3([ei])(P[z]ei7 ei) ’

i<n

0=s,([2]) = Zs([fz‘])<P[z]fi’fi> .

i<n
This implies that

z € span{e;: i <n}ty |
z €span{f;: i <n}tv.
Hence, {e;: i <n} C M and {f,: i<n} C M.
But
T=Pyr+Py.x=x, +x).,
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and therefore,

s, ([z]) = Z S([ei]) <P[z]ei’ €;

i<n

=> sl )|(z, )|

i<n

_Z ‘TM’ z>‘2

i<n
, €.
lzpll™

= Z “li|2
:Hanzz ( )(P 16 € z)

i<n
i<n

= “%\4”231 ([‘TM]) .
Similarly, s, ([z]) = |z ]1%55([z,/]) - Then,
81 ([x]) = ”$M|I231 ([mM])
= “.’L’MH232([.'IIM]) (by hypothesis)
) ([m]) .

This completes the proof. O

2

COROLLARY 2.5. If s is a state on P(S) that lives on an atom (i.e. there
ezists a unit vector u € S such that s([u]) = 1), then s is determined by

s(N) = (Pyu,u).
COROLLARY 2.6. The state 3, defined in equation (2.1) satisfies:

‘§e,- (N) = (PNf-L‘vfi> (22)
for all N € P(S,).

LEMMA 2.7. Let 0 #z =) oe; € ST . Then for every i € N, we have:
ieEN
(:%7 fz) = j:ai .

Proof. This follows from the following equalities:

|ai|2 = Se.- ([1"]) = §e,~ ([‘i‘]) = ("i"a fi)2 .
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DEFINITION 2.1. For any unit vector z € 67} and i € N satisfying (z,e;) # 0,
define R
(&, f;)

z,e;)

Blz,4) =

When (z,e;) =0, we set 3(z,i) =1.

(= +1).

—~

LEMMA 2.8. For any unit vector x € &7, the vector & can be expressed in
terms of the f,’s as follows:

z= Z B(z,i)o; f; .

ieN
Proof. First we observe that

T=Tya,) + Tyt

=Y (& )i + Eypan

i<n

=2 B0 fi + By (ays

i<n
Therefore
eI’ = 1817 =3 lef?
i<n

=1-Z|ai|2—>0 as n —0o.

i<n

LEMMA 2.9. Let z € 6] . If (z,¢;) # 0 and (=, e;) # 0, then

B(x,1) _ ﬂ(yijii)

Proof. Recall that
Y = %ei+ %ej € 6.
It is not difficult to see that
b1y = 5P )i+ 7B 1)
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We have

—\;—)2 = l(yi;»2)

—~
SIJ?

= Sy, ([:L‘]) = gy.'j ([j]) = |(gij’ £>|2

_ <ﬂ(w,i)ﬂ(yij,i)ai n ﬁ(x,j)ﬂ(yij,j a

V2

Since the field is real, it follows that

ﬂ(x,i)ﬁ(yij,i) = ﬁ(m;j)ﬂ(yiﬁj) )

and therefore,
B(z, 1) — ﬂ(yi,’;i)

3. Main result

Let 0 # = € &7 be arbitrary and let k be the smallest natural number
satisfying (z,e;) # 0. For any j € N satisfying (z,e;) # 0, by Lemma 2.9, we

have

B(z,7) ﬂ(ykgaj)
B, F) ~ By F)

This implies that
B(zlj ) .7)

B(z,5) = B(z, k)

But since, from Lemma, 2.9,
B(21;,k)  B(zyy, k)
ﬂ(zlja]-) ﬂ(zmal) ’

we have that

ﬂ(zljvk) '

Bz, 1) B2 )

B(z,5) = B(=, k)

For any j € N, define: .
_ ,3(21]-,])
ﬂ(zlj7 1) '

Thus, we have that

i=ﬂ( k)ﬁ(zlk,l)z Y% 1,

B(z14: k) ,3(211', 1)’
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So if we define U: &1 — S, by
U ae; ) = vof, ifz#0,
U(z) = { (Zoe) Z (3.1)
0

i€EN
if z=0,

we certainly have that U is well defined on &; and moreover, it is an injection
into S,. We now prove the claim put in the abstract.

THEOREM 3.1. Let S, and S, be two separable real inner product spaces.
Then, P(S,) is isomorphic to P(S,) if and only if S; and S, are isomorphic
as inner product spaces.

Proof. If S, is isomorphic to S,, then we obviously have that P(S,) is
isomorphic to P(S,). Suppose that P(.5;) is isomorphic to P(.S,) as understood
in the beginning of this note. We show that there exists a bijective operator T

from S, onto S, such that (T'z,Ty) = (z,y) for all z,y € 5.
Define T': S, — S, by:
T(v) =T(A\z) for some unique = € &
= \U(z)

where U is as defined in equation (3.1). Clearly T is a bijection between 5,
and S,. We show that T is linear. From the same definition, it is clear that for

every p € R, T(pv) = pT'(v). Let v,w € S;. Put 6, = (v,¢;) and 0, = (w,e;).
Then

T(v+w) = T(Z((Si + Hi)ei)

i€EN
= T((n“v -+ w”) [m ZN((Z + Hl)ez:,) )

where k = %1 so that [”—v—_ﬁ”—n (0, + Bi)ei] € 67 . Then we have
ieN

Tl =l +w"U<Z(llvfiwr| ¥ nka’%un%")

i€N
K:’yt i ’vyigi
=Kl + wl ;N(nv S T )
=D 0+ Y i,
ieEN €N
= T(®) + T(w).
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This completes the proof. O

Let F(S) denote the complete lattice of strongly closed subspaces of S and
E(S) the orthomodular poset of splitting subspaces of S. We recall that

P(S) Cc C(S) C E(S) C F(S).

COROLLARY 3.2. The following statements are equivalent:

(1) S, is isomorphic to S, (as inner product spaces);

(2) P is isomorphic to P(S,) (as orthomodular lattices);
is isomorphic to C(S,) (as orthomodular posets);
is isomorphic to E(S,) (as orthomodular posets);
is tsomorphic to F(S,) (as complete lattices).

)
N’ N’ N N
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