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ABSTRACT. Let M be a BL-algebra or a pseudo BL-algebra or a bounded
residuated £-monoid and let a < b, a,b € M. We endow the subinterval [a, b]
with algebraic structure to form an algebra of the same kind as the original one.
Obtained results generalize ones presented in [CHAJDA, L—KUHR, J.: A note
on interval MV-algebras, Math. Slovaca 56 (2006), 47-52] and [CHAJDA, I.—
KUHR, J.: GMV-algebras and meet-semilattices with sectionally antitone permu-
tations, Math. Slovaca (To appear)], [JAKUBIK, J.: On interval subalgebras of
generalized MV-algebras, Math. Slovaca 56 (2006) (To appear)] for MV-algebras
and pseudo MV- (GMV-) algebras, respectively. We also study restrictions of Bos-
bach states on such subinterval algebras. We show that for a commutative case
it is necessary to introduce one additional condition and for a non-commutative
case it is necessary to introduce two conditions, left and right one, in order that
the restriction of a state can define a state on the subinterval. We prove that
BL-algebras always satisfy the additional condition.

1. Introduction

Many valued logics are modelled by many kinds of algebras. BL-algebras were
introduced by P. Hajek [14] as an algebraic model of the so called basic logic,
i.e. a fuzzy logic of continuous t-norms and their residua.
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Various kinds of generalizations of BL-algebras were studied. One line of gen-
eralization follows from omitting the commutativity condition. Non-commutative
BL-algebras, called pseudo BL-algebras, were introduced by A. Di Nola,
G. Georgescu, A. Iorgulescu in [7], [8]. Particular examples of pseudo
BL-algebras are pseudo MV-algebras. These were introduced by G. Georg-
escu, A. Torgulescu [13], and independently, under the name GMV-al-
gebras, by J. Rachinek [16]. In [7; Proposition 3.27] it was shown that
pseudo MV-algebras are pseudo BL-algebras that satisfy the identity (z~)” =z
= (z7)~, where 27 :=z — 0 and z™~ : =2 ~ 0.

Another line of generalization of BL-algebras stems from omitting the pre-
linearity condition. Such a generalization was studied by A. Dvureéenskij,
J. Rachtinek [10], [11], [12] and the resulting algebras are called (commuta-
tive) bounded residuated ¢-monoids ((commutative) bounded R{-monoids, for
short). These monoids are also known as bounded integral generalized BL-alge-
bras, see [2]. For the sake of completeness, we note that commutative bounded
R¢-monoids satisfying the prelinearity condition are BL-algebras and bounded
R{-monoids with the prelinearity are pseudo BL-algebras.

Recently, I. Chajda, J. Kiihr [3], [4] and J. Jakubik [15] solved the
problem of introducing an MV-algebra structure ([3]) and a pseudo MV-algebra
(GMV-algebra) structure ([4], [15]) on subintervals of the algebras. The natural
question arises:

Is it possible to do it also for BL-algebras, pseudo BL-algebras and
(commutative) bounded R{-monoids?

A positive answer is in Section 3.

Sections 4 and 5 contain an analysis of the properties of special conditions,
namely, P(a) or PL(a) and PR(a). With the use of the representational the-
orem of BL-algebras due to P. Hajek [14] it is shown that P(a) is satisfied in
each BL-algebra M and any a € M.

A motivation for the study of such identities is the fact that they are sufficient
for restricting existing Bosbach states on the whole algebra also on subinterval
algebras as it is shown in Section 6, which is dedicated to the study of some
properties of Bosbach states.

2. Basic definitions
In this part, we define some notions used in this paper. We start with the
definitions of the concerned structures.

BL-algebras, as an algebraization of a basic logic, are due to P. Héjek [14].
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DEFINITION 2.1. An algebra (M;®,A,V,—,0,1) of type (2,2,2,2,0,0) is
said to be a BL-algebra if the following conditions are satisfied for all elements
a" y’ z e M:
(i) (M;A,V,0,1) is a bounded lattice with the smallest element 0 and the
greatest element 1,

(ii) (M;®,1) is a commutative monoid with a unit 1,
(iii) z<y—-ziff zoy < 2,

(iv) zAy=2z0(z = y),

(v) (z—=y)V(y—z)=1.

A non-commutative generalization of BL-algebras, introduced by A. Di
Nola, G. Georgescu, A. Iorgulescu in [7], [8], is defined as follows.

DEFINITION 2.2. An algebra (M;®,A,V,—,~,0,1) of type (2,2,2,2,2,0,0)
is a pseudo BL-algebra if the following conditions are satisfied for all z,y,z € M :

(i) (M;V,A,0,1) is a bounded lattice with the smallest element 0 and the
largest element 1,

(M;®,1) is a monoid with unit 1,
zoy<zifz<y—-oziffy<z~z,

(ii)

(iii)

(iv) zAy=(z—2y)0z=20(z~y)),

(V) @=y)Vy—-z)=1=(@~y)V(y~=2).

In Definitions 2.1 and 2.2 the property (iii) is called an adjointness, (iv) a
divisibility and (v) a prelinearity.

We use the following abbreviations: £~ := ¢ — 0 and z"~ := z ~ 0 and for
BL-algebras there are the following important subvarieties.
A BL-algebra satisfying the identity =~ = z is said to be a Lukasiewicz

BL-algebra and it is an MV-algebra. A BL-algebra satisfying the following two
identities:

(i) zAxz” =0,

(i) 27700z y0z) <z oY
is said to be a product BL-algebra. Finally, the identity £ ®x = x defines a Géddel
BL-algebra. Godel linear BL-algebras are obtained as ordinal sums (pastings) of
trivial {0,1} MV-algebras.

For a pseudo BL-algebra we can (due to [8]) assume the following subvarieties.
A pseudo BL-algebra is said to be good, if it satisfies the identity 2=~ = 2™~ . As
it was mentioned earlier, pseudo MV-algebras are good BL-algebras satisfying
identity z = 2=~ = ™~ . A product pseudo BL-algebra is a pseudo BL-algebra
with the following identities:
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(i) zAhz-=0=zAZ",

(i) 27700z y0z) <z -y,

(iii) 2™ O (20~ 20yY) <z~ Y.

Further generalization of the concept of a (pseudo) BL-algebra which omits
a prelinearity condition, introduced by A. Dvure c¢en skij and J. Ra-
chinek in [10], [11], for commutative case, and in [12], for non-commutative
case, are the notions of a commutative bounded residuated ¢-monoid (general-
ization of a BL-algebra) and a bounded residuated £-monoid (generalization of
a pseudo BL-algebra). In the same way as in [10], [11], [12] we will refer to these
structures as (commutative) bounded R{-monoids for short.

We say that a pseudo BL-algebra (bounded R{-monoid) is commutative if
— = ~~. (This implies also commutativity of the operation ® and vice-versa.)

Previously defined algebraic structures form a hierarchy: a bounded R{¢-mo-
noid which is commutative is a commutative bounded R{-monoid, a bounded
R{¢-monoid with the prelinearity condition is a pseudo BL-algebra and a com-
mutative pseudo BL-algebra is a BL-algebra.

If it is not said otherwise, we assume that M is one of the previously defined
algebras.

The following relations of product and residua are obvious:

a®bbOa<aAnb<a,b and b<a—b a~b for any a,be M.

The residua — and ~ satisfy the following monotonicity rules:

If a<b,thenz s>a<z—->b,xz~a<z~b a—z2>b—zx and
a~>x>b~zx for a,bjx € M.

The operation © is distributive over lattice operations A, V, i.e.

a@(Vy)Ob=(a0zOb)V(eOyod),
a@EAY)Ob=(a@zOb)A(a®yOD).

An element a of M is called an idempotent if a ® a = a. Using divisibility
and adjointness, we can prove that if a is an idempotent, then

r@a=a@zr=aAz forany xz€ M, (1)

i.e. idempotent elements commute (in product ®) with any other elements.
Indeed, a®©z =aA(a®z) = (aOa)A(a®z) =a®(aAz) =a® (a® (a ~ z))
=a® (a~ x) =aAz,in the same manner we can prove, that t ®a =z A a.

We recall the definition of an ordinal sum (or a pasting) of a finite number
of bounded R/-monoids ([12]). For an infinite number, later in Section 5, we
introduce two different concepts, one due to P. Hdjek [14] and the other due
to P. Agliano, F. Montagna [1]. Although the original definitions in [14]
and [1] were introduced for BL-algebras and for hoops, respectively, we use the
adaption for bounded R/-monoids.
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Let (M;;©; A Vi —4~,0,,1), @ = 1,2,...,n, be bounded R{-monoids
such that M; N M, , = {1,,0,,,} is a singleton for 1 < j < n —1 and
M;NM; =0, for [i — j| > 2. We identify the element 0, , with 1, and set
0=0,,1=1,, M =M UM,U---UM,_. On M we define operations ©, V,
A, — and ~ as follows: if the arguments are in the same M, then operations
coincide with operations in M;. For z € M, \ M; and y € M;\ M;, i <j, we
define zOy=2=y0z,z >y=z~y=1,y >z =y~ ==z. Then

n

(M;0,A,V,—,~,0,1), denoted also as | | M,, is an ordinal sum of bounded

=1
R{-monoids M;. It is again a bounded R/{-monoid. This definition can be nat-
urally adapted to all other three types of algebras, however, pasting of (pseudo)
BL-algebras need not be again a (pseudo) BL-algebra.

3. Algebras on subintervals

In this part, we introduce a bounded R/-monoid structure defined on the
subintervals [a,b] of the interval [0, 1]. First we introduce the structure on the
subintervals of the type [a, 1], then for the [0, a] type and finally, by the combi-
nation of the previous two types, we obtain desired results for arbitrary intervals
[a,b]. We note, that a similar approach was taken in [3], [4], [15].

THEOREM 3.1. Let (M;®,A,V,—,~,0,1) be a bounded R{-monoid. Then
algebra M; = ([a, 1];@}1,/\,V,—>,->,a,1) is a bounded R{-monoid, where

z oLy = (x ©y) Va. Moreover, if M satisfies the prelinearity condition,
then also M} satisfies it.

Proof. It is obvious that ([a, 1;A,V, a, 1) is a bounded lattice with the
smallest element a and the greatest element 1. The facts that 1 is a unit in M
and a trivial observation z = z V a for any z € [a, 1] imply that 1 is a unit in
(la, 1]; ®L,1). Associativity of ®! is proved with the use of distributivity of the
product operation over lattice operations and the fact that a @ z, z ® a < a.
Divisibility is implied by divisibility in M. If z ©} y = 2®yVa < z, then
zOy<zand x <y = 2,y <z~ z. The converse, x < y — z implies
r@y<zandfor z>a, OyVa<zVa==z. The implication y < z ~ z
is proved in analogous manner. Prelinearity on a subset [a, 1] follows from the
prelinearity of M. O

Trivially, M = Mg, {1} = M.

THEOREM 3.2. Let (M;®,A,V,—,~,0,1) be a bounded R{¢-monoid and let
a€ M. Then M§ := ([O,a];(Dg,A,V,—)g,wg,O,a) , where

tOsy=z0(a~y), z-jy=@—=2>y)0a and T~jy=a0(z~y),
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is a bounded R{-monoid. Moreover, if M satisfies the prelinearity condition, the
same is true for Mg .

Proof. Obviously, ([0,a];A,V,0,a) is a bounded lattice with the smallest
element 0 and the greatest element a. First we prove that a is a unit with
respect to the ®%. Indeed, 208 a=2z0(a~a)=201 =2z and a O}z =
a®(a~ z)=aAz =z for any z € [0,a]. For any z,y € [0, a] the product ©f
can be expressed in the following ways: 2Oy =r®(a ~ y) = (aAz)©®(a ~ y)
=a®(a~wz)0(a~my)=(a—>2)0a®(a~wy)=(a—=2z)0(a—>y)Oa=
(a = z)®(yAa) = (a > z) ©y. Using the previous facts and associativity of ©,
we can prove associativity of a product ©f. £ O (y ©f 2) =z ©§ (y © (a ~ 2))
=(@—=2)0(yo(a~2)=(@—>2)0@FyAa)0(a~w2)=(a>1)0(a—y)
©a®(a~z)=(z0dy) O (a~ z) = (zOf y) Of z. Therefore, ([0, a]; ®, a) is
a monoid with a unit a.

The divisibility condition, for any z,y € [0,a], can be proved as follows:
r@f(z ~§ ¥) = (a > 2)0(a0(z ~ y)) = (aA2)O( ~ y) = 2O(z ~ y) = TAY
and (z 2§ )0z = ((z 2 y)Oa)O(a~wz) = (x> y)O(aAz) = (z > y) Oz
=z Ay, where we used the divisibility of M.

Let us assume that z ©f y < z,ie. £© (a ~ y),(a = z) ®y < z. From
adjointness of M we have a ~ y <z ~ z and a = z < y — z. Multiplying the
first inequality by e from the left and the second by a from the right implies:
y=aNy <a®(z~y)=r~gyand z=aAz < (z = y)Oa =z —§ y. For the
converse, let us assume r <y =§ 2= (y = 2)Qa (y<z~iz=a0(z ~ 2)).
Then 20y =20 (a~y) < (y =2 0a0(a~y) =Hy—2)0(ary) =
(y—=2)0y<ynz<zfory<a (z0§y=(a— )0y < (a—1)0ad(z ~ 2)
=(aNz)O(z~2)=20(x~z)=cAz<zfor z<a).

Let M satisfy the prelinearity condition. Then (z ~§ y) V (y ~¢& z) =
(a0(@~y))V(eoywz)=a0((z~y)V(y~2z) =a01=a.Th
equality for — is proved in the similar manner. O

Trivially, M = M}, {0} = M].

In the particular cases, e.g. a is an idempotent, is the operation z —§ y
simply defined as (z — y)Aa. However, it is not the case for arbitrary elements a.

ExAMPLE 3.3. The operation —§ cannot be defined as z =¢ y = aA(z — y),
e.g. if a is not an idempotent. Let us consider a BL-algebra whose product
operation corresponds to the product t-norm and the subinterval [0,1] of the
unit real interval. Then

for z < 2y,

for z > 2y.

8| k& N

m—)Eyz%/\(w—)y)={

1 1 1
Due to the divisibility condition, zAy = 20§ (z = ¥) = z®¢ 3 = = for z < 2y,
but considering y < = < 2y, we obtain z Ay =Y # z, i.e. the contradiction.
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We can obtain an algebraic structure on the subinterval [a,b], a < b, by
applying Theorems 3.1 and 3.2. The order of the application is not important,
i.e. both results lead to the same operations, as the following computations show:

[0,1] = [a,1] = [a,b]:

[a,1]: 2Oy =(zOy) Va, :v—)éyzx—)y, rwly=z~y.

For any z,y € [a,b] we have the following inequalities.
(zo2y)ob>(zoyoz=2Ay2>a,
bO(z~y)>z0(z~y)=zAy>a.

(a,b]:

b, _ 1 1.8 _ 1 _
TOLY=20, (b~,y) =70, (b~ y)=(z0(b~y)) Va,
w%ﬁyz(z—)iy)@ibz(w—)y)@}lb=((w—)y)@b)Vaz(x—)y)@b,
:chy:b@}l(xw;y)=b®,ll(xwy):(b@(wwy))Vasz(xwy).

[0,1] = [0,b] — [a,b]:

[0,b]: 2Oy =20 (b~wy), 2 3y=(z 2y Ob, z~Jy=b0(z~y).

[a,b]:
x@Zyz(x@Sy)Va:(z@(bwy))Va,

zpy=z20y=(x—>y)Ob,
ey =zl y=b0 (2 y).

COROLLARY 3.4. Let (M;®,A,V,—,~,0,1) be a bounded R{-monoid and
let a,b € M such that a < b. Then

Mfl’ = ([a, b];@f;,/\,v,—>f;, wz,a, b)
s a bounded R{-monoid, where
x@iyz (x@(bwy)) Va, x—)Zy: (z—>y)Ob and
xwl;y:bQ(xwy).
Moreover, if M satisfies a prelinearity condition, the same is true for M?.

Obtained operations correspond to ones presented in [3] and [4], [15] for
MV-algebras and pseudo MV- (GMV-) algebras, respectively. We only check the
non-commutative case from [4] because Jakubik’s result is equivalent to it
(see [15]). We will use a group representation of pseudo MV-algebras due to
A. Dvurecenskij [9],ie. M =T(G,u) ={z € G: 0 <z <u}, where G is
a lattice ordered group with a strong unit v and MV-operations are defined as
follows: t®dy=(x+y)Au, 2~ =u—=z and 2~ = -z + u.
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We recall this result ([4]):

For a,b € M, a <b, the operations on GMV-algebra over [a,b] are
defined as follows: T®,,y = (z®(y©a~))Ab, 27t = (z7 Ob)Da,
vt =a@ (bO ™).

Then

@,y=(z®Yoa"))Ab=(z& (yO(-a+u))Ab
=(z® (( (—a+u)—u+y)VO))Ab=(zd(—a+y)VO)AD
=((z+(-a+y)VO)Au)Ab=((x—a+y)Vz)Ab
——(:v—a+y)/\b for z,y € [a,b].

g7 = (2" 0b)da=(u—2z)0b)da=((b—u+(u—2))V0)&a
=(b-z)v0)@a=(b—z)vVO+a)Au=((b—z+a)Va)Au
=(b-r+a)Au=b-z+a for z,y € [a,b].

e~ =a® (b0z™)=a® (b0 (—z+u) =a® (((-z+u) —u+b) VO0)
=a® ((-z+b)V0)=(a+ ((—z+b)V0))Au
=((a—z+b)Va)Au=(a—z+b)Au
=a—z+b for z,y€ab].
Our results, when expressed in the group representation language, imply the
following:
g =z a=(z2a)0b=(2"@a)0b=((u—z+a)Au)Ob
=(b-u+@u—-z+a)Au)vV0=((b—z+a)Ab)VO=(b—z+a)VO
=b—z+a for z€lab].

™ =z~ a=b0(~wa)=b0(a®z”)=b0 ((a—z+u)Au)
=((e—z+u)Au—u+b)v0=((a—z+b)Ab)VO=(a—z+b) VO
=a—z+b for z€]la,bl.

gy=20(bwyVa=(z0(yab))Va= (20 ((y-b+u)Au)) Va
=((y=b+uwAu—u+z)vO)Va=((y=b+z)Az)VO)Va
=y-b+z)AzVa=(y—-b+z)Va for z,y € [a,b].
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x@ﬁy = (x_“" @Z y_“")Nab = ((b— x+ a) QZ (b— y+a))~“b
=((b-y+a)—b+(b—z+a)Va) ™

=(@—-—a+y)Ab for z,y € [a,b].
When b in Corollary 3.4 is an idempotent, then operations become as follows:
ty=200bwy)Va=0bA2)0(b~y)Va=(b—2)0bo (b~ y)Va
=b-o2z2)0b0bOB~y)Va=(bAz)O(bAYy)Va
=(x0@y)Va for z,y<b,
t3ly=(z—>y)0b=(x—>y)Ab and
xwgy=b®(xwy)¥(mwy)Ab.

Moreover, if a is also an idempotent, then z @2 y=z0y.

4. Identities PL(a,z,y), PR(a,z,y) and P(a,z,y)

Let us consider the following identities:
a—> ((z>y)o0a)=z->y, PL(a,z,y)
aw (@@ (@ ~y))=z~y. PR(a,z,y)
In the commutative case PL(a,z,y) = PR(a, z,y) := P(a,z,y):
a— (a0 (x—oy)=z—>y. P(a,z,y)

Let M be a bounded R/-monoid and let a € M be a fixed element. We say
that M satisfies the condition PL(a) (PR(a), P(a)) if the identity PL(a,z,y)
(PR(a,z,y), P(a,z,y)) hold for any z,y < a.

The monotonicity of residua ensures for the expressions in identities PL(a)
and PR(a) the following lower and upper bounds:

toy<a—- ((e—-y)oa)<a—s(z—y) =(adz) >y, (2)
gwy<aw (@O@Ewy)<aw(@wy) =(@0a)wy. 3)
Thus by (1), if a is an idempotent, then PL(a) and PR(a) are satisfied.
For lower bounds of residua we have for any z,y € [0, a]:
z—>y>cz—0>a—0, (4)
x~mwy>z~»0>a~0. (5)
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However, the replacing of the condition P(a) with either

a—(a@z)==1 forany a>z>a—0,
or

a—(a@z)=(a—>0)vae forany z€][0,aqa]
weakens the original condition as the following example shows.

EXAMPLE 4.1. Let us consider M = {0,qa,1}, the 3-element linear Godel
BL-algebra, i.e. M is an ordinal sum of two copies of {0,1} MV-algebras. Then
a is an idempotent, so P(a) holds and a > 0=0,but a = (a®a)=a - a=
l#a=aV(a—0)=aVO0.

If L is a pseudo MV-algebra, then the conditions PL(a) and PR(a) are
satisfied. Let us recall,

T~wmy=ydz, r—oy=2 Dy, a~ =a~0, a” =a—0.
Using (4) and (5), for z =z — y or z =z ~ y, we obtain:
a—(z20a)=a" ®(z0a)=a ®(z0a ~)=a Vz=2z,
a~(a@z2)=(@02)®a” ="~ 02)®a~=a"Vz==z2.

Please note, that we have used the GMV definition ([16]) of a product, i.e.
zOy = (z~ @y )" instead of a converse definition of the product ([13]), i.e.
yOz = (z~ ®y )~. (In the latter case, a divisibility becomes z ® (z — y) =
(z ~y) Oy, etc..)

Moreover, for BL-algebras (by [5; Lemma 4.1]) if M is either a linearly
ordered Lukasiewicz BL-algebra (an MV-chain) or a linearly ordered product
BL-algebra (a product chain), then the equation z —» (z ®y) = (z - 0) Vy is
satisfied for any z,y € M. Applying the result for z = a, y = r — y and using
the lower bounds for z — y, z,y € [0,a], ((4), (5)), we obtain that P(a) holds
for MV-chains and product BL-chains.

Let us recall, that Godel BL-algebras satisfy the identity z®z = z, therefore
each element of a Godel BL-algebra is an idempotent and the condition P(a)
trivially holds for any a. Moreover, in Godel BL-algebras we have a — (a ® z)
= a — z for any a,z € M. Due to [8; Corollary 2.30], all Godel pseudo
BL-algebras, i.e. pseudo BL-algebras satisfying identity £ ® ¢ = x, are com-
mutative, i.e. BL-algebras.

Using the similar technique as in [5; Lemma 4.1] we can prove that linear
product pseudo BL-algebras satisfy the conditions PL(a) and PR(a) for any a.
First we prove that the following identities are satisfied for any a,xz € M :

a—>(z0a)=(a—>0)Ve, (6)
a~w(@a0z)=(a~0)Vz. (7)
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Indeed, if @ = 0, it holds trivially. Let us consider a # 0, then from a Aa™ =
0 = a A @™ and linearity of order we obtain that a~ = @~ = 0 and therefore
a~~ = a~~ = 1. Using the second and third identity, where z = a, £ =1 and
y=z,wehave 270 ((z02) = (y02)) <z —>y=10((10a) » (zr®a)) =
a—> (z0a)<lsz=z<zV(a—0)and 2~ 0 ((20z) ~ (20y)) <z ~y
=10 ((ea01)~ (a®z)) =a~ (a®z)<1l~z=1<2zV(a~ 0). The
converse inequalities stems from the monotonicity of residua and the adjointness,
ie.a > (zx®a) > z,a—> 0 and a ~ (a®zx) > x,a ~ 0. So again assuming
r=x — yin (6) and z =z ~ y in (7) and the use of (4), (5) conclude the
validity of the conditions PL(a) and PR(a) for any a € M.

The previous reasoning is summarized in the following proposition.

PROPOSITION 4.2. Let M be either
(i) a linear product BL-algebra,
or
(ii) a Gédel BL-algebra,
or
(iii) a linear Lukasiewicz BL-algebra,
or
(iv) an MV-algebra,
or

(v) a linear product pseudo BL-algebra,
or

(vi) a pseudo MV-algebra

and let a € M. Then in the cases (i)—(iv), M satisfies the condition P(a) and
in the cases (v) and (vi) M satisfies PL(a) and PR(a).

5. Algebraic constructions and
the conditions P(a), PL(a) and PR(a)

In this part, we perform a further analysis of the conditions P(a), PL(a)
and PR(a) with respect to algebraic constructions of new algebras such as form-
ing a subalgebra, an isomorphic image, a direct and subdirect product and an
ordinal sum (pasting). Unfortunately, homomorphic images in general do not
preserve validity of the conditions P(a), PL(a) and PR(a). As a consequence
of P. Héjek’s representational theorem ([14]) of BL-algebras we conclude that
P(a) is satisfied for any BL-algebra M and all a € M.

We start with direct and subdirect products. The componentwise definition
of the operations in direct or subdirect products of bounded R/-monoids implies
the following propositions.

135



ANATOLIJ DVURECENSKIJ — MAREK HYCKO

PROPOSITION 5.1. Let (M, : i € I) be a non-empty system of commutative
bounded R{-monoids such that for each i € I and a € M, the condition P(a)
is satisfied and let M be either (i) a direct, or (ii) a subdirect product of M,,
i € I. Then for any a € M the condition P(a) holds.

PROPOSITION 5.2. Let (M, : i € I) be a non-empty system of bounded
R?-monoids satisfying the conditions PL(a) and PR(a) for any ¢ € I and
a € M, and let M be either (i) a direct, or (ii) a subdirect product of M, i € I.
Then M also satisfies the conditions PL(a) and PR(a) for any a € M.

The conditions P(a,z,y), PL(a,z,y) and PR(a,z,y) are in the form of the
identities, therefore they remain valid also for subalgebras.

PROPOSITION 5.3. Let M be a commutative bounded R{-monoid satisfying
the condition P(a) for all a € M and let S C M be its subalgebra. Then S
satisfies the condition P(a,z,y) for all a € S and all z,y € SN[0,q].

PROPOSITION 5.4. Let M be a bounded R{-monoid satisfying the conditions
PL(a) and PR(a) for all a € M and let S C M be its subalgebra. Then S
satisfies the conditions PL(a,z,y), PR(a,z,y) for all a € S and all z,y €
SNJo,a].

Let A, B be bounded R{-monoids and let h: A — B be a surjective homo-
morphism, i.e. a surjective mapping preserving operations A, V, ®, —, ~» and
constants 0, 1. Then for any a,z,y € B, there exists u,, u,, u, from A such
that h(u,) = a, h(u,) = z and h(u,) = y. Although a - ((z = y) © a) =
h(u, = ((u, = uy)G)ua)) and a ~ (a®(z ~ y)) = h(u, ~ (v, O(u, ~ uy))),
it need not be true that u, — ((uv, = w) Ou,) = u, = u, (or u, ~
(u, © (u, ~ uy)) = u, ~ u,), because a > z,y does not in general imply
u, > u,,u,. We can only prove h(u, Au,) = h(u,), but not in general (e.g.
without assuming injectivity of h) u, Au, = u,. Thus, if h is an isomorphism,
then the conditions PL(a) and PR(a) are preserved.

For the finite ordinal sums we have the following.

PROPOSITION 5.5. Let M be an ordinal sum of commutative bounded R{-mo-
noids M,,...,M,_ . Let a be an element of M for some j, 1 < j < n. Then,
if M; satisfies the condition P(a), then the condition P(a,x,y) holds for all
z,y € [0,a] C M, i.e. P(a) holds in M.

Proof. For a € M there are three cases:
(A) aeMj\{Ojalj}a

(B) a=0j,

(C) a=1;.
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For j =1 all three cases hold due to the assumption concerning the algebra
M;. Let us assume j > 1. We can exclude the case (B) from our reasoning,
because it is equivalent to the case (C) for the index j — 1. For the cases (A)
and (C), each element u of the interval [0, a] is one of the following

(i) ve M;\M,;_, = M;\{0;},

(i) weM;,NM;_, =0,=1;_4,

(iii) we M\ M, k<j—1.

The analysis of all the nine possibilities is summarized in the table:

T —ry Mj\Mj_1 M;NM;_, M,\Mj,lgj—l
M;\M;_, lor € M;\{1;} | € M;\ {1,} yEM\M;
M;NM,;_, 1(<) 1(=) y € M;\ M;

M\ M, k<j—1 1(<) 1(<) 1 or € M,\ M;, t = min(k,1)

There are the following possibilities:
e Casel: z—y=1.

a>(a0(—>y)=a—(a®l)=a—-a=1=(zvy).

o Case2: z —y€ M\ M, fori<j.
a—= (a0(—y)=a=(zoy=z-y.

o Case3: z —»yeM,.
The condition implies that z,y € M;N [0, a] and we can use the assump-
tion of the proposition for M fr

O
PROPOSITION 5.6. Let M be an ordinal sum of bounded R{-monoids M,,
it =1,...,n. Let a be an element of Mj for some j, 1 < j < n. Then, if

M; satisfies the conditions PL(a) and PR(a), then the conditions PL(a,z,y),
PR(a,z,y) hold for all z,y € [0,a] C M, i.e. PL(a), PR(a) hold in M .

Proof. A similar analysis as in the commutative case gives us the following
three cases: '

e Case iz >y=zxz~y=1.

a>((z>y)oa)=a—(10a)=a—sa=1l=z—y,

a~(@0(@~wy)=aw(a®@l)=awa=1l=z~y.
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o Case2: z = y,x~y € M;\ M, for j >i.
a— ((z=y)0a)=a—(zoy) =z >y,
a~ (a0 (@~wy))=a~ (z~y) =z~y.
o Case3: z = y,z~yeM,.
The conditions imply x,y € M ;N [0,a] and we can use the assumption

of the proposition for M e
O

For infinite ordinal sums we can consider two kinds of definitions of an ordinal
sum. One is due to P. H4djek [14] and the second is due to P. Agliano,
F. Montagna [1].

The essence of P. Héd jek’s definition is in the extension to a linearly ordered
set with the smallest and greatest element for which the concept of the successor
is used. In contrast, P. Agliano, F. Montagna [1] are using only linearly
ordered set with the smallest element and they identify all elements 1,, i € I, to
the single element 1. The concept of successor is not needed for their approach.
We introduce the extension of the definitions for bounded R{-monoids.

DEFINITION 5.7 (HAJEK). Let (I,<) be a chain with a least element 0 and
a largest element 1. For each o € I, we define o, the upper neighbour of «,
if it exists, i.e. at = B iff # > a and there is no v such that o < v < 3.
Otherwise, we define a™ = «a. Let (M, : @ € I) be a system of bounded
R{-monoids such that for each «, « is the least, ot the greatest element of
M, and (M, — {a,a*}) N (M; — {8,6%}) = 0 for any o, € I, a # §.
Then the ordinal sum of the system (M, : a € I), denoted M, is the algebra
(M;®,A,V,—,~,0,1), where the sets and operations are defined as follows:

M=|JM,,
r<y forzeM,, ye M iff a<fBora=pand z<,y,

. _{xGGy, T,y€M,,
v= min(z,y), z€M_ , ye M,, a#p,
(e}

1, <y
roy=¢ =y, T,YyEM,,
v, reM \My, ye Mg\ M,, a>3,
1, <Y,
Twy=4 Tz~ Y, T,YyEM,,
Y, reM \My, ye Mg\ M,, a>p.
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DEFINITION 5.8 (AGLIANO, MONTAGNA). Let (I,<) be a linearly or-
dered set with the smallest element 0 and let M_, be a system of bounded
R{-monoids such that M, N M, = {1}, for a,B € I, a # (. Then the ordinal
sum of the system (M, : a € I) is the algebra (JM_;A,V,0,—=,~,0,,1),
where the operations are defined as follows:

<y it z<,y, a€l, z,yeM_,
z <y if zeM,, ye My, a<p,

I®ay7 1“7yeMa7

:E@y: Y, .’L'EAa,yEAﬂ\{l},a>ﬂ,
z, xeAa\{l})yeAﬁaa</Ba
T—=,Y, T,YyeEM,,

Ty=4Y, reA,, y€ A5\ {1}, a> 8,
1, zeAN\{1}, y€ 4y, a<p,
T, Y, ZT,YEM,,

,’L‘wy: y’ $€Aa,y€A5\{1},a>ﬂ,
1, €A N{1}, y€ Ay, a<p.

Same as for a finite case, also infinite ordinal sums preserve the conditions

P(a), PL(a), PR(a).

PROPOSITION 5.9. Let (I,<) be a linearly ordered set with the smallest ele-
ment 0 and the greatest element 1 and let (M, : o € I) be a system of bounded
R{-monoids satisfying the conditions PL(a), PR(a) forany o€ I and a € M, .
Let M be the ordinal sum of the system M, o € I, in the sense of Hdjek. Then
for any a € M the conditions PL(a), PR(a) hold.

Proof. Let a be an element of M. Then there exists a € I such that
a € M,. Let z, y be elements of [0,a] C M. Using the same reasoning as in
Proposition 5.5, we conclude that there are the following three cases:

(i) e =y, z~wyeM,,
(ii) z—2y=1=z~y,
(i) z sy, z~yeMy\M,, f<a.

Again, the case (ii) is trivial, the case (i) follows from the assumption con-
cerning M, and the case (iii) from the definition of the operations. O
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PROPOSITION 5.10. Let (I,<) be a linearly ordered set with the smallest
element 0, let (M, : o € I) be a system of bounded R{-monoids such that
M,NM, ={1}, a,8 € I, a # f3, and that PL(a), PR(a) are satisfied for
all o« € I and any a € M, . Then the ordinal sum in the sense of Agliano,
Montagna of the system (M, : a € I), denoted M, satisfies the conditions

«Q

PL(a) and PR(a) for any a € M.

Proof. Any a € M is either 1, or a € M_ \ {1} for some a € I. The
case a = 1 is trivial. Let us assume a # 1 and let z,y € [0, a]. For the element
u € [0, a] there are the following two possibilities: u € M, \{1}, or u € M\ {1},
B < a. The analysis of four possible combinations leads to the following cases:

() coy=l=zwy,
(i) z >y, z~ye M, \{1}
(i) z =y, z~y € My\ {1}, B<a.

Using the definition of the operations we conclude the proof. O

The application of the previous result on the Héjek representation theory
of BL-algebras leads to the fact that the condition P(a) is satisfied in any
BL-algebra M and any a € M.

COROLLARY 5.11. The ordinal sum M of a system of BL-algebras (M, :
i € I) satisfying the condition P(a) for any a € M,, i € I, satisfies again the
condition P(a) for any a.

COROLLARY 5.12. A linearly ordered BL-algebra M satisfies the condition
P(a) for any a € M.

Proof. Due to [14], each linearly ordered BL-algebra can be isomorphically
embedded into a linear saturated BL-algebra, and each saturated linearly ordered
BL-algebra is the ordinal sum of product of Lukasiewicz BL-chains (or Gddel
BL-chains [5]). Due to Proposition 4.2, each BL-chain of the previous two types
satisfies the condition P(a,z,y). Corollary 5.11 and Proposition 5.3 conclude
the proof. QO

THEOREM 5.13. Let M be an arbitrary BL-algebra. Then M satisfies P(a)
for any a € M.

Proof. Due to [5], each BL-algebra is a subdirect product of
BL-chains. Corollary 5.12 and Proposition 5.1 conclude proof. O
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6. Bosbach states

Let us recall the definition of Bosbach states.

DEFINITION 6.1. Let M be a bounded R{-monoid. Then a mapping s:
M — [0,1] is said to be a Bosbach state if the following conditions are satisfied:

(i) s(0)=0, s(1) =1,
(i) s(z) +s(z = y) =s(y) +s(y = 2),
(iii) s(z) +s(z ~ y) = s(y) +s(y ~ 2).

PROPOSITION 6.2. Let M be a bounded R{-monoid, let a,b € M fized ele-
ments and let s be a Bosbach state on M . Then

(i) if s(a) # 1, then sl(z) = % is a Bosbach state on M} ;

(ii) if s(a) # 0 and M satisfies the conditions PL(a) and PR(a), then

s8(x) = z(zg is a Bosbach state on M ;

(iii) of a < b, s(a) # s(b) and the conditions PL(b, z,y), PR(b, z,y) hold for

any ,y € [a,b], then sb(z) = % is a Bosbach state on M?.

Proof.

Case (i):
The condition (i) of the definition of a Bosbach’s state holds trivially. Let us
compute:

s(z) — s(a) = s(z —y) - s(a)

ss(@) + st oly)=sl(z)+sl(z—y) =

1 - s(a) 1-s(a)
_ s(2)+ s(z = y) — 25(a) _ () + s(y = 2) — 25(a)
1 - s(a) 1—s(a)
_ S(y) - 8((1) s(y — :L') _S(a') — S(ll(y) +5(]i(y N Z‘)

1—s(a) 1—s(a)
=sl(y) +sty—-lz).

1

. is proved analogously.

The case for ~
Case (ii):
When assuming PL(a, z,y) or PR(a,z,y) we obtain for s the following equali-
ties:

s((z > y)©a) =s(a) +s(z > y)— 1,

s(a®(x~y)) =s(a)+s(x~y)—1.
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Indeed,
s(a)+s(a— ((z > y)©a))
=s(a)+s(z—=y)=s((zx > y) ©a) +s(((x = y) ©a) - a)
=s((z = y) @a)+1
s(a) +s(a~ (a© (2~ y)))
= (a)+s(x->y =s(a0(@~y) +s((ad(z~y))~a)
=s(a®(z~y)+1.
Therefore,
5300+ 54(e 7 9) = 5@) + 8@ o py 0 o) = 2 Ao 2P Od
s(z) +s(a) +s(z—y)—1 _ s(y) +s(a)+s(y > z)—1
s(a) s(a)
-+ =00 )+ g o5 o).

Fo(r the residuum ~»$ we can proceed analogously. Trivially, s§(a) = 1 and
s§(0) = 0.

Case (iii):
Residua in [a, b] are the same as for the algebras [0, b], therefore we can use the
same approach as in the case (ii). O

If M is a BL-algebra, then P(a) holds for any a € M and we have the
following corollary:

COROLLARY 6.3. Let M be a BL-algebra, let a,b € M be fized elements and
let s be a Bosbach state on M. Then

i) if s(a) # 1, then s(z) = 22=2@) s 4 Bosbach state on M} ;
a 1—s(a) a

(ii) if s(a) # 0, then s}(r) = % is a Bosbach state on Mg,

(iii) if a < b, s(a) # s(b), then s’(z) = —bg%(% is a Bosbach state on M?.

We say that a non-empty subset F' of M is a filter, if
(i) z,ye F = z0y€F,
(i) z€eF, yeM, y>z = yeF.
A filter generated by an element a € M denoted F(a), is the smallest filter in AS

containing the element a. Trivially, F'(a) = {3: € M: a™ < z for some m € N},
where a™ :=a ©®--- ®a (m-times) and a:=1.
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PROPOSITION 6.4. Let M be a bounded R{-monoid and let s be a Bosbach
state on M. Let a € M be an element such that F(a) = M. Then s(a) # 1.

Proof. Forany a,z € M we have the inequality z < a — (z®a), therefore
s(z) < s(a— (z@a)).

We claim, s(a™) > ns(a) — (n— 1), where a” :=a®---® a. We can proceed
by mathematical induction. For n = 1 it is obvious. Let us assume that the
inequality is true for any k < n. Then for n+1 we obtain s(a™)+s(a® — a™*1)
1+ s(a™1), so s(a®) — s(a"*!) = 1 - s(a® = a!) < 1 - s(a) and s(a™) +
s(a) —1 < s(a™*!). Due to the assumption for n, s(a™) > ns(a) — (n — 1), we
can conclude (n + 1)s(a) —n < s(a™) + s(a) — 1 < s(a™*1).

Using the inequality, if s(a) = 1, then s(a*) > ks(a)—(k—1) = k—(k—1) = 1,
i.e. s(a®) =1 for any k. Let F(a) = M, so there exists an integer m € N such
that ¢™ =0 and 0 = s(0) = s(a™) = 1 that contradicts our assumption. O

PROPOSITION 6.5. Let M be a good bounded R{-monoid, i.e. z7~ = ™~
forany x € M. Then F(a=™) =M iff F(a™) =M.

Proof. Let F(a~) = M, then there exists a natural number k such that
(a™)* = 0. For the implication F(a™) = M = F(a™) = M, it is sufficient
to prove, that this condition implies (a™~)¥ = 0. We prove that if (a=)* = 0,
then (a™)* ™ ® (a™~)™ = 0 for any 0 < m < k, where z° =: 1. We proceed
with induction over m. For m = 0, it is trivial. Let us assume that k > m > 1
and it holds for m — 1, i.e. (a™)* ™t ©® (a™)™ ! =0. Then a~ ® (a7 ) ™ ©®
(@)™ 1 =0iff () "me (@)™ 1 <a ™ =a>" iff (a ) ™O (@)™ =0.
The other direction, i.e. F(a~) =M = F(a~) = M, is proved with a dual
reasoning. O

An element a € M is said to be strong if F(a™) =M or F(a™) =M.

Note 6.6. The motivation for the notion of a strong element stems from the
notion of a strong unit in £-groups. One of the characterizations of the strong
units is the following. An element u of £-group G is a strong unit iff the ¢-ideal
generated by u is the whole group G.

Applying Propositions 6.4 and 6.2, if a is a strong element of a bounded
R{-monoid M and if s is a Bosbach state on M and the conditions PL(a),
PR(a) are satisfied, then either s(a™) # 1, or s(a™) # 1, i.e. s(a) # 0 and

s8(z) = zgz; is a Bosbach state on M.
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