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Abstract

In multivariate linear statistical models with normally distributed ob-
servation matrix a structure of a covariance matrix plays an important role
when confidence regions must be determined. In the paper it is assumed
that the covariance matrix is a linear combination of known symmet-
ric and positive semidefinite matrices and unknown parameters (variance
components) which are unbiasedly estimable. Then insensitivity regions
are found for them which enables us to decide whether plug-in approach
can be used for confidence regions.

Key words: Multivariate model; constraints; variance components;
plug-in estimator; insensitivity region.

2000 Mathematics Subject Classification: 62J05, 62H12

1 Introduction

Multivariate linear statistical models are analyzed in several monographs (cf.
(1], [3], [5], etc.). Relatively small attention is given to problems of a deter-
mination of confidence regions. An attempt to contribute to a solution of the
problem is the aim of the paper.
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84 Lubomir KUBACEK

An apriori information on a structure of the covariance matrix in multi-
variate linear statistical model can be of different forms. A determination of
a confidence region for the mean value parameters of the observation matrix
depends essentially on this structure.

In the paper it is assumed that the covariance matrix is a linear combina-
tion of known symmetric positive semidefinite matrices and unknown, however
unbiasedly estimable, coeflicients (variance components). Then the plug-in ap-
proach is used for a confidence regions. For a decision whether this approach is
admisible, the insensitivity regions are determined.

In the following text the models
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[I® X)vec(B),X®1I], H;BH;+H;=0 (1)
[(I®X)vee(B), 10 %], H;BH, +Hy=0 2)
(Z' ® X)vec(B),X®1], H;BH,+H;=0 (3)
(Z' ® X)vec(B),I® %], H;BH,+H, =0. (4)
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will be considered.

Here Y is an n x m and n X r, respectively, matrix (observation matrix) nor-
mally distributed, vec(Y) is the vector composed of the columns of the matrix
Y. Z, X, H;,H>, Hj are known matrices of proper dimensions, B is a matrix of
unknown parameters and X is a matrix of the structure 3 = Z€:1 %V, p > 2.
The notation vec(Y) ~pm [(I @ X)vec(B), X ® I] means that the matrix need
not be normally distributed. The matrices Vy,...,V,, are given, symmetric
and positive semidefinite, ¢ = (¥1,...,9,)" € &, is unknown vector parameter,
where 9 is an open set in RP (p-dimensional Euclidean space). The matrix Hy
must satisfy the condition

VeC(H()) € M(HIQ & Hl)

For the sake of simplicity either the matrix H;, or the matrix Hy will be
considered to be the identity matrix I.

Further symbols are of the following meaning.

M(A;, ) = {Au : u € R"} is the column subspace of the matrix A,
Px = X(X'X)"X, A~ is a generalized inverse (g-inverse) of the matrix A, i.e.
AAA=A My =1-Px, AT is the Moore-Penrose g-inverse of the matrix
A, ie. AATA = A, ATAAT = AT, AAT = (AAT), ATA = (ATA).
Frequently used notation (M xXMx )™, means therefore

MxEIMx)t = -2 XX'2'X)" X'z}, ¥ ispd,
=3 - ITX(XZX)"XZT, M(X)c M(D),
=TT -THXX'TX)"X'Tt, T=3X+XX', otherwise.

If the matrix B is unbiasedly estimable, then the symbol B denotes the best
linear unbiased estimator (BLUE) of the matrix B. (™ is used in order to
emphasize that the estimator respects the constraints; B is the BLUE which
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does not respect the constraints). If the matrix B is not unbiasedly estimable,

however the BLUE exists for the matrix XB, then the symbol XB is used. The
space of all m x n matrices is M, 5.

2 Estimation of the variance components

In the following text the structure of the matrix X is assumed to be X
P_, 9V, In estimation of the variance components vector 9 = (¢1,...,9,),
the following lemma will be used.

Lemma 2.1 Let the univariate universal linear statistical model with constraints,
i.e.

P
Y ~, (X8, Vi), h+HB=0,
i=1

be considered. Here the n X k matriz X, n X n symmetric and p.s.d. matrices
Vi,...,V, and the g x k matriz H are given. Also the g-dimensional vector h
is given. Then the 99-MINQUE (minimum norm quadratic unbiased estimator)

of the vector 9 is
9 =571 ,
(MXMH, BoMx iy, )+’Y

where
Y= (717 . ';’YP)/)
v = [Y + XH'(HH')*h]’ (Mx,, ZoMxus,,, ) Vi
x (Mx,, ZoMxar,,, )" [Y + XH/(HH)Th], i=1,...,p,

+

p
Yo = Z ¥0,i Vi,
i—1

{S(MXMH, BoMx iy, )+ }1 . =

2]
= Tr [Vi (Mxar,, SoMoxa,, ) * V5 (Mxar, SoMxar,, ) |,

ii=1,...,p,
and 9o = (Yo.1,...,% ) is an approzimate value of the vector 9.
B r;Ziaio-MINQUE of the vector O exists iff the matric S(MXMH, Sobxar,, )"
Proof cf. in [2], [4]. -

The formulae for the multivariate models with constraints can be now rewrit-
ten directly from this lemma.
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Theorem 2.2 (i) Let in the model (1) with Hy =1, the matriz
il

N
Mgx)uem,, )(20®1)M(1®X><1®MH1 >]
1

be regular. Then

Tr =Tr (MXMHi) SEOJr

[M(I®X><I®MH1>(20®1)M<I®X)(I®MH1)
and the Yo-MINQUE is

9 = [Tr(MXMHi)SE‘F}_l'Yv
{823}m = (VS V, ), ij=1,...,p,

v = (s )

% = Tr {[Y.+ XH} (HyH))“Hol M, [Y + XH} (H ) Ho

x zgvizg}, i=1,...,p.

(i) Let in the model (1) with Hy = 1, the matrix

"
|:MZVIH2®X(EO®I)MZVIH2®X}
be reqular. Then

[MMH2®X(EO®I)]WMH2®X]+ = [TL — T(X)]SZS' + T(X)S(PH2 ZOPH2)+

and the 99-MINQUE is

~ —1
9 = {[n = r(X)ISys +r(X)S(ru,s0ru+ | ¥
7 (717"'771))/’

v = Tr (Y MxYZ{V,38) + Tr {[X + XH,(H,H,) "H,)'Px

x [Y + XHO(H’2H2)+H’2](PHQEOPHZ)J”}, i=1,....p

and

{SPH2EOPH2)+} = Tr [Vi(Pu,ZoPm,) " V;(Pu,ZoPm,) ], 4,j=1,...,p.

(2]

Proof (i) It is implied by Lemma 2.1 and by the equality
+
{MI@)(XMHi)(EO ® I)MI®(XMH1)} =3 ® Mxary, -
In (ii) the equality

[MMH2®X(EO ® I)l\/IJ\/IHz@)XTL = Ear @Mx + (Py,EoPm,)t @ Px

must be used. O
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Theorem 2.3 (i) Let in the model (2) with Hy =1, the matriz

SM[I®(XMH1 )](I®20)M[I®(XMH, )+
1

be reqular. Then
SM[I@(XMH, NI®Z) Mg xary, i+ mS(MXMHi ZoMxary, )+
1 1

and the Yo-MINQUE is

—1
¥ = (WLS(MXMHi ZOMXMH{)"') Y
7: (717"'77p)la

+

x (MXMH{ EOMXMHJJF Y + XH, (H1H’1)+H0]},
1=1,...,p.
(i) Let in the model (2) with Hy = 1, the matrix
S[MWHZ®x>(IQZEO)Z\/I(MHZ®><)]+
be reqular. Then
S[M(MH2®X>(1®20)M<MH2®X>]+ = [m —r(H2)[S(amxsomx)+ + r(Hz)Sx+
and the 99-MINQUE is

~ —1

9 = {[m —r(H2)|S(amysonm)+ +r(H2)Ssr b,
Y= (’ylv"‘a’y;n)/a

vi = Tr[Y (MxBoMx) " Vi (MxZoMx) " YMy,]

+ T { [+ XHo(HyH) VHY) S VS [Y + XHo(HyH) HY Py, |
Proof (i) The obvious equality

+ +
{MU@(XMHQ(I ® ZO)M[1®(XMH1)} =1I® (MXMHi EOMXMH1>

must be taken into account.
(ii) The equality

My, 0x (I® z30)1\/11\/JHQ@>)<]+ =My, ® (MxXoMx)" + Py, ® B§

must be taken into account. O
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Theorem 2.4 (i) Let in the model (3) with Ho = I the matriz

S[M(Z’®X><I®MH1 ) Zo®NM(zrgx)rmy )T

be regular. Then

S[M(Z’®X)(I®MH{)(EO@I)M(Z’®X)(I®MH{)]+ -

=Tr (MXMH;) SEo+ + Tr (PXMHi) S(MysoMy )+

and the 99-MINQUE is

~ —1
¥ = [Tr (MXMH1> SEo+ + Tr (PXMH1> S(MZ/ZOMZ/)+:| v,
Y= 71)"')7;0)13
7 = Tr {[Y + XH} (HH}) " HoZ] Mo ay,,, [Y + XH} (H H ) HoZ)
x zgvizg} +Tr {[X + XH, (H H,) " HZ) P,
1
x [Y + XH, (H,H,)*HoZ] (M2 SoMz )" Vi (M2 Z,Mz)* }
i=1,...,p.
(i) Let in the model (3) with Hy = I the matriz
S[M(z’®x)(MH2 ®1)(20®I)M(zhgmr)(MHz®1)]Jr

be regular. Then

S[M(Z/®X)(MH2 o (Zo®D Mz x) My, on] T =

=[n— T(X)]SZS- + T(X)S(MZ’AIHZ ToMziny, )T

and the Yo-MINQUE is

~ —1

9 = {In— r(X)ISg; + 1810, SV )t | Y

Y = (71) e 771))/7

v = To(YMxYE{V,58) + Tr {[X + XH,(H,H,) T HLZ)'P y

x [Y + XHo (H,Ho) TH)Z] (Mzar,,, SoMziag,, ) ' Vi
X (Mz/ary, E01VIZfMHQ)+ }, i=1,...,p.
Proof (i) It is necessary to take into account the equality

+
{M(Z’®X)(I®MH1)(20 ® I)M(Z’®X)(I®MH1)} =
=3® MXMHi + Mz ZoMz)t ® PXMHi.
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(if) The equality

+
M 20 x)(Mu,on (o @ DM (2o x)(My,0n) | =

=3 @My + (Mz/ary, EOMZ’MH2)+ ®Px

must be utilized. O

Theorem 2.5 (i) Let in the model (4) with Ho = I the matriz
[M(Z’®X)(I®1WH1)(I®20)M(Z’®X)(I®JWH1)]+
be reqular. Then

’l/§ = 871 - e !
[]‘/[(Z’fwf)(I@zwb,/)(I@’EOWI(Z’@X)(I@MH,)]Jr"y7 Y=00%)
1 1

!/
i = Tr{[1+H’1(H1H’1)+HO} SeViss [X+H’1(H1H’1)+HO}MZ,}
!/ !/ ! +
+ Tr |:X+H1(H1H1)+HO:| (MXMH{ EOMXMH{) Vi

+
x(MXMHiEOMXMHi) [X+H'1(H1H'1)+HO}PZ,}, i=1,....p

and
S[M(Z’®X><I®MH1>(I®20)M(Z’®X><I®MH1)]+ -
= Tr(MZ')SEg' + Tr(PZ/)S(MXMH, EOMXMH, )+
1 1
(i) If in the model (4) Hy =1 and the matrix
S[M(Z’ZVIH2)®X(I®EO)M(Z’MH2)®X]+

s regular, then

9 q-1 o /

9= S[M(Z’AIH2)®X(1®20)M(Z’A1H2)®X]+Py’ 7= (71’ T ,’Yp) ’

/
v = Tr { {X n XHO(H’QHQ)J”H’Q} )RV o [X n XHO(H’QHQ)"'H’Q} My at, }
i

T { [X+XHO(H’2H2)+H’2} (MxSoMx ) {X+XHO(H’2H2)+H’2]PZ,MH2 }

and

S[M(Z’JWHZ)@X(1®20)M(Z’1WH2)®X]+ = Tr(MZ’MH2 )Szar +Tr(PZ’MH2 )S(MXZOMX)+-
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Proof In (i) the equality

[M(Z’®X)(I®MHQ)(I ® EO)M(Z’@)X)(I@MHi)} T
= Mz @ 3o + Pz @ (Mxw,, ZoMx,, )t
must be used.
In (ii) the equality
[M[(Z’MH2)®X] I EO)M[(Z’MHZ)@)X]} T
= Mz, @ B0+ Pz, © (MxZoMx)*

must be used. O

3 Confidence regions

3.1 The matrix X is given

In this section the observation matrix is assumed to be normally distributed.
Since confidence regions for multivariate models can be directly rewritten from
the formulae for univariate models, the following lemmas are given without
proofs.

Lemma 3.1 (i) Let in the model (1) with Hy =1 the s X k matriz G and the
m X t matrix Go be given. Let G1BGo be unbiasedly estimable, i.e.

M(G2®G) c MI (X, H,).

Then the (1 — a)-confidence region is
£ = {U U eM,,Tr ((U — G1BG2)[G1(My, X' XMy, )T G]

X (U= GiBG2)(GLEG)") <33 (0,1- o)},
f = r{Var[vec(GiBG2)]} = r(G5EGa)r[G1 (My; X' XMy, )t G,
Here Gﬁ?,\(}g is the BLUE of the matrizc G1BGs.
(ii) Let in the model (1) with Hy = I the matriv G1BGy be unbiasedly
estimable, i.e. M(G2® G}) C M(I®X',Hy®I). Then the (1 — «)-confidence
TegioNn 18

—— o —
j——

£ = {U U €My, Tr [(U ~ GBG,)[G,(X'X)*G]* (U - G BG.)
x (G { M (3 4 M) M "~ M} G )| <3051 - o)},
f= 7‘{ Var [vec(G?l-B\Eg)]}

= r(GH{[M, (T + M) "M ] — Mi, } Gz ) r[Gr (X'X)* G
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Lemma 3.2 (i) Let in the model (2) with Hy =1 the s X k matriz G and the
m X t matric Go be given and let G1BGy be unbiasedly estimable. Then the
(1 — a)-confidence region is

£ = {U U e M, Tr [(U - GT/B%Q)'(Gl{[MH{X'(E + XMy X')*
XMy - My }G1) (U - GBGL)(@G) ] < w301 - ).
f = r{var [vec(Gljl\;Gz)}}
- T(Gg)r(Gl{[MH{X’(E + XMy, X)X M,y [ * — My, }G’1>.

(i) Let in the model (2) with Hy = I the s X k matrix G, and the m X t
matriz Go be given and let Gi1BGy be unbiasedly estimable. Then the (1 — a)-
confidence region is

E = {U :Ue Ms,t; Tr ((U — GT]?)'\C}Q)/{Gl[(X/T+X)+ — I] /1}+
x (U — GTB\GQ)(G'QMHZGQ)*) < X301 - a)},

f= 7’{ Var [vec(Gﬁ\Ez)]} = r{G[(X'TTX)" — |G| }r(G,Mp, Go).

Lemma 3.3 (i) Let in the model (3) with Hy = I the s x k matrizx Gy and
the m x t matriz Go be given and let G1BGo be unbiasedly estimable, i.e.
M(G2® G)) C M(Z® X', TI®HY)). Then the (1 — a)-confidence region is

e={U:UeM, (U~ G.BG,) [(;1(1\41{9(')(1\/111,{)+(;’1}+
x (U — GT/EFGQ){GQ [(zutz)* —1] Gg}) <3051 — a)},
f = r{Var [vec(cﬁ;ﬁz)}}
- T[Gl(MHiX'XMH{)JFG’l} r{G; [(zU+z)* 1] GQ}.

(i1) Let in the model (3) with Hy =1 the s x k matriz G; and the m x t
materiz G be given and let GiBGy be unbiasedly estimable, i.e. M(G2RG]) C
M(Z @ X' ) Hy ®I). Then the (1 — «)-confidence region is

-

£ = {U UeM,,Tr [(U ~ GBG,)[G1(X'X)* G/ (U — G, BG)
% (G4{[MiZ(S + Z My, Z) 7'M, | MH2}G2)+} <30:1-a)},

f= r{ Var [veC(GT/]é\\GQ)]}

(G (X' X) Gl 7 (GH{ M. Z(S + ZMp, 2) 2/ M, ] — My, | Ga).
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Lemma 3.4 (i) Let in the model (4) with Hy = I the s x k matriz Gy and
m X t matrizx Go be given and let the matric GiBGy be unbiasedly estimable,
i.e. M(G2®G)) C M(Z@ X', I®H)). Then the (1 — a)-confidence region is

€= {U:U €M T [(U- GiBG) (G1{[My; X/(T + XMy X) "

+ e —
X XMy = My }G} ) (U = GiBGy)[G(Z'Z) Gal | < x3(01 - ) },

r{Var[vec(Gﬁg)]}
- r(Gl{[MH{X’(E + XM X) T XM [* — My, }Gg)r[eg(z’Z)+G2].

~
Il

(ii) Let in the model (4) with Hy = I the s X k matrix G1 and the m x t
matriz Gz be given and let G1BGa be unbiasedly estimable, i.e. M(G2®@G]) C
M(ZRX' Hy®1I). Then the (1 — «)-confidence region is

& = {U U € Mgy, Tr ((U - G?B\EQ)'{Gl [(X'T+X)* — 1] G'1}+

% (U — GBGo) [GQ(MHQZZ'MHQVGQ}*) <301 - a)},

;= r{Gl [(X'T+X)* —1] G’l} r[GY(Mp, 22/ Mpy,)* Ga].

3.2 The matrix X is of the form 7, J,V;

If the estimators of the variance components ¥, . . ., ¥,, are sufficiently accurate,
then confidence regions cover the functions of parameter matrix with probability
sufficiently near to prescribed confidence level 1 — a. How rigorous conditions
on the accuracy is, the nonsensitivity region can show.

In the first step let an univariate universal linear statistical model with
constraints be considered, i.e.

P
Y ~ N, <Xﬁ, Zﬂ,V,;) , HgpB+hg1=0.

i=1
The (1 — a)-confidence region for the function G, 3, H3+ h =0, is

Co = {u ‘we R, (u— GP) [Var(GB)| (u— GB) < x3(0:1 a>} 7
where
GB = G([(MuX),, 5] Y = {1= [(MpX) ) ' X FH(HE)
f = r[var(GB)l
Var(GB)] = Vo = G([(MaX);, )] SMp X'), )G
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Lemma 3.5 Let

T(9) = (GB — GBY [Var(GB)] ™ (GP — G).

Then
oT'(9 e~
~(GB - GB)' VTG ViTEVE(GB - GB),
Vi = Var(GB) = G{ [Mp X/ (3 + XMy X' ) XM ] — MH,}G’,
TG =G [MH/XI(E + XMH/X/)+XMH/]+X/(E + )C[\/IH/)(I)Jr7
v=Y — )/(,\@,
T
E (%é?) = —Ti(V,TViTe) = —a;.
Further
cov aT(ﬂ), aT(ﬂ) =4Tr [VZT/GVEL;TGvJ (MXJW ,EMXJW ,)jj
09; 0Y; H H
+2Tr(V; T VETGV,; T VETG) = {A}i ;.
Theorem 3.6 Let a = (a1,...,ap) be the vector given by the preceding lemma

and A be the matriz with the (i,j) entry equal to {A},; given also by the
preceding lemma. Then the nonsensitivity region for the confidence region Cq
18

Ng = {519 : [69 — Smax(t2A — aa’)Jra]/ (t?A — aa’)

IA+
[69 — Omax (?A — aa’)ta] < 51211%% },
Omax = xfc(O; 1—a)-— X?‘(O; l—a—c¢)
and t > 0 is sufficiently large real number. It is valid that
0 eNg=P{GBeCp}>1—a—c.
Proof Let t be sufficiently large, such that

", oT(9) ", oT(9) ", oT(9)
; g9 00 < E G 00 | 1| Var Za—ﬁim

=1 i=1

= —a/§Y +tV 59 AsY.
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If

—3/519 +tV 519/A619 S 6m£LX7

where dpax = X?‘(O; 1—a)— X?‘(O; 1—a—c¢), then
P{T(9+§9) < X?(O; l-a)}>1—a—e.
Thus
1209’ A6 < (Omax + a'009)? & 1209 ASY — §9'aa’ 619 — 20,8’ 69 < 62

max-*

If a € M(t?A — aa’), then the last inequality can be rearranged as

(69 — Smax (t*A — aa’)+a}' (t°A — aa’) [69 — Omax(t°A — aa’) " a]
a’ATa
< - =
S Omax t2 —a’Ata
Here the equality
a’ATa
t2—a’'Ata
is used. It is valid that A = A, + A,, where

a'(t?A —aa’)Ta =

{A1}i; = 4Tr [ViToVETGV; (Mxar, SMxar,,, ) ],
{AQ}i,j = 2TI‘(V7T/GV2;TGvJT/GVJéTg) = {A}%]

Both matrices are p.s.d., i.e. M(A; + As) = M(A1, Ay). Since a € M(Ay)
because of the relationship

Tr(UVy) Tr(UV,UV,), Tr(UV,UV,, ..., Tr(UV,UV,)
Tr(UVy) Y Tr(UV,UV)), Tr(UV,UVy), ..., Tr(UV,UV,)
Tr(IJ'Vp) Tr(UV,UV,), Tr(UV,UV,), ..., Tr(UV,UV,)

where U = T’GVJCSTG7 what can be easily proved, and the number ¢ can be
suitably chosen, the assumption a € M(t2A — aa’) can be ensured. a

A construction of the nonsensitivity region for different multivariate linear
statistical models with constraints can be derived from the last theorem. It is
sufficient to find the vector a and the matrix A for different situations.

Theorem 3.7 Let in the model (1) with Hy = I the matrix GiBGy be unbi-
asedly estimable, i.e. M(Ge ® G}) C M[I® (X',H})]. Then

a= (ay,...,ap),
a; = T[Gl(MH{X/X)"'G/l] Tr[ViGg(G/QEGQ)+G/2], i=1,...,p,
A = r[Gi (Mg X'X)" G 1S ¢, (aym6.)+

where

{Scacizanrayt, ; = Tr[ViGa(GyEG2) TGV, Go(GLEG2) T GY.
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Proof With respect to Lemma 3.5 the following scheme
V=Vl T¢— Teee: Ve— Vaeo,
will be used. Here
Toyea, = Ta, ® Ta, = Gy ® Gi[(Mp; X/);L(I)]Ia
Tg, = G2, Ta, = Gi[(MuX'), )],
VG’2®G1 = VG2 ® VG17
Ve, = Gi(My X' XMy;) "Gy,
Vg, = GLEG,.

Now we use the formulae from Lemma 3.5 and thus we obtain

a; = Tr[(V1 @ I)(Ta, ® Tg, ) (VE, © VE (T, © Ta,))]
= r[G1(Mp; X'X) "My )" G Tr[V;G2(G4EG2) T Gy,
since
Tr(Tq, VE, Ta,) =

= Tr {(MH; X/);L(I)Gi [G1(Mp; X/X)+G/1]+G1[(MH;X');L([)]/}
= T { G (M X))/ (Mg X)) G (G (M X'X) PG
_ {[Gl(MH{X’X)J“G’l][Gl(MH{X’X)JFG’l]*}
= 7[G1 (Mg X'X) " GY].
As far as the matrix A be concerned, it is valid that
{A}i; = 4T {(Vi® D(Te, © T¢, ) (VE, © VE)(Te, © Ta, )V, 8 1)
X Migxm,) (B @ DMigxay, >]+}
+2Te {(Vi 9 )(Ta, © T6, ) (VE, © VE)(To, © Ta, )V, 8 1)
X (Ta, & Tg,)(VE, © VE)(Te, © Ta,)(V; © 1)}
= T[Gl(MH1XIX)+Gll]
x Tr {ViGg(GQEGg)JFG’QVjGQ(G’QEGQ)+G'2}7
since
[MI®(XMH{)(E ® I)MI®(XMH1)]+ =[I® Mxar,, (ZeD(I® Mxar,, Nt
=3t Mxmy,, -

Now it is easy to finish the proof. a
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Theorem 3.8 Let in the model (1) with Hy = I the matric GiBGz be unbi-
asedly estimable, i.e. M(G2 ® G}) C MI® X', Hy ®1I). Then

a = (ar,...,ap),
T[Gl(X’X)JrG’l]Tr(ViTGzVJCSZ @)
A = 4T[G1(X,X)+G1]CTG2 VS—QT,GQ’(PHQ ZPH2)+ + 2T[G1 (XIX)+G11]STG2 VJQTéZ ’

Q;

where
TG’2®G1 = T/Gz ® TGl’ TG1 = GI(X/X)+X/’ TGz = (MHZ)
Veyea, = Va, @ Va,,
VGI Gl(X/X)JrGIlv VG2 = G/Q{[MHZ (2 + 1\/IILAT2)+1VIIL12]jL - MHZ}

,;L(Z)GQa

and

{CTGQVG+2T627(PH22PH2)+}7-j = TI‘[\/z‘ITGQ\/?:2 IGQV]'(PHQEPHQ)+]7

{Ste vz 1 }ij = Tr[V,Te, V§, T, VT, VE T .

G2 7 G2

Proof It is analogous as in preceding theorem. The formulae from Lemma 3.5
must be used. The equality

M, 0x(Z@ DMy, ox] = 27 @ Mx + (Py,XPp,)" @ Px

must be taken into account. O

Theorem 3.9 Let in the model (2) with Hy = 1 the matriz GiBG2y be unbi-
asedly estimable, i.e. M(GhL ® G1) C M[I® (X',H})]. Then

a= (ai,...,ap),
a; = T(GQ)TI‘(ViT/GlVJéngl), 1= 1,. 5Dy
A_ =

4r(G2)C + +2r(G2)S +
(G2) TélvclTGv(MXMH{ EMXMHi)+ (G2) T4, Ve, Tey?
where

Taywe, = Tg, @ Tay,
T, = GiMyX'), )]
= Gi[My; X/ (3 + XMy, X)X My "My, X/ (8 + XM X)
Tg, = Go,
Vo, = G {[Mp; X/ (2 + XMy, X') XMy |* — My, } G,
Ve, = GLGs
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and

C =
{ TG, VG+1 Tle(MXI\/IHi EMXZ\/IHi )+ )

]

= Tr[V,Ty, VE Ta, V; (1VIXMHi EMX My, )1,
{ST/G1 VG+1 TGl }173 - Tr(ViT/GlVglTGleT/leg1TG1)'
Proof The obvious equality

+
{MI@)(XMHi)(I ® 2)1\/11@@()(1\/11,{1)} =1I® (NIXMHi EMXMHi)

and Lemma 3.5 must be used. O

Theorem 3.10 Let in the model (2) with Hy = I the matric GiBGy be unbi-
asedly estimable, i.e. M(G2® G)) C M(I® X' Hy ®1I). Then

a = (ar,...,ap),
a; = T(MHQGQ)TI‘(VinlngTgl), 1= 1,...,p7
A= 4T(MH2G2)CTE;1V51TG1,(MXEMX)"' + 27'(MH2G2)ST&1V51TG1’
where
/
Toyec, = Ta, ® Ta,, Ta, =G [(X/)JQ(E)] =G X'T"X)"X'T",
T = ¥ 4+ XX, TG2 21\/111(2(}27
Vg, = G[X'TTX)" ~1)G}|, Vg, = GLMpy,Gs

and

1

{Cry vz TG1,<MX2MX>+}” = Tr[V, T}, V§ Te, V;(MxIMx) ],

{8y v e, }i’j = Te(V, T4, VE, Ta,).
Proof The equalities
Mz, 0x(T® 2)Ma,, ox] = Mp, ©® (MxEMx)" + Py, @ 7,
IGQPHZ =0

and Lemma 3.5 must be taken into account. O

Theorem 3.11 Let in the model (3) with Hy =1 the matriz GiBG2 be unbi-
asedly estimable, i.e. M(G2® G}) C M(Z @ X', 1@ H}). Then

a= (ar,...,ap),
ot = Vi G (M XXM G T (V. T, VA T ), 1= 1,
A. = 47"[Vgl Gl(MH{X/XMHi)+G/1]CTG2V52T,G27(MZ/2MZ/)+

+2r[VE Gy (Mg X' XMy, )JrGf/ﬂSTG2 VT
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where

+
TG'2®G1 = T/G2 ®Tqg,, Tg = G, (MH£X/XMH{) ].V_[H{}(/7
T, = = Z,,,G: = UM Z(ZUZ), U=%+77,
Vo, = Gi (Mg X' XMy, )™M X SXM gy, (M X' XMy ) PG,

Vg, = G’Q[(ZUJFZ’)Jr o (e}
and

{CTG2V+ T ,(MZ/EMZ,)+}7,], = Tr[ViTq, VE, T, V(M2 SM ) F,

G2 TGy
{Stoyvim, }] = Tr(V,Ta,VE, T, V,Ta, VE, Tl ).
Proof Lemma 3.5 and the equalities
M (a0 (Z © DMz (xar,y )] = S @M, +(MzEMz ) QP
Tq, 1VIXMHi =0

must be used. O

Theorem 3.12 Let in the model (3) with Hy =1 the matriz GiBG2 be unbi-
asedly estimable, i.e. M(G2 ® G}) C M(Z® X' ,Hy ®1I). Then

a = (ar,...,ap),
rlGi(X'X)" G Tr(ViT6, VE TG,), i=1,...,p,
A = 4r[GI(X'X)"GHCr, v 1

G27(MZ’MH2 E1\/[Z/MH2 )+

47}

+ 2r[Gy (X/X)+G/1]STG2 V&, TL,
where
Tayec, = a, ®Ta,, Tg, = G (X'X)"X/,
Tg, = (MHQZ);L(Z)Gg
= (Z+Z'My,Z) " Z' My, My, Z(E + Z'My,Z) Z' Mg, Go,
Vg, = Gi(X'X)TGY,
Va, = GL{{Mp,Z' (X + Z'Mpyg,Z)"Z'Mp,|" — My, } Go

and

C ==
{ Ta, V(;rzTéQ 7(MZ’MH2 EMZ’JWHZ )t irj

= TI‘[VZ‘TGQVE2 IG2VJ‘(MZ/]WH22MZ/MH2)+]7
{STGZVJQT,GQ} - Tr(ViTGZV(—S2T/(;2VjTG2ng IGz)
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Proof The equalities
+
M (2 a1,y 0x (B @ DM (2014, )0x | = ZTOMx+(Mziary, EM gy, ) ©Px,

Te,Mx =0

and Lemma 3.5 must be taken into account. O

Theorem 3.13 Let in the model (4) with Hy = I the matric GiBGy be unbi-
asedly estimable, i.e. M(G2® G}) C M(Z @ X', 1@ H}). Then

a = (ar,...,ap),

a; = r[GH(ZZ')* Go] Tx(V, TG,V Ta,), i=1,...,p,
_ / "+

A = 4r[G45(ZZ) GQ]CT&1VC-;1T&1’(MXMH{ EMXMH§)+

/ N+
+2r[G5(2Z7) G2]ST51VG+1T51’
where

Tayea, = Ta, ® Tay,
Te, = Gy [(MH{X/);L@)}/
= G My X'(Z 4+ XMy; X’)*XM};{MHiX’(E + XMy X)*,
T, = Z'(ZZ)" G,
Ve, = Gi{{Mg X/'(Z + XMy, X)" XM ]" - My }GI,
Va, = GL(ZZ') TG,

and

C + =
{ Téi1VG1Téil’(Z\/[XMHi21\4)“”1{1)Jr i.j

= Tr[V, Ty, V¢, Tci2Vj(Mxa,, ZMxar,,, )",

{STélvg Tcl} = Te(ViT, VE Te, VT, VE Ta,).

1

Proof The equalities
+
[MZ,‘@(XMHi (I® E)MZ’@)(XMHJ = 1VIZ/®§3+-&-PZ/®(1VIXMHi EMxmy, )",

T, Mz =0

and Lemma 3.5 must be utilized. O



100 Lubomir KUBACEK

Theorem 3.14 Let in the model (4) with Hy =1 the matriz GiBG2 be unbi-
asedly estimable, i.e. M(G2 ® G}) C M(Z® X', Hy ®1I). Then

a= (ar,...,ap),
a; = r[Gy(Mpy, ZZ'Mp,)* Go] Te(ViT, VE Tg,), i=1,...,p,
A= 4T[Gl2(MH2ZZ/MH2)+G2]CTé1Vnggl,(MXZA4X)+
+ 2r[GL(Mp, ZZ’MHQ)J“GQ]ST,G1 Vi Toy
where
Teyea, = Ta, @ Tay,
Tg, = Gl[(X/)'r_n(Z)]/ =G (X'TX)"X'TT, T=X+XX/,
Tg, = ZMpg,(My,ZZ' Mpy,) " Ga,

VGI = Gl[(X/T+X)+ _I] /17

Vg, = G4L(My, ZZZ'Mp,) G
and
= Tr[V,;T’GlVaTlej(MXEMX)ﬂ,
%,

{STélvngcl }7 7 - Tr(va/GlVglTGlV]TblvngGl

{CTc’;l Ve, Tey (MxEMx)* }

Proof The equalities
+
Mz Muyyex (T @ E)M(Z’MH2)®X} = Mz /a1y, ®8T+P 201, ®(Mx EMx) T,

'I‘/Gzl\/IZ/]\/[),{2 =0

and Lemma 3.5 must be used. O
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