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Abstract. We collect certain useful lemmas concerning the characteristic map, GLy,-
invariant sets of matrices, and the relative codimension. We provide a characterization of
rank varieties in terms of the characteristic map as well as some necessary and some sufficient
conditions for linear subspaces to allow the dominant restriction of the characteristic map.
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PRELIMINARIES AND INTRODUCTION

Throughout the present note, we work over an algebraically closed field F of char-
acteristic zero. We write F* instead of F \ {0}. We denote by N the set of all
non-negative integers.

Given integers m, k € N, we define M, to be the set of all (m x k)-matrices
whose entries are elements of F. (Obviously, M,,,xr = {0} whenever min{m, k} = 0.)
We write M,,, instead of M, xm. By O xr we denote the zero matrix belonging to
Mpxk. We put Oy, = Opyxmn. We define GL,,, to be the full linear group of size m
over F, i.e.GL,, = {U € M,,; U is invertible}.

We denote by FJM,,] (with m > 1) the polynomial ring over F in m? variables
T11, Th2, - - ., Tinm which are the entries of the “generic matrix” T := [T}];i=1,...m-
We will consider polynomials s/, € F[M,,], 7 = 1,...,m. The polynomial s/, is
defined to be the sum of all principal minors of size j of the matrix T. (In particular,
sl =tr and s™ = det.) Let us notice that T + Z(fl)jsfn(A)Tm_j € F[T] is the

j=1
characteristic polynomial of a matrix A € M,,.
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For a point z = (21,...,%m) € F™ (m > 1) we define Diag (z) = Diag (z1,. .., Zm)
€ M,, to be the diagonal matrix whose diagonal entries are equal to the coordinates
of x.

The group GL,, acts on M,, by the conjugation. The orbit of a matrix A € M,,
under this action (i.e.the conjugacy class of A) will be denoted by O(A). A set
E C M,, is GL-invariant if € D U O(A). The set £ is a cone if £ # @ and

Ae€
EDFE:={XA; NeF, A&}

Throughout the text, we consider M,,, F™ and their subsets as topological spaces
equipped with the Zariski topology induced by the polynomial rings F[M,,] and
F[T1,...,Tm). In particular, bars denote Zariski closures. We write “algebraic
set” instead of “Zariski closed set”. A subset of M,, (and, analogously, of F™)
is said to be quasi-algebraic if it is locally closed in the Zariski topology. A map
P = (‘Pj)?:l : Q — F*, where k > 1 and Q is an irreducible quasi-algebraic set (con-
tained either in M,,, or in F™), is regular if each coordinate function ¢;: Q — F is
locally the quotient of two polynomials. The map ® is dominant if it is regular and
the range ®(Q) is dense in F*.

We refer to [2], [4], [5], [6] for all the notions and facts needed of Matrix Theory,
Algebra, and Algebraic Geometry.

A function g: N — N is a rank function if it is weakly decreasing and satisfies
the convexity condition o(j) 4+ o(j +2) > 20(j + 1) for all j € N. The set of all rank
functions is partially ordered by the natural relation <. Namely,

01 < 024 01(j) < 02(j) for all j €N,

where 01 and gy are rank functions. The ordering < is the only one we will consider
on the sets of rank functions.

For a matrix A € M,, and an integer j € N we define r4(j) = rank (A7). (In
particular, r4(0) = m.) It is easy to check that r4: N — N is a rank function. It
is remarkable though not difficult to prove that there is a greatest element in the
set {ra; A € &} whenever £ C M,, is such that the Zariski closure £ is irreducible
(cf.[7, Corollary 5.2]).

For an arbitrary rank function ¢ we define X, = {A € M,); 74 < o}. The set
X, is called a rank variety (associated with the function g). One can prove that the
rank varieties are irreducible algebraic sets (cf., for instance, [8, Theorem 1.1]). The
following formula for the dimension of X, will be useful in the sequel:

o0

(o) dim X, = [0(0)]* = "[o(4) — o(j — D)]*.

Jj=1

92



For further information about rank varieties and rank functions we refer to the
fundamental papers [1], [10] as well as to [7], [8]. Finally, for an irreducible algebraic
set V C M,, we define its relative codimension, r.codimV, by r.codimV = dim &, —
dim V, where u = max 14 (cf. [9]). Let us notice that X, is the smallest (in the sense

of inclusion) rank variety in which V is contained and that V is a rank variety if and
only if r.codimV = 0.

From now on, the letter n stands for an integer not smaller than 2.

In the note we deal with the characteristic map in the following sense. Let A € M,,
and let g be an integer not smaller than 1. By the characteristic map we mean

X: My 3 B (sh(A+B)), € .

We will focus our attention on x¢, =: x% In [3], it is shown (over the field of
complex numbers) that if £ C M,, is a linear subspace such that dim £ > n and tr
does not identically vanish on £, then the restriction x’ |, is a dominant map for a
“generic” matrix A € M,,. We mostly deal with restrictions x?|y: V — [F?, where
V C M,, is an irreducible algebraic set (not necessarily a linear subspace) such that
¢ =maxrp (n). (Let us notice that the polynomials s! with j > ¢ identically vanish
on each set £ C M,, such that Igggrg(n) = ¢.) The main goal of the note is to

characterize certain classes of sets V having the property that the restrictions x|y
are dominant maps. We will focus our attention on linear subspaces of M,, and on
GL,-invariant irreducible algebraic cones.

We first collect a few lemmas that allow to relate the characteristic map to an
elementary theory of the GL,-invariant irreducible algebraic cones (cf. [7], [8], [9]).
We also offer a purely geometrical interpretation of the notion of relative codimension
(Lemma 1.5). We next use the lemmas to prove a complete characterization of rank
varieties by means of the characteristic map (Theorem 2.1) and to derive from that a
characterization of linear subspaces £ C M,, with dominant restriction x4|. via their
“GL,-invariant hulls” (Corollary 2.2). We also discuss conditions to impose upon
dim £ in order to get that the restriction of the characteristic map is dominant.

1. CERTAIN USEFUL LEMMAS

In what follows, we write st.rank& instead of max ra(n), where &€ C M,, is a
€

non-empty set.

Lemma 1.1. Let L C M, be a linear subspace such that q := st.rank L > 1.

Define L = U O(A). Then the following are true:
AeL
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(i) L is a GL,-invariant irreducible cone,
(i) max{ra; A€ L} =max{ra; A€ L},
(iii) x?c: £ — F is a dominant map if and only if so is x4|z: L — F9.

Proof. Assertions (i) and (ii), and the “only if” part of (iii) are obvious. In
order to prove the “if” part of (iii), observe that

where the inclusion is a consequence of the continuity of x4: M, — [F?. O
For a positive integer ¢ < n we define A? € F[s.,...,sl] C F[M,] to be the dis-

q

criminant of the polynomial 79 4 Z(fl)js%Tq_j € FIM,][T] (cf.[9]). The most
j=1

important property of A is that a matrix A € M,, with r4(n) = ¢ has a multiple

non-zero eigenvalue if and only if A?(A) = 0. Below we formulate an obvious but

remarkable necessary condition for a restriction of the characteristic map x? to be

dominant.

Lemma 1.2. Let Q C M,, be an irreducible quasi-algebraic set such that q :=
st.rank @ > 1 and x%|g: Q — F? is a dominant map. Then there is a matrix A € Q
such that r4(n) = g and AL(A) # 0.

The following Lemmas 1.3, 1.5 and 1.6 seem to be of some independent interest.
Lemma 1.3. Let V C M,, be a GL, -invariant irreducible algebraic set such that

st.rank ) =: ¢ > 1. Then the restriction x% |y is a dominant map for all A € M,,

whenever x?|y is a dominant map.

Proof. Letpu= %1211);( rp and let C' € M,,_, be a nilpotent matrix in the Jordan
€

canonical form such that rc = u — ¢q. Define
Y ={y = (y;)j=; € (F")?; C®Diag(y) € V, the elements y; are pairwise distinct}.

The set Y C F? is quasi-algebraic. Assume now that y?|y is a dominant map.
Then Y # ) thanks to the irreducibility and to the GL,-invariancy of V (cf. also
Lemma 1.2). Let

®: Y >y— x%C & Diag(y)) € FI.

The range ®(Y") is dense in ¢, because for each B € V with rp = p and A%(B) # 0
there is a y € Y such that x?(B) = ®(y). Consequently, the Zariski interior of
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Y C FY is non-empty and Y is an irreducible set. Pick a matrix A € M,,. In virtue
of the GL,-invariancy of VV, one can assume without loss of generality that A is upper
triangular. Let a = (aj)g-:l € 7 be the point whose coordinates are equal to the ¢
terminal diagonal entries of A. Define

®: Y 3y x%(C @ Diag (y + a)) € F.

Obviously, P = (@j|y)§:1, where ¢; € F[T1,...,T,] and deg(@;) = j. Focus the
attention on the “formal Jacobian” det (d(p, ..., 1,)(%;)j=1) € F[T1,...,Ty]. Tt is not
difficult to check that deg (det (d(Th___7Tq)(@j)§:1)) = %q(qf 1). Consider finally the
map

U: Y >y— xI(A+ (C @Diag(y))) € FI.

Evidently, ¥ = ((&; + )|y )j—,, where ¢; € F[T1,...,T,] and deg(¢);) < deg(;)-
It is easy to see that the following equality holds for each element y of the Zariski
interior of Y': det(d,¥) = det (dy&)) + ¢(y), where ¢ € F[T1,...,T,] is such that
deg(y)) < %q(q — 1). Consequently, det(d,¥) # 0 for a “generic” element y € Y,
which means that ¥ is a dominant map. It turns out that so is x%|y. The proof is
complete. (I

Let A € M,, be such that ¢ := ra(n) > 2 and tr(A) # 0. For j = 2,...,¢q we
define )
[ (A

§(A)=q sn(4)

0 otherwise.

if 57, (A) # 0,

Furthermore, we put Z(A) = (£](A))_, € F*~'. The subsequent lemma is a minor
modification of [9, Lemma 1] and can be proved in the same way.

Lemma 1.4. Let A, B € M,, be such that ¢ := rs(n) =rp(n) > 2, tr(A)tr(B) #
0, and AL(A)A%(B) # 0. Then the following conditions are equivalent:
(a) FO(A) = FO(B),
(b) 74 =7p and Z%(A) = E9(B).

Let us remark that the characteristic map x?: M,, — F? (with ¢ > 2) is inti-
mately related to the map

% {A€ M,; ra(n) =q, tr(A) #0} — FI71.

Lemma 1.5. Let V C M, be an irreducible algebraic cone with q := st.rank
V > 2. Then the following conditions are equivalent:
(a) x|y is a dominant map,
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(b) tr does not identically vanish on V and Zy;: U — F4~1 is a dominant map
for a non-empty open subset U C {A € V; ra(n) = q, tr(A) # 0}.

Proof. Assume that (a) is satisfied. Then none of the polynomials s} =
tr,...,s? identically vanishes on V. Define U = {A € V; sL(A) #0,...,84(A) #
0}. The set U is open in V and non-empty (in virtue of the irreducibility of V).
Furthermore, Y C {A € V; ra(n) = ¢, tr(A) # 0}. The restriction x|y : U — F¢
is dominant. So is the map

x? xd
O: (F )3 (z1,...,24) — (—1,...,—1> et
o Lq

Since =%y = O o (x?|), condition (b) follows.

Let condition (b) be satisfied. Then none of the polynomials sl,...,s? identi-
cally vanishes on V. Consider the set 2 := F*Uy, where Uy = {4 € U; sL(A) #
0,...,58(A) # 0}. Obviously, U C {A € V; ra(n) = g, tr(4) # 0}. (Recall that V
is a cone!) Furthermore, u £ 0, Uu {O,} is a cone, U is an open subset of V, and
B U —s F=1 is a dominant map. Consequently, the set

Uy := {(A2$;1,...,Aqx;1); (x2,...,2q) € Z9(U)}

is dense in F~! for all A € F*. Now, pick a A € F* and observe that {\} xU, C x4(i).

_ A
Indeed, if A € U, then (A, \*[¢3(A)]71,..., M[(A)]™") = x(B) for B = tr(—A)A €

U (because U U {O,} is a cone). It turns out that

U () x Un) € x@).

AEF*

Since the set on the left hand side of the above inclusion is dense in [?, condition
(a) follows. O

The subsequent lemma provides a purely geometrical interpretation of the notion
of relative codimension. (The idea of the interpretation arises from a part of the
proof of [9, Theorem 3].)

Lemma 1.6. Let V C M, be a GL,, -invariant irreducible algebraic cone such that
q = st.rankV > 2 and let neither of the polynomials tr and A% vanish identically
on V. Then there is a non-empty open subset U C {A € V; ra(n) = q, tr(A4) # 0}
such that the restriction 29|y, is a regular map and

r.codimV = codimge—1 Z9(U).
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Proof. Define Z = {j € {1,...,q}; s}, does not identically vanish on V}. Then
{1,q} C Z. Define also u = maxry. The set
€

U:={AcV; ra=p, AL(A)#£0, s7(A)#0forall j € Z}

is non-empty and open in V. Moreover, it is GL,-invariant and & U {O,,} is a cone.
Consider the restriction Z9|;;: U — FI~1. Tt is a regular map. By the formulae for
the dimension of a rank variety and for the dimension of fibres of a dominant map,
the following equalities hold:

r.codimV = n? —

[1(j) = (G = 1) — dim V

NE

<.
Il
-

[1(j) = 1 — 1)? = dim U

I
3t\D
\
NE

<.
Il
—

[1() = 1(j = D]? — dim Z2(U) — dim (29) 71 (Z7(A)),

I
3l\D
|

Il
-

J

where A is an element of &. By Lemma 1.4, (29)"}(E9(4p)) = F*O(Ap). (Recall
that U U {0, } is a GL,-invariant cone!) It is routine to check that

dim F*O(Ag) =n? — (¢ —1) = Y _[u(j) — u(j — 1)]*.

0
Jj=1

Finally,

r.codimV = n? — Z[u(j) — u(j —1)]? — dim Za4(U)
—n’ 4 (g—1)+ ) i) = nli - D)]? = codimgs-1 Z9(U).

The proof is complete. O

It seems to be worth of noticing that the above formula for the relative codimension
is not true in case A identically vanishes on V. Consider an example.

Example 1.7. Let B € M,, be a nilpotent matrix. Define V = m,
where I, € My is the unit matrix. The set V C M,,42 is a GL,,4o-invariant
irreducible algebraic cone. It is evident that st.rank )V = 2 and that A2, , identically
vanishes on V while tr does not. By an easy computation, one can verify that
r.codimy = 3. At the same time, =2|; is a regular map and Z*(U) = {4} for
U:={AeV; ra(n)=2,tr(A) #0} =FO(B & I).
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2. MAIN RESULTS

The characteristic map enables us to give a handy complete characterization of

rank varieties.

Theorem 2.1. Let V C M,, be a GL,-invariant irreducible algebraic cone with
q := st.rankV > 1. Then the following conditions are equivalent:
(a) x%|v is a dominant map for all A € M,
(b) x9|y is a dominant map,
(¢) x|y is an “onto” map,
(d) V is a rank variety.

Proof. Implication (a) = (b) is obvious. Implication (d) = (c) can be readily
verified. Implication (c) = (a) is a direct consequence of Lemma 1.3. Assume finally
that x?|y is a dominant map. Then neither of the polynomials tr and A vanishes
identically on V (cf. Lemma 1.2). If ¢ = 1, then condition (d) is satisfied thanks to
[7, Theorem 1.2]. So, assume in addition that ¢ > 2. By Lemmas 1.6 and 1.5, the
equalities

r.codim ¥V = codimps-1 W =0

hold, where & C V is the open subset from Lemma 1.6. It turns out that V is a rank
variety. The proof is complete. O

As an immediate consequence of the above theorem, Lemma 1.1, and formula (e)
for the dimension of a rank variety, we get a complete characterization of linear
subspaces £ C M, having the property that the restriction x?|. is a dominant map.

Corollary 2.2. For a linear subspace L C M, with q := strankL > 1 the
following conditions are equivalent:
(a) XY is a dominant map,
(b) L is a rank variety,
(c) dim £ =mn*—> [u(j) — pu(j — 1)
j=1

where L C M,, is defined as in Lemma 1.1 and p = I}"la%( TA.
€

Conditions (b) and (c) of Corollary 2.2 are clear but, unfortunately, rather not
practicable because of troubles with the “GL,-invariant hull” L. One would like to
get a characterization of linear subspaces with the dominant restriction of the map
X7 in terms of their dimension (cf. [3]). It is evident that if a linear subspace £ C M,
such that ¢ := st.rank £ > 1 allows the dominant restriction x 9|, then

(i) dim £ > ¢,
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(ii) tr and A% do not identically vanish on L.

Below we offer a theorem that provides a comparison between the “generic case”
of the characterization of linear subspaces with the dominant restriction of the char-
acteristic map and the case we have dealt with in Corollary 2.2. In what follows,
we denote by Gj(M,,) the Grassmann variety of the linear subspaces of dimension
k contained in M,,. We equip G(M,,) and its subsets with the Zariski topology

k
(arising from that on F*"” via the identification P = @Mn) For an integer s
=1

such that 0 < s < n we define G (M,,) ={L € Gk(/\/li); st.rank £ = s}. Notice
that G3(M,,) is a locally closed (in other words, quasi-algebraic) subset of G (M.,).
For all information needed about Grassmann varieties we refer to [5]. Furthermore,
let 7,,, 7,0 C M,, be, respectively, the set of all upper triangular matrices and the
set of all nilpotent upper triangular matrices.

Theorem 2.3. (I) Let k, s € N be such that 1 < s <n and s <k < 3(n—s)x
(n—s—1)+ $s(s+1). Then the set E := {£ € G{(M,,): x*|c is a dominant map}
is non-empty and open in G§(M,,).

(II) Let d, q € N satisfy the inequalities 2 < ¢ < nand ¢ < d <1+ %q(q -1+

L(n —q)(n —q—1) +q(n — q). Then there is a linear subspace Lq C M, such that

2
dim L4 = d, st.rank L4 = g, the polynomials tr and A? do not identically vanish on
L4, and x4z, is not a dominant map.

Proof. In the proof of (I) we follow the idea of the proof of [3, Theorem 2.3].
Define £' = {0, _s}® D, and L =T & T,, where D, C M, is the set of all
diagonal matrices. Then both £’ and £L” are linear subspaces of M,,. Observe that
dim £’ = s and dim £” = £ (n— s)(n — s — 1) + 3s(s + 1). If K C M,, is any linear
subspace of dimension k such that £’ C K C £”, then obviously K € E. Remark now
that the set U := {£ € G(M,,); there is A € L such that the differential d 4 (x®|z):
L — [F* is “onto”} is open in Gg(M,,). (To see that, define

k
BfL = {(Bl, ...,Bg) € @Mn; Bi,..., By are linearly independent over [F},
j=1

denote by Span (Bj, ..., Bg) the linear span over F of the set {B1,...,Bx} C My,
and consider the map

{(A,By,...,By) € M, x B¥; AcSpan(By,...,By)}

5 (A, Bi,...,By) = [dax’|(s,,...By) € Msxks

.....
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where [dax®](B,.....B,) stands for the matrix of the differential at A of the restriction

.....

of x*® to Span (B, ..., By) with respect to the basis (By,..., Bi) and the canonical
basis in F*.) By the well-known differential characterization of dominant maps,

U={Le€ Gr(My): x°|z is a dominant map}.

Consequently, E is an open subset of G} (M,,). The assertion of (I) follows.
We turn to the proof of (II). Pick pairwise distinct elements Aq,...,\; € F* such

q
that Z)\j #0. Definew =1+ 1q(g—1)+ 2(n—q)(n—q¢—1) +¢(n —q) and
j=1

|

It is evident that dim £,, = w, st.rank £,, = ¢, and neither of the polynomials tr
and A? vanishes identically on £,,. Since Z9({A € L,,; tr(A) # 0}) is obviously a
singleton, x?|.,, is not a dominant map (cf. Lemma 1.5). In order to get £, satisfying

B C ~
:BET,?fq, BE'Z;O,

0O §+nDiag(/\1,...,)\q)

gx(n—q)

Ce ./\/l(n_q)xq, K€ [F}.

the conditions of the statement with d < w, it is enough to take an appropriate
subspace of L,,. The proof is complete. |

To conclude the note, we give a more practicable sufficient condition for a linear
subspace to allow the dominant restriction of the map x?. The result is based on a

certain theorem concerning the linear capacity.

Proposition 2.4. Let L C M, be a linear subspace such that st.rank L = 2.
Define p = I}‘laz( ra. Then x?|; is a dominant map whenever tr does not identically
€

vanish on £ and
oo

dim £ 5 (1 = Sluti) — i - 1)

Jj=1

Proof. In virtue of Corollary 2.2, it is enough to prove that L= X,,. Since
st.rank £ = 2, there are only two disjoint possibilities: either L= X, or there is
B € M,, such that £ = FO(B) (cf. [8, Theorem 2.2]). If £ = FO(B), then tr(B) # 0
(because tr does not vanish on £) and rp = p. Thus, by [8, Theorem 3.1],

dim £ < %(nQ - g[u(j) —ni— 1)]2)»

a contradiction. The proof is complete. ([
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