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Abstract. In this paper, sufficient conditions are obtained for oscillation of all solutions
of third order difference equations of the form

Yn+3 + T™nYn+2 + nyn+1 +onyn =0, n = 0.

These results are generalization of the results concerning difference equations with constant
coeflicients

Yn+3 + "Yn+2 + @Yn+1 +Poyn =0, n = 0.

Oscillation, nonoscillation and disconjugacy of a certain class of linear third order difference
equations are discussed with help of a class of linear second order difference equations.

Keywords: third order difference equation, oscillation, nonoscillation, disconjugacy, gen-
eralized zero

MSC 2000: 39A10, 39A12

1. INTRODUCTION

In [4], [5] an attempt was made to generalize the results concerning oscilla-
tion/nonoscillation of solutions of third order difference equations with constant
coeflicients of the form

(1) Yn+3 + TYnt2 + @Yn1 +pyn =0, n=0, p#0,
to third order difference equations with variable coefficients of the form

(2) Yn+3 + TnYn+2 + @u¥n+1 + Pnyn =0, n 20,
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where {p,}, {gn} and {r,} are sequences of real numbers such that p, # 0. In this
paper we obtain some new results in this direction. A comparison is made of the
present results with the results in [4], [6] in order to emphasize the significance of all
the results. Equation (2) may be put in the form

(3) A(anAQyn) + BrnAYn+1 + YnYn+1 = 0,
where
-1)"« 1) (pn — 10 — 2 1" ag(pn + gn + 70 + 1
o= CU"0 1 anlp ), U (bt g )
I1 pi ‘H bi ‘H pi
1=0 =0 =0

with ag # 0. However, in the present situation it is convenient to handle (2) rather
than (3). In Section 2 some results concerning Eq. (1) are presented as a motivating
factor. Then these results are generalized to hold for Eq. (2) in Section 3. Further,
known results for second order difference equations are used to predict the behaviour
of solutions of a class of third order difference equations.

By a solution of Eq. (1)/(2) on [0,00) = {0,1,2,...} we mean a sequence {y,} of
real numbers which satisfies (1)/(2) for n > 0. If yo, y1, y2 are given, then y, for
n > 3 can be obtained from (1)/(2). A solution {y,} of Eq. (1)/(2) on [0, o) is said
to be nontrivial if for every integer m > 0 there exists an integer n > m such that
yn # 0. In this work, by a solution of (1)/(2) we understand a nontrivial solution.
A solution {y,} of Eq. (1)/(2) is said to be nonoscillatory if there exists an integer
M > 0 such that either y, > 0 or < 0 for all n > M; otherwise, {y,} is said to
be oscillatory. Equation (1)/(2) is said to be oscillatory if all of its solutions are
oscillatory.

2. OSCILLATORY BEHAVIOUR OF SOLUTIONS OF EQ. (1)

In this section we discuss the oscillatory behaviour of solutions of Eq. (1) under
different sign conditions on the coeflicients. If yo, y1 and yo are known, then Eq. (1)
can be solved explicitly. However, in order to study the oscillatory behaviour of its
solutions, we proceed as follows:

Theorem 2.1. Let p > 0 and r < 0.
(i) If ¢ > 0 and p > — 5513, then Eq. (1) is oscillatory.
.. . . 4
(ii) If ¢ < 0 and Eq. (1) is oscillatory, then p > —5=1°.

Proof. (i) The characteristic equation of (1) is
(4) M +rA2+ g +p=0.
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If p > 0, then (4) admits a root o < 0. Further, G + 4H? > 0 implies that (4) has
two complex roots, where

gr  2r3 1 r2
—p_ L2 dH:—(f—)
G=p=3 +57 an 3\¢7 3

We may observe that ¢ > £r? implies G® + 4H3 > 0. Moreover, ¢ < 1r? implies

that —%pqr > %TQQQ since p > —%r?’. Then

4 4 2 q*r?
2 3 3 3
T TORE T
(5) G° + plp+ 57" + 571 bar 57
4 4 7q%r?
> 2 3) 2~ 3 '
p(p+27r HETA AT

Hence in any case G? + 4H?3 > 0. Thus (4) has two complex roots. Consequently,
all solutions of (1) are oscillatory. This completes the proof of the first part of the
theorem.

(ii) On the contrary, let p < —%r?’. Then G?+4H?3 < 0. Hence all roots of (4) are
real. As p > 0, we conclude that (4) has a root @ < 0. Let 5 and v be two other real
roots. However, a3y = —p implies that 8y = —p/a > 0 and hence § > 0 and v > 0
or 8 < 0and vy < 0. On the other hand, a« + 8+ = —r implies +v=—r—a > 0.
Thus S > 0 and 7 > 0. Consequently, (1) admits two positive solutions {3"} and
{7"}, a contradiction to the assumption that all solutions of (1) are oscillatory. This
completes the proof of the second part of the theorem.

Corollary 2.2. If p > 0 and r < 0, then all solutions of y,+3 + TYn+2 + pyn =0

are oscillatory if and only if p > *%T;

Theorem 2.3. Let p > 0 and q < 0.
(i) Ifr >0 and p > 2 (f%q)g/z, then (1) is oscillatory.
(ii) Ifr < 0 and (1) is oscillatory, then p > 2 (—%q)gm.
Proof. (i) It is enough to show that G? + 4H? > 0 because in this case (4)

admits two complex roots. Further, p > 0 implies that (4) has a negative root. We
consider two cases, viz., 2p < —%qr and 2p > —%qr. Let 2p < —%qr. Hence

3 2 Q2.2
4dpr > 4pr y @ _ 8p“r S Qrqu,
27 27 —q 3q 81

since p > 2 (—%q)?’/2 implies that p? > —%q?’. Consequently, from (5) we obtain

327’2(12 4 2 q27’2 297’2(12 4 2
G2 L AH3 > p? 3 & a2 % 3 <
+ Pt g Tl TP =P g1 ard TP
29r2¢% 2
TR gpqr > 0.
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Let 2p > —%qr. Then (5) implies

dpr® 2 ¢*r? _ dpr3
G? +4H? > — - = - > 0.
* o7 31T a7 7 o7
Thus the first part of the theorem is proved.
(i) We claim that p > 2 (—%q)gm. If not, then p < 2 (—%q)?)/z. Hence p? < —%q?’.

Thus (5) yields

4 2 1
G2+ 4H3 < —p® — Zpar — —?r2 < 0
+ orP" T3P T 4T S

which implies that all solutions of (4) are real. Since p > 0, then (4) has a root
a < 0. If 8 and « are other two real roots of (4), then a8y = —p < 0 implies that
B~y > 0. But a« + 8+ v = —r implies that 4+~ > 0 and hence > 0 and v > 0.
Thus (1) admits two positive solutions, a contradiction which completes the proof of
the second part of the theorem. O

Corollary 2.4. If p > 0 and q < 0, then all solutions of Y3 + qYn+1 + pyn =0
are oscillatory if and only if p > 2 (f%q) 8/2

3. OSCILLATORY BEHAVIOUR OF SOLUTIONS OF EQ. (2)

In this section we obtain results similar to Theorems 2.1 and 2.3 for Eq. (2). We
will show that all solutions of (2) oscillate under different sign conditions on the
coefficient sequences.

Theorem 3.1. Let p, >0, ¢, > 0 and r,, < 0. If

473

>,
P57

then (2) is oscillatory, where p = liminf p,, and r = liminf r,, > —o0.

n—o0 n—00

Proof. Let {y,} be a nonoscillatory solution of (2). Hence y,, > 0 or y, <0
for n > M, where M > 0 is an integer. Without any loss of generality we can take
yn > 0 for n > M because {—y,} is also a solution of (2). Setting =, = yn+1/Yn+2,
n > M, and taking linnligf ZTn = 1, we obtain from (2)

(6) Ynt3 + TnYni2 +PnYn <0, n =M,

that is,

Yn+3 +p Yn

n
Yn+2 Yn+2

g —Tn,
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that is,
(7) x;}»l g —Tn — PnTn—1Tn.

Hence z,,{; < —r,. Then limsupz, !, < limsup(—ry), that is, u > —1/r > 0. From
n—oo n—oo

(7) we obtain

lim sup a?;j_l < limsup(—ry, — pr®n—12n),

n—oo n—oo

that is,

(liminf 2, 1) 7" < = liminf(r, + ppn_12,) < —(liminfr,, + liminf( pyz,_12,)),
n—oo n—oo n—oo n—o00

that is, u=t < —(r + pu?), that is,

—ru—1
(8) P ——5—.
From (6) we obtain

Yn

—Tn > Dn = PnTn—-1Tn
Yn+2
Hence
lim sup(frn) > lim Sup(pnznflzn) > lim inf(pnxnflivn)a
n—oo n—oo n—oo

that is,

— liminf r,, > liminf p,, liminf z,,_; liminf z,,,
n—oo n—oo n—oo n—oo

that is, —r > pu?, that is, u < co. If

—rp—1
fp) = —5—,
(1) 3
then f attains its maximum at p = —3/2r and
3 4r3
Max { f(u)} = f(—g) =97

Hence (8) implies

473

ﬁa

a contradiction to the hypothesis. Thus the theorem is proved.

P —

In [6], the following theorem is proved.
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Theorem 3.2. Ifp, >0, g, >0, r, <0 and

1 1
Pn+ > qn+ + an rm
Tn+1Tn—1 Tn+1 Tn—1

for large n, then (2) is oscillatory.

Example 1. Consider

9) Yn+3 — 6Ynt2 +4Ypnr1 + 33y, =0, n=0.

Hence r, =r=-6<0,¢, =q¢q=4>0,p, =p=33>0. Since—%r3:32<
p, all solutions of (9) are oscillatory by Theorem 3.1. The characteristic equation
A3 —6A2 +4X+ 33 = 0 of (9) has a negative root, that is, A = a < 0 because 33 > 0.
Hence {a"} is an oscillatory solution of (9). We may observe that Theorem 3.2 fails

to hold for (9) because

n 33 n n 8 28
P 33 e G 8

Tn4+1Tn—1 36 Tn+1 Tn—1 6 6

On the other hand, all solutions of
(10) Ynt3 — 6Yny2 +20yp11 + 31y, =0, n =0,

are oscillatory by Theorem 3.2 but Theorem 3.1 fails to hold for (10) because p =
31 < 32 = —%r?’. Clearly, p > —%7’3 is not a necessary condition for Eq. (10) to
be oscillatory. However, there are equations with p, > 0, ¢, > 0 and 7, < 0 which
admit nonoscillatory solutions for which p < —4k3 is satisfied. Consider (2) with

27
m=—3—-1/n,pp=3%+1/2n,n>1and ¢, = =, — pn — 1 = § + 1/2n. Then
liminfr, = —2 and liminf p, = . Clearly, p < —4r® holds and
n—oo n—oo

Yn+3 + TnYnt2 + (_rn — Pn — 1)yn+1 + Pnyn =0

admits a nonoscillatory solution y, = ¢ # 0, a constant.

In the next theorems the sign of p, remains the same as in Theorems 3.1 and 3.2
but ¢, and r, interchange their signs.
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Theorem 3.3. Suppose that p, >0, ¢, <0 and r, > 0. If

—q 3/2
>2|( — ,
r>2(3)
then Eq. (2) is oscillatory, where p = liminf p,, > 0 and ¢ = liminf ¢,, > —o0.

Proof. On the contrary, let {y,} be a nonoscillatory solution of (2). Hence,
without any loss of generality, we can assume that y, > 0 for n > M > 0. From (2)
we obtain

Yn+3 + dn¥Yn+1 +pnyn < 07 nz M.

Setting x,, = Yn/yn+1 and assuming lim inf x,, = u, we get
n—oo

(11) 2t pu—" < g
Yn+1 Yn+1
that is,
Ty ioTrty < —Gn — Pnn.
Hence

lim Sup(xn+1zn+2)71 < lim Sup(*Qn - pnivn) < - lgglgf(%l +ann)7

n—oo n—oo
that is,
(liminf (2 412042)) " < —liminf ¢, — liminf(p,2,,),
n—oo n—oo n—oo
that is,
1
— < —¢—pp.
7
We may observe that © — 0 implies ¢ — —o0, a contradiction. Hence p > 0. Thus
2
—qu? -1
(12) p< “M—

From (11) we obtain p,z, < —¢,. Hence

lim inf (pp2,) < liminf(—g,) < limsup(— g,) = — liminf ¢,,

n—0o0 n—o00 n—00 n—0o0

that is, 4 < —¢/p < oo. If weset f(u) = —(qu® + 1)/p?, then it attains its maximum
at u = (—3/q)"/? and hence the maximum value of f is given by f((—3/¢)'/?) =
32—\/5(—q)3/2. From (12) we get
2 3/2
g — (—
P37 (—q)

a contradiction. Hence the theorem is proved.

)

Now we state some results from [4].
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Theorem 3.4 (Theorem 2.7, [4]). If p, > 0, g, <0, r,, > 0 and
2

7Qr+2r37 2 (r7>3/2>0
Pmg T T3 a3 1 ’

then (2) is oscillatory, where liminfp, = p > 0, liminf ¢, = ¢ < 0 and liminfr, =
n—oo n—oo

n—oo
r > 0.

Theorem 3.5 (Theorem 2.11, [4]). If p, > 0, ¢, <0, r,, > 0 and

> T'nPn+1 + PnTn—1
gn+1 dn—1

an

for large n, then (2) is oscillatory.

Example 2. Consider

1 1

Here

2, n even,
T =
0, n odd,

gn =—(34+1/n) <0and p, = (34 1/n) > 0. Then liminfp,, = 3, liminfg, = —3

and liminf r,, = 0. Since all conditions of Theorem 3.3 are satisfied, (13) is oscillatory.

n—oo
Choosingy; = 0,y2 = land y3 = 2, weobtainy, =4 > 0, y5 = —% <0,y6 = 23—0 > 0,
Yyr = —% < 0 and so y,, are alternately of positive and negative values. Thus it

is an oscillatory solution of (13). But Theorem 3.4 cannot be applied to (13) since

liminfr, =r =0.
n—oo

Example 3. Consider
(14) Yn+3 + 3Ynt2 — 12ynt1 + 18y, =0, n =0.

Hence p = 18 > 16 = 2 (—1¢)*/*. From Theorem 2.3 or 3.3 it follows that (14) is
oscillatory. However, Theorem 3.5 is not applicable to (14) because

TnPn+1 PnTn—1
+

qn+1 dn—1

=-9> 12 =q,.

On the other hand, Theorem 3.5 can be applied to

Yn+3 + 6Ynt2 — 12ynt1 + 14y, =0
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to conclude that all solutions of the equation are oscillatory. But Theorem 3.3 cannot
be applied to this equation because

—q\3/2
2(?) — 16> 14 = p.

4. STUDY OF THIRD ORDER EQUATIONS VIA SECOND ORDER EQUATIONS
We begin with the following observation.
Proposition 4.1. A real sequence {y,} is a solution of
(15) Ynt+3 + Tn¥Ynt2 — (Tn + Pn+ 1)Ynt1 + Puyn =0
if and only if {x,}, where x, = (—1)" y,, is a solution of
(16) Tnt3 — TnZnt2 — (Pn + Do+ D)@png1 — pnzn =0

where {p,} and {r,} are real sequences such that p,, # 0. Moreover, {{y,(Ll)}, {yg)},
{y,(f)}} is a basis of the solution space of (15) if and only if {{x%l)}, {mg)}, {ng)}}
is a basis of the solution space of (16).

The proof is straightforward and hence it is omitted.
Corollary 4.2. If all solutions of (15) are nonoscillatory, then all solutions of

(16) are oscillatory. Further, if (16) has a nonoscillatory solution, then (15) has an
oscillatory solution.

The corollary follows from Proposition 4.1. However, the converse of neither of
the above two statements is true.

Example 4. The equation

Yn+3 + Yn42 — 2yn =0

admits a positive solution {1} and two oscillatory solutions {cosnf} and {sinnf},
where 6 = %n. However, all solutions of

Tp43 — Tpt2 + 2r, =0
are oscillatory because {{(—1)"}, {cosnf}, {sinnf}}, where 6 = Im, is a basis of the

solution space of this equation.
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Corollary 4.3. Each of Egs. (15) and (16) possesses both oscillatory and nonoscil-
latory solutions simultaneously if each of these equations admits a nonoscillatory
solution.

Theorem 4.4. If r, + p, = 0, then each of (15) and (16) admits both oscillatory
and nonoscillatory solutions.

Proof. Clearly, y, = 1 is a positive solution of (15). Further, r,, + p, = 0
implies that x,, = ¢ # 0, where ¢ is a constant, is a nonoscillatory solution of (16).
Hence the theorem follows from Corollary 4.3. g

Theorem 4.5. If p,, > 0 and r, > 0, then each of (15) and (16) admits both
oscillatory and nonoscillatory solutions.

Proof. We may notice that Eq. (16) with initial conditions z¢ > 0, z; > 0 and
29 > 0 admits a positive solution {x,} because p, > 0 and r,, > 0. Further, y,, = 1
is a positive solution of (15). Hence the theorem is proved. 0

Example 5. (i) Each of the equations
Ynt3 — Ynt2 — Ynt1 T Yn =0 and Znig+ Tnio — Tpyr —2p =0

admits an oscillatory solution {(—1)"} and a positive solution {1}.

(ii) The equation ¥n+3 + Ynt+2 — 3Yn+1 + Yn = 0 admits a positive solution {1}
and an oscillatory solution {(71 — \/5)“} On the other hand, the equation x, 3 —
Tp42 — 3Tpy1 — T, = 0 admits a positive solution {(1 + \/5)”} and an oscillatory
solution {(—1)"}.

Proposition 4.6. A real sequence {y,} is a solution of (15) if and only if { Ay, }
is a solution of the second order difference equation

(17) Unt2 + (rn + Dtpy1 — ppuy =0,

where Ay, is the forward difference operator defined by Ay, = yn+1 — Yn. This
follows from the fact that Eq. (15) can be written in the form

Yn+3 — Ynt2 + (T + 1) (Unt2 — Unt1) — Pn(Ynt1 — yYn) = 0,

that is,
Ayn+2 + (Tn + I)Ayn+1 — pnlAy, = 0.
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Lemma 4.7. Let {y,} be a sequence of real numbers. If {Ay,} is eventually of
one sign, then {y,} is eventually of one sign.

The proof follows easily and hence is omitted.

Theorem 4.8. If all solutions of (17) are nonoscillatory, then all solutions of (15)
are nonoscillatory.

Proof. Let {y,} be a solution of (15). So {Ay,} is a solution of (17) by
Proposition 4.6. Since all solutions of (17) are nonoscillatory, then Ay, is eventually
of one sign. Then, by Lemma 4.7, {y,} is eventually of one sign, that is, {y,} is
nonoscillatory. This completes the proof of the theorem. O

Remark. We may notice that such a result is not possible for Eq. (16) because
it always admits an oscillatory solution {(—1)"}.

In literature there are several sufficient conditions for nonoscillation of all solutions
of linear second order difference equations. The following result may be obtained
from [2].

Theorem 4.9. Let 3, < 0 and ~,, > 0 for large n.
(i) If Bpfn+1 = 49ynta for large n, then all solutions of

(18) Tn+42 + ﬁnxn+1 + TnTn = 0

are nonoscillatory.

(ii) If —p, > max {7y,,4} for large n, then all solutions of (18) are nonoscillatory.

Theorem 4.10. Let p, <0 and r,, < —1 for large n.
(i) If (rp + 1) (rng1 + 1) + 4ppy1 > 0 for large n,
then all solutions of (15) are nonoscillatory and hence (16) is oscillatory.
(ii) If —=(rn, + 1) > max {—py,,4} for large n,
then all solutions of (15) are nonoscillatory and hence (16) is oscillatory.

The theorem follows from Theorems 4.8 and 4.9 and Corollary 4.2.

Definition. A sequence of real numbers {y,,: n > 0} is said to have a generalized
zero at k if one of the following conditions holds: (i) y, = 0if K =0 and (ii) if k£ > 1,
then either yr = 0 or yr_1yx < 0.

Definition. Equation (17) is said to be disconjugate on [0, c0) if no nontrivial
solution of (17) has two or more generalized zeros in [0,00). Similarly, Eq. (15) is
said to be disconjugate on [0, 00) if no nontrivial solution of (15) has three or more

generalized zeros in [0, 00).
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Theorem 4.11. If Eq. (17) is disconjugate on [0,00) = {0,1,2,...}, then Eq. (15)
is disconjugate on [0, c0).

Proof. On the contrary, let {y,}, n > 0, be a solution of (15) which has three
generalized zeros at mi, ms and mg (0 < my < ma < m3).

If my > 1, then y,,, # 0 or Y, = 0. From Proposition 4.6 it follows that {Ay,}
is a solution of (17). We consider the following four possible cases:

(i) Let ymi—1 < 0, Ymy > 0, Ymo—1 > 0, Ymy, < 0, Yms—1 < 0 and y,,, > 0.
Then AyYymi—1 = Ymi— Ymi—1 > 0, AYmo—1i = Ymy — Yma—1 < 0 and Ayp,—1 =
Yms — Yms—1 > 0. Thus the solution {Ay,} of (17) has two generalized zeros in
[m1,m3 — 1] ={mi,mi1+1,...,mg — 2,ms — 1}.

(ii) Let Ymy—1 > 0, Ymy <0, Ymo—1 <0, Ymy = 0, Yms—1 > 0 and yp,, < 0. Hence
Aym,—1 < 0, Aym,—1 > 0 and Ayyn,—1 < 0. Thus {Ay,} has two generalized zeros
in [my1,mg — 1].

(iil) Let Ym, = 0, Ymyt1 < 0y Ymo—1 < 0, Yy = 0, Yms—1 > 0 and yp,, < 0. Then
Aym, < 0, Aym,—1 > 0 and Ayp,,—1 < 0. Hence {Ay, } has two generalized zeros
in[m;+1, ms—1].

(iv) Let Ymy, =0, Ymi+1 > 0, Ymo—1 > 0, Yo < 0, Yms—1 < 0 and y,,, = 0. Then
Aym, > 0, Aym,—1 < 0 and Ayp,—1 > 0. Thus {Ay, } has two generalized zeros in
[y + 1, mg — 1].

If my = 0, then y,,, = 0. We arrive at a contradiction as in cases (iii) and (iv). In
each case, we obtain a contradiction to the fact that (17) is disconjugate. Hence the
theorem is proved. O

Theorem 4.12. Let p, < 0. If there exists a positive number k such that
4+ Dk —pa =0, n>0,

then (15) is disconjugate on [0, 0).
This follows from Theorem 4.11 and Corollary 6.9 in [3].

Example 6. All conditions of Theorem 4.12 hold for £ = 2 for the equation

Yn+3 — 6Yny2 + 11ypy1 — 6y =0, n =0,

Hence it is disconjugate on [0,00). As {{1}, {2"}, {3™}} is a basis of the solution
space of the equation, any solution {y,} of the equation can be written as y, =
C1 + C32™ + (C53™, where C4, O3, C3 are constants such that C? + C3 + C35 # 0. It
cannot have more than two generalized zeros in [0, 00).
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In [1], Henderson and Peterson obtained sufficient conditions for disconjugacy of
Agyn—l + pnAyn + qnyn = 0.

However, our results and techniques are different from theirs.

Results similar to Theorems 4.8 and 4.11 also hold for the equations of the form
(19) A(by 1A%, 1) + cnAy, =0, n>1,
where b,, > 0. Indeed, we have the following theorem.

Theorem 4.13. (i) If all solutions of
(20) A(bp—1Aup_1) + chu, =0, n =1,

are nonoscillatory, then all solutions of (19) are nonoscillatory. (ii) If (20) is discon-
jugate on [0, 00), then (19) is disconjugate on [0, c0).

The proof is similar to those of Theorems 4.8 and 4.11 if we observe that {Ay,}
is a solution of (20) if {y,} is a solution of (19).

5. CONCLUSIONS
There are many results concerning oscillation of (1) which are yet to be generalized
to (2). It seems that there is no result in literature which would provide sufficient

conditions for nonoscillation of all solutions of (2) although we have such results for
(1). Indeed, the following results hold for (1) (See [6]).

Theorem 5.1. If p < 0, g = %r2, r#0andp— %qr—i— %r?’ = 0, then all solutions
of (1) are nonoscillatory.

Theorem 5.2. Ifp <0, ¢ < 3, r <0 and

then all solutions of (1) are nonoscillatory.
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Theorem 5.3. If p < 0,7 <0, p/r < qg< %rz and

2 r2 3/2 qr 2r3
— = - > —-p——>0,
3\/§(3 ) 3 7

then all solutions of (1) are nonoscillatory.

Theorem 5.4. If p < 0,7 <0, p/r < qg< %rz and

2 r? 3/2 qr 273
O<ﬁ(§q) B

then all solutions of (1) are nonoscillatory.
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