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Dedicated to Professor Jindiich Necas on his 70th birthday

Abstract. This paper is concerned with optimal lower bounds of decay rates for solutions
to the Navier-Stokes equations in R™. Necessary and sufficient conditions are given such
that the corresponding Navier-Stokes solutions are shown to satisfy the algebraic bound

n+4
2

lu(®l = ¢+ 1)~
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1. INTRODUCTION AND THE RESULTS

Consider the Navier-Stokes equations in R", n > 2, which will be treated in this
paper in the form of the integral equation

(NS) u(t) = e a — /Ot V-e AP (u @ u)(s)ds,

for prescribed initial velocity a(z) = (a1(z),...,an(z)), x = (x1,...,2,) € R*, and
unknown velocity u(x,t) = (ui(z,t),...,u,(x,t)). Here, A = —A is the Laplacian
on R"; {e7*4},50 is the heat semigroup; P = (Pjx) is the bounded projection onto
divergence-free vector fields; u ® v is the matrix with entries (u ® v)x = u;vg;

(Ve "Plucu)), Z@get Pip(uweug), j=1,...,n
k=1
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It is well known that for each a € L* with V -a = 0, (NS) has a weak solution u
defined for all ¢ > 0, satisfying the energy inequality

t
lu(t)]2 +2/ IVul2ds < [[a2 for all £ > 0.
0

Hereafter || - || denotes the L"-norm.
As shown in [10], there exists a weak solution u such that

(1.1) lu(t)]|> < C(1+1)7F,
whenever
(1.2) acL?® V-a=0 and /(1+\y|)\a(y)|dy<oo.

Assumption (1.2) implies a € L'; so the divergence-free condition gives (see [4])

(1.3) /a(y) dy =0.

Furthermore, it is shown in [2] that in this case the solution u satisfies

tlirgot"Iz u; (1) + (8kEt)<')/ykaj(y) dy
(1.4) o
FRnt) [ f e wes) dyas] =0
0
for j=1,...,n, where

E(z) = (4nt)_"/26_|’f|2/4t, Fyik(z,t) = 0cEy ()0 +/ 0000k Es(x) ds.
t

(Hereafter, we use the summation convention). Equation (NS) is then written in the

form

Uj(l’,t) = /Et(xfy)aj(y) dyf‘/o/Ff,jk(xfyatfs)(ufuk)(y’s) dde, .7 = ]-a sy 1y

as proved in [2]; and the integrals in (1.4) are finite, due to (1.1) and (1.2). Assertion
(1.4) was first proved in [1] for smooth solutions when n = 3, and then extended
in [2] to the case of weak solutions in all space dimensions by applying the spectral
method as given in [3, 5].
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The argument of [10] suggests that the decay property (1.1) will be optimal in
general. So we are interested in finding a class of weak solutions u satisfying the
reverse estimate

llu(®)|l2 = Ct"%  at least for large t.

In this paper we discuss this kind of lower bound problem.

Theorem A. Under the assumption (1.2), let

e = [weart)dy. ew= [ [ ()5 dyds,
0
(i) We have
(1.5) lim £ u(t)]|l2 = 0

if and only if (bye) = 0 and (cxe) = (cOke) for some constant ¢ > 0.
(ii) There exists ¢’ > 0 such that

(1.6) u(t)||s > 't "5 for large t > 0,

if and only if (bge) # 0 or (cke) # (cdke). In particular, u satisfies (1.6) whenever
(bre) # 0.

Remark. Theorem A (i) implies only that
(1.5 limsupt™ s ||u(t)]2 > 0
t—o0

if and only if (bgs) # 0 or (cxe) # (cdke). Note, however, that our second assertion
(1.6) is more stringent than (1.5"). Moreover, (1.6) holds for all large ¢ > 0 and
for all space dimensions, although |u(t)||2 is only known to be lower semicontinuous
when n > 3. We know nothing about the characterization of solutions satisfying

(Ckg) = (C(;M).

We next consider weak solutions u satisfying
(1.7) lu()llz < CL+1)7%.
As shown in [3, 6, 10], such solutions exist for all € L? satisfying

(1.8) V-a=0, |ealla<Cl+1t)"%.
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Theorem B. Suppose a satisfies (1.8) and let u be a weak solution satisfying
(1.7). Then

(1.9) |u(t)||2 = ct™% for large t > 0,
if and only if

(1.10) le~*ally > ¢t~ % for large t > 0.

The lemma below gives simple examples of a satisfying (1.10).

Lemma. Let a € L?, V- a = 0, and suppose that

(1.11) / la(r,w)|? dw € L=(Ry ), liminf/ la(r,w)? dw > 0,
Sn—l Sn—l

r—0

where the Fourier transform a is defined by
a(g) = /e_ix'fa(az) de, i=+—1,
S"~1 is the unit sphere of R", and £ = (r,w) in polar coordinates. Then,
(1.12) e “alla < C(A+t)" % forallt > 0; |le "ally > 't~ 1 for large t > 0,

with constants C > 0 and ¢’ > 0 independent of t.

Proof. Parseval’s relation gives

e~ a2 = (21) " / e 2R a(6)? de = (87%1) 2 / e 11 an(2t) )| dy

so that
no —Inl?A _1
0t e al = [ ja(a20 b an
The assumption and Fatou’s lemma together imply
lim inf (87%t) 2 ||e~"a||3 = liminf/e_"ﬂ2\(3L(7](2t)_%)|2 dn
t—o00 t—oo
t—o0

o0
>/ e_r2(liminf/ a(r(20) 3, 0)P dw)r™ e > 0.
0 gn—1

This proves the second estimate of (1.12). The first estimate follows from ||e"*4 a2 <

lal|2 and

o~ 4alfy = (s520)# [ e an(ze) P dy

(oo}
/ \d(-,w)\deH / e rn=1dr,
Sn—1 > Jo

The proof is complete. O

<Ct 3
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Remarks. (i) Condition (1.11) implies that @ is discontinuous at £ = 0. Indeed,
since V-a = 0, we have £-a(§) = 0; so if a is continuous at £ = 0, we get w-a(0) =0
for all unit vectors w, and @(0) = 0. (For this reason, a € L' implies (1.3)).

(ii) The assumption of Lemma is not vacuous. Indeed, suppose a is written in the
form

a(§) = f(1ENg(&/1ED,

in terms of functions f(r) and g(w) such that
ge (8", ¢g#0, w-gw) =0 (wes"

and -
f € BC([0,0)), / |f(r)Prtdr < oo,  f(0) #0.
0
Then, & satisfies condition (1.11).
(iii) In this connection, we note that under condition (1.2) we have
(1.10") e~ tally > ot for large t > 0

if and only if (bge) # 0. Indeed, using (1.2) and (1.3), we have (see Section 4)

(1.4 lim ¢"% |l A ay, + 0y Eibrella =0, k=1,....n.

t—o0

n+2

Suppose (bge) # 0. Then (3 ||0¢Eibre|2)'/? = Ct~ "+ with C > 0; so we get
3

nt2

_ 1/2 _ 1/2 _nt2
le=Aallz > (3 10eEbrel3) " — (3 e Aar + 0rEubiel|3)” > ct=
k k

for large t > 0. Conversely, if we assume (1.10"), then (1.4’) implies

n+2
4

1/2 1/2
(S 10cEbrel3)* = e~ Aalls — (3 e~ 4ar + deErbrell3) " > et~
k k

for large t > 0. Hence Y. ||0¢Eibxe||3 > 0 for large t > 0, which implies (by,) # 0.
k

The L? decay problem for weak solutions of the Navier-Stokes equations was suc-
cessfully studied for the first time by [5] and the result was then systematically devel-
oped by [3, 6, 10]. Estimates (1.6) and (1.9) are studied in [6]-[9] in case n = 2, 3, and
some sufficient conditions are obtained. Our Theorems A and B provide necessary
and sufficient conditions for those estimates to hold. We further note that our lower
bound estimates (1.6) and (1.9) hold in all space dimensions n > 2, although the
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function ||u(t)||2 is known only to be lower semicontinuous when n > 3. As will be
seen in the proof below, this is due to (1.4) and the fact that the functions 0, E;(x)
and Fy i (z,t) are written in the form ¢~"= K (¢t~ %) in terms of some bounded,
integrable and uniformly continuous functions K.

We finally consider an example of two-dimensional flows « with (bxe) = 0, (cre) =
(cdke), which was first treated by [7].

Theorem C. When n = 2, there is a smooth weak solution u such that (by¢) = 0,
(cke) = (cOre), and, with some constant v > 0,

(1.13) llu(®)lq < qu*“ and |u(x,t)] < Cre” (1 + |z)™™

for all 1 < q < oo and all integers m > 0.

The above example was studied by [7, 8, 9], in which is given the exponential
decay of ||u(t)||, for 2 < ¢ < 0o0. Our estimates (1.13) include the case 1 < ¢ < 2 as
well as the decay estimates in the spatial direction. Theorem C is proved in [2].

In what follows we prove Theorems A and B, and conclude the paper with the
proof of (1.4) which was given also in [2].

2. PROOF OF THEOREM A
We begin with the following

Proposition 2.1. Let (bxe) and (cke) be real n x n matrices and let (cx¢) be
symmetric. Then

(2.1) bk[agEt(x)(Sjk + Cngg,jk(x, t)y=0, j=1,...,n,
for all x € R™ and for some t > 0, if and only if
(2.2) (bre) =0 and (cxe) = (cOxe) for some c € R.

Furthermore, (2.2) implies that (2.1) holds for all x and for all t > 0.

Proof. Assumption (2.1) implies, via the Fourier transformation,
—tlg]? —tlg]? % emslel?
brotee™ 1 5 = —cnae (710 — g6 | e as)
t

= —(cje — €] 2eretsn) e EP
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for some t > 0, and we get [£|2(bje + cjo)&r = &jcnelrée. Taking & = 0 for any fixed
j, & = 1 for any fixed ¢ # j, and & = 0 for all k£ such that & # j and k # ¢, we
easily obtain bj¢ 4 cjo = 0 whenever j # ¢, and so

€12 (bj; + ¢ji)E5 = Ejeneénée, j=1,...,n.

We let {; =1 and &, = 0 for k # j, to get b;; + ¢j; = ¢j;; so bj; = 0. This implies

(2.3) €%¢ii& = ieneéibe, G=1,...,m.

Hence, c11 = ... = cnn = creéréel€] 2. We thenset j =1, & =& =1and & =0
for k > 3 in (2.3), to get 2c11 = c11 + ca2 + €12 + €21 = 2(c11 + c12) since e = coi by
assumption. Therefore, c1o = 0. We thus obtain cj; = 0 = —bj; whenever j # ¢; so

(bre) = 0 and (cxe) = (cde). That (2.2) implies (2.1) for all ¢ > 0 is easily seen from
(oo} oo
Fy 1 = (9jEt + / 8jAEs ds = 8]‘Et + / 8]‘(98E3 ds = 8jEt — 8]‘Et =0,
t t
where 9; = 9/0s. The proof of Proposition 2.1 is complete. O
To establish Theorem A, it suffices in view of (1.4) to prove the following

Proposition 2.2. Let a satisfy (1.2) and define

bre = /yeak(y) dy, cre :/ /(W“k)(y’s) dyds.
0

Then we have

(2.4) either (bge) #0 or (cke) # (cOke),
if and only if a corresponding weak solution u satisfies

(2.5) [u(®)|l2 > t="%  for large t > 0

with a constant ¢’ > 0 indenpendent of t.

Proof. In what follows we write

be = (bie,-- - bne),  Fop = (Frik, - Fonk)-

Assume first (2.4). By Proposition 2.1, we have ||0¢Eibe + Fy icell2 = Ct—"% for
all t > 0 with some C' > 0, and so (1.4) implies

lu)ll2 = [|0eEbe + Fypcrell2 — |u(t) + 0eErbe + Fy perel|2

n+2 n+2 n+2
=Ct™ % —o(t™ * )=t
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for large t > 0. Assume next (2.5). By (1.4) we have

n+2

© —ot™

||55Etbz + Fg’kcszg > Hu(t)Hg — ||u(t) + Oy E: by + Fé,kCMHZ >t

and so
|0¢Erby + Fy cell2 >0 for large ¢ > 0.

We thus obtain (2.4) by Proposition 2.1. This proves Proposition 2.2.

3. PROOF oF THEOREM B

Suppose that n > 3. We have

Cht = / /(Wuk)(y,s) dyds < oo;
0

so the argument given in [2, Sect. 5] applies to our present situation, implying

(3.1) tlirgot"T“ |u(t) — e " a + Fy ez = 0.

Suppose (1.9) holds. Since ||Fy kcuel2 = Ct=—"32, it follows from (3.1) that

”eftA

all2 = |lu(t)
Ju@®)||2 — [[u(t) — e a + Foyerells — || Fopcrel|2

n n+2 n
ct™r —Ct~ 7 >t 7

n+2
4

for large ¢ > 0. This proves (1.10). Conversely, if (1.10) holds, then (3.1) implies

“ally — || Fopcrell2 — llu(t) — e a+ Fyrcel2

[u(®)]2

e

=
—_n _nt2 /T
>ct 4 —Ct 7 >ct 4

for large ¢t > 0. This proves (1.9) in case n > 3.
When n = 2, we introduce

t)2
)= [ w9 ayas
0
instead of ¢x¢. The argument of [2, Sect. 5] is then modified to yield

(3.1) |u(t) — e *a + Fypere(t)|l2 < Ot~ log(1 +t).
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See also Section 4 below. Since
t/2
| Feere(t)]l2 < Ct™ / lu(s)[Zds < Ct " log(1 +¢),
0

this implies ||u(t) — e *4all2 < Ct~!log(1l +t). Now we can prove the result in the
same way as in the case n > 3. Indeed, (1.10) implies

lu@®)]l2 > le~*allz — [[u(t) — e alls > ct™% — Ct Llog(1+1) > 't =
for large t > 0, while (1.9) yields
le*allz > u(t)l2 — [u(t)e ™|z > ct~% — Ct log(L+1¢) > 't~ 3

for large t > 0. The proof of Theorem B is complete.

4. PROOF OF (1.4)

Here we present the proof of (1.4) given in [2]. The same method can be applied
to the proof of (3.1) and (3.1’) with no essential change. Let a satisfy (1.2) and so
(1.3). We first prove

(4.1) lim ¢

t—o00

‘e_tAa + (8kEt)(-)/yka(y) dyH2 =0.
Direct calculation gives
1
e o= [1Be =) = E@lo)dy =~ [ [ 0080 @~ vomatu) 0y
—~ @)@ [ mat)dy - | / (O o) (& — y9) — (0 Eo)(@)]ynaly) 49 dy,

ot (Ou)@) [ mat)dy = = [ [ (0B @ = 90) - @B @laty) a0y
We can write (9 F;)(z) =t~ "= (8 E1)(xt~2), to obtain

1
e+ @) [mawan], <o [ [ o olullawiaoas
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Here oy (y,0) = |[(VE))(- — y0t—2) — (VE})(-)||2 is bounded and tlim ve(y,0) =0
for any fixed (y,#). Since |y||a(y)| is integrable by (1.2), the dominated convergence
theorem yields

[Jim // i (y: O)lylla(y)| Ao dy = 0.
This proves (4.1). Now let u satisfy (1.1). We next show that the function
¢
w(t) = u(t) —e a=— / / Fyp(x—y,t — s)(ueug)(y, s)dyds
0

satisfies

(4.2) lim "%

t—o0

’w )+ Fo (s //uzuk Y, S dyds”

Indeed, we have

w(t) + Fpp(z,t) /Ow/(uguk)(y, s)dyds
= Fyp(z,t) /t:/(ufuk)(y, s)dyds

t/2

- /0 [Fer(x —y,t —s) — Fer(x,t — )] (weur)(y, s) dy ds
t/2

[ Falt = 9) = Fuutan ) weus) . 5) dy s

0
- /t/2/ Fpp(x —y,t —s)(ueug)(y,s)dyds

=h+L+13+ 14

It is easy to see that
(4.3) 2L < c/ (14 8) 1 3ds—0 ast— o0,
t/2

We write I3 in the form

t/2 1
I3 = / // (O For)(z,t — s0)(ueur)(y, s) dd dy ds
0 0

t/2 ,
1 s]|2 < C/ // (t — s6) "5 |u(y, )| dOdy ds

e /0 sllu(s)||2 ds

to get
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and so

t
(4.4) L. < &1/@+Qﬁdyﬂ)%tam.
0

To estimate Iz, note that we can write Fy p(x,t) =t~ =n

K(xt™2), to get

2]l < r——/{/wf—yww>%—Kmmwm@P@w

n+2 t/2 t/2
= ot /'/@%\whnwmfw“* e(s) ds

Since 1;(s) < Cllu(s)||3, the dominated convergence theorem implies

M
lim / P (s)ds =0 for any fixed M > 0.

t—oo

Given £ > 0, choose M > 0 so that [;; [|u(s)[|3ds < e. Then for t > 2M,

t/2 M

; Pi(s)ds < | Ye(s )d5+C’/ lu(s)|)3ds < / Ye(s)ds + Ce.
This implies that

(4.5) 1m¢”nhh:u

It remains to prove

(4.6) Jim 5| 74| = 0.

To do so, we follow the arguments of [3, 5]. The function

t
v(t) = — / / Fpp(z —y,t — s)(uoug)(y, s)dyds = u(t) — ef(tfr)Au(T)
defined for ¢t > 7 > 0 satisfies
v+ Av=—-P(u-Vu) (t>7), o(r)=0.

(We may assume v is smooth, replacing u by the approximate solutions uy given in
[3]). Since (P(u-Vv),v) = (u-Vov,v) = 0, the standard energy integral method gives

Ael|vll2 + 2| AY 0|12 = —2(u - Vu,v) = 2(u - Vo, u) = 2(u - Vo, ug)
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and

n n+2

2ulla[| A 0]z ][wolloe < Cllulla]| A ?0ll2(t —7) " F 77
+1 n+42

CllAY?v||p(t — 7)== 775 < AV 0|5+Ct—7) "1 E,

2|(u - Vo, ug)| <
<

where ug(t) = e~ (t*="4y(7). We thus obtain
dullvl3 + |AY2v]|3 < Ot — r) T tr iR

Let {E)}x>0 be the spectral measure associated to A. Since ||AY2v|2 > o(||v]|2 —
| Eyv]|3) for any o > 0, the above estimate yields

Aellvll3 + ellvll3 < el Epvl3 + C(t — 7)1 E.

t 2
But, |[|E,v|)% < Co"+ (/ ||u||§ds) as shown in [3, 5]; so

n t 2 n
ool + elol} < o™ ([ ulds)” + Ot~y ir ik,
Here we set ¢ = m/(t — 1), m > 0, and multiply both sides by (t — 7)™, to obtain
n t 2 n
O((t —7)™|v]13) < Cou(t — 7)™ 272 (/ |u||2 ds) +C@t—7)m s

Now fix m so that m > n/2+ 2 and m > n + 1, and integrate the above inequality,
to get

w [t [° 2 .
o3 < -2 % [ ([ ful3as) s ce- ek,
Inserting 7 = t/2 yields v(t) = I4, so
n o0 2
"7 || L3 < Ct”’l(/ \IuH%ds) +otl<ott -0
/2

as t — oo. This proves (4.6).
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