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Abstract. In this paper we introduce the class of Boolean algebras with an operator be-
tween the algebra and the set of ideals of the algebra. This is a generalization of the Boolean
algebras with operators. We prove that there exists a duality between these algebras and
the Boolean spaces with a certain relation. We also give some applications of this duality.
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1. INTRODUCTION

A modal algebra is a Boolean algebra A with an operator (0: A — A such that
O(aAb)=0aA0band 01 = 1. This variety of algebras plays a key role in modal
logic, and has very important applications in theoretical computer science (see for
instance [1] and [2]). Modal algebras are dual objects of descriptive general frames,
i.e., Boolean spaces with a relation verifying certain conditions (see [3], [5] and [7]).
The aim of this paper is to define and study a notion weaker than modal algebras.
We will define Boolean algebras with a map between the algebra and the set of ideals
of the algebra. This map is not an operation in the Boolean algebra, but has some
similar properties to modal operators. In particular, these structures have a nice
duality theory.

In Section 2 we will recall some notions on Boolean duality. Section 3 is devoted
to the definition of the quasi-modal algebras, and we will prove that there exists
a duality between quasi-modal algebras and Boolean spaces with a relation. These
spaces are called quasi-modal spaces. As an application of this duality we shall prove
that there exists a bijective correspondence between certain filters of a quasi-modal
algebra and certain closed subsets of the associated dual space. In Section 4 we
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introduce and study the classes of compacts, R-compacts, and semi-replete quasi-
modal spaces. The definition of these classes of quasi-modal spaces is motivated
by similar notions used in the context of classical modal logic (see [2] and [4]). In
Section 5 we will study some correspondences between algebraic conditions valid in a
quasi-modal algebra and first-order conditions defined in the associated quasi-modal
space.

2. PRELIMINARIES

We shall recall some concepts of the topological duality for Boolean algebras.
Some familiarity with topology, in particular with Boolean spaces (see [6]) and modal
spaces, is assumed (see, for example, [2] and [7]).

A topological space is a pair (X, O(X)), or X for short, where O(X) is a subset
of P(X) that is closed under finite intersections and arbitrary unions. The set O(X)
is called the set of open subsets of the topological space. The collection of all closed
subsets of a topological space (X, O(X)) is denoted by C(X). The set Clop(X) is the
set of closed and open sets of (X, O(X)). A Boolean space (X, O(X)) is a topological
space that is compact and totally disconnected, i.e., given distinct points =,y € X,
there is a clopen subset U of X such that z € U and y ¢ U. If (X, O(X)) is a Boolean
space, then Clop(X) is a basis for X and it is a Boolean algebra under set-theoretical
complement and intersection. Also, the application : X — Ul (Clop(X)) given by
e(x) = {U € Clop (X): « € U} is a bijective and continuous function. With each
Boolean algebra A we can associate a Boolean space whose points are the elements
of Ul(A) with the topology determined by the clopen basis 8(A) = {6(a): a € A},
where f(a) = {P € Ul(A): a € P}. By the above considerations we have that, if
X is a Boolean space, then X = Ul(Clop(X)), and if A is a Boolean algebra, then
A = Clop (U1(A4)).

It is known that if A is a Boolean algebra and Ul(A) is the associated Boolean
space, then there exists a duality between ideals (filters) of A and open (closed) sets.
More precisely, if 5: A — P (Ul(A)) is the map given by 8(a) = {P € Ul(A4): a €
P}, then for I € Id(A) and F € Fi(A) we have that

B(I) = {P € Ul(A): NP + 0} € O (Ul(A))
defines an isomorphism between Id(A) and O (Ul(A)), and
B(F) = {P € Ul(A): F C P} eC(UIA)),
defines a dual-isomorphism between Fi(A4) and C (Ul(A)).
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Let A be a Boolean algebra. The filter (ideal) generated by a subset Y C A is
denoted by F(Y) (I(Y)). The set complement of a subset ¥ C A will be denoted by
Ycor A-Y.

3. QUASI-MODAL ALGEBRAS

Definition 1. A quasi-modal algebra, or qm-algebra, is an algebra (A, V, A, =, A,
0,1) where (A, V,A,—,0,1) is a Boolean algebra and A is a function

A A— Id(A)
such that it verifies the following conditions:

1. A(aAb) = Aan Ab,
2. Al=A.

The class of qm-algebras is denoted by QM.A. Note that QMA is not a variety,
because A is not an operation on A.

Example 2. Let (A,V,A,—~,00,0,1) be a modal algebra. The operator O can
be extended to a map A: A — Id(A) of the following form. Put A(a) = I(da). It
is clear that A verifies the equalities A(a Ab) = A(a) N A(b) and A(1) = A. Then
(A, V,A,—,AL0,1) is a qm-algebra.

Example 3. Let (A,V,A,—,A,0,1) be a qm-algebra such that for all a € A the
ideal Aa is principal. Let Aa = I(a’). Then Oa = a defines a modal operator on A
such that (A, V,A,—,0,0,1) is a modal algebra.

Let A € OMA. We define the dual operator
V: A— Fi(A)

by Va = =A-a, where -Axz = {—y: y € Azx}. It is easy to see that the operator V
verifies the following conditions:
Q3 V(aVb)=VanVb,
Q4 Vo0 = A.
Let A be a qm-algebra. For each P € Ul(A) we define the set

A Y (P)={ac A: AanP #0}.
Dually, we can define the set
VY (P)={ac A: VaC P}.
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Lemma 4. Let A € QMA. Then for each P € Ul(A)
1. A~Y(P) € Fi(4),
2. V7H(P)c e1d(A).

Proof. We prove only the assertion 1. The proof of 2 is similar and it is left to
the reader.

Since A1l = A, hence A1N P # (), i.e., 1 € A71(P). Let x,y € A be such that
z <yand Az N P # (. Since Az C Ay, hence AyN P # (.

Let 2,y € A~Y(P). So, Az NP # 0 and Ay N P # (). Then there are elements
a,b € A such that a € Az NP and b € Ay N P. Since Az, Ay € Id(A), we have
aNb € AxN Ay, and since P is a filter, we have a Ab € P. So, aAb € AzNAyN P.
Therefore, A~1(P) € Fi(A). O

Our next objective is to give a representation theorem for the quasi-modal algebras
based on relational structures.

Let us consider a structure (X, D) where D is a boolean subalgebra of P(X). Let
us consider the topology O(X) defined on X by taking the set D as the basis of
O(X).

Definition 5. Let us consider a relational structure F; = (X, R, D) where D is
a boolean subalgebra of P(X) and R is a binary relation defined on X. We say that
Fgy is a quasi-modal space, or gm-modal space for short, if

Ar(0O)={z e X: R(z) C O} € O(X)
for each O € D.
Lemma 6. Let 7y, = (X, R, D) be a quasi-modal space. Let us consider a function
A: D —1d(D)

given by
Z(O) =1Ip (AR(O)) = {U eD: UC AR(O)}
Then A (F,) = <D, U, A, @> € OMA.

Proof. Since for any O1,02 € D, Ar(O1) N Ar(O2) = Ar(O1 N O2) and
AR(X) = X, we conclude that A(O; N Oq) = A(O;)NA(O2) and A(X)=D. O

If 7, = (X, R, D) is a quasi-modal space where (X, D) is a Boolean space, then
Id(D) = O(X). Thus, in this case, we can identify Az with A.
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Let A be a qm-algebra. We define on Ul(A) a relation R4 by

(P,Q)€ Ry Vaec A: if Aan P # () then a € Q
=AY P)CQ.

We note that the relation R4 can be defined using the operator V as follows:
(P,Q) € Ry = QCV(P).

Indeed, let A™'(P) C Q. Suppose that ¢ € @ and Vg G P. Then there exists
y € Vq such that —y € P. Since Vq = ~A—q, hence =y € A—¢ N P, and this implies
that —¢ € Q, which is a contradiction. Thus, @ € V~!(P). The proof in the other

direction is similar.

Theorem 7. Let A € QMA. Let a € A and P € Ul(A). Then

1. aec AYP)&VQ e Ul(A): A~Y(P) CQ thena € Q;

2. a€ VI(P)e3IQecUl(A): QC V(P)andacQ.

Proof. We prove only 1. The proof of 2 is similar and it is left to the reader.
Let us suppose that a € A~!(P) and let Q € Ul(A) be such that A=*(P) C Q. Then
a€qQ.

Let us assume that a ¢ A71(P). Let us consider the filter

F=F(A"YP)U{~a}).

Suppose that F is not proper. Then pA—a = 0 for some p € A~(P). It follows that
p < a, and thus Ap C Aa. This implies that Aa N P # @), which is a contradiction.
Then, as F is proper, there exists an ultrafilter @ such that A=*(P) C Q and a ¢ Q.

O

Definition 8. Let A; and Ay be gm-algebras. A function h: A; — As is a
homomorphism of quasi-modal algebras, or a g-homomorphism, if

1. h is a homomorphism of Boolean algebras, and

2. for any a € Ay, I (h(A1a)) = Aq (h(a)).

A quasi-isomorphism is a Boolean isomorphism that is a g-homomorphism.

Theorem 9. Let A € QMA. Then the structure F4(A) = (Ul(A), Ra, 3(A)) is
a quasi-modal space such that A (F4(A)) = A.

Proof. We have to prove that the Stone isomorphism
B: A— B(A)

is an isomorphism of quasi-modal algebras, i.e., we have to prove that 5(Aa)
Ar (6(a)). But this follows by the assertion 1 of Theorem 7. O
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Now we shall define the quasi-modal spaces that are dual to quasi-modal algebras.

Definition 10. A descriptive quasi-modal space, or a g-descriptive space for
short, is a quasi-modal space F, = (X, R, D) such that

1. (X, D) is a Boolean space,
2. R(z) € C(X) for any z € X.

A descriptive frame is a g-descriptive frame F, = (X, R, D) such that Ar(O) € D
for any O € D.

We note that descriptive frames are the dual spaces of modal algebras (see [2], [3]
and [7]).

Let 7y = (X, R, D) be a quasi-modal space. Since D is a quasi-modal algebra, we
can define in the set Ul(D) a relation Rp C Ul(D)? by

(P,Q) € Rp & ARY(P) CQ,
where
AR (P)={0€D: Ip(ARO)NP#0}={0O e D: U e P U C AR(0)}.

If the space (X, D) is compact, then for all P € Ul(D) there exists © € X such that
e(x) = P. So,

AR (e(x)) ={0 € D: W ee(x) UCArO)}={0€eD: R(x)C O},

and therefore
(e(x),e(y)) € Rp & A;il (e(z)) Ce(y).

Definition 11. Let F,, = (X1,R1,D1) and Fy, = (Xo, Ra, D) be two quasi-
modal spaces. A function f: F, — Fg, is a g-morphism provided the following
implications hold:

1. If (z,y) € Ry, then (f(x), f(y)) € Ra.
2. If (f(z),y) € Ra, then there exists ¢y € X5 such that (x,y’) € Ry and f(y') = y.
3. For any O € Dy, f~1(O) € D;.

Theorem 12. Let A; and A; be two quasi-modal algebras. A Boolean homo-
morphism h: A; — As is a quasi-homomorphism if and only if the map Fy(h):
Fy(As) — F,(Ar) defined by F,(h)(P) = h=*(P) for each P € Ul(Ay), is a q-
morphism.
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Proof. = We prove 1 and 2 of Definition 11. The assertion 3 is easy and it is
left to the reader.

1. Let P,Q € Ul(A;) be such that A™'(P) C Q. Let a € A~ (h=(P)). Then
Aanh~1(P) # 0. This implies that I (h(Aa))NP # 0. Since h is a g-homomorphism,
Ah(a) NP # 0. Thus, h(a) € Q, i.e., a € h71(Q).

2. Let A™' (h"1(P)) C Q'. Let us consider the filter A~!(P) and the filter A(Q").
We prove that the filter F' (A’l(P) U h(Q’)) is proper. Suppose that there exist
a € A7Y(P) and b € Q' such that a A h(b) = 0. Then a < —h(b) = h(-b). It
follows that Aa C Ah(=b). Then Ah(=b) N P # (. This implies that —b € @',
which is absurd, because @’ is a ultrafilter. Since F (Afl(P) U h(Q’)) is proper,
there exists € Ul(A) such that A~} (P)UhA(Q’) C Q. Therefore, A=}(P) C Q and
Q) = Q-

< Let a € A. We have to prove that I (h(Aa)) = Ah(a). By Boolean duality,
this is equivalent to

B(I(h(Aa))) = 5 (Ah(a)).
Let P € Ul(A) be such that I (h(Aa))NP # 0. It is easy to see that this implies that
h=Y(P)NAa # (. Let us suppose that Ah(a) N P = (). Then there exists Q € Ul(A)
such that A=1(P) C Q and h(a) ¢ Q. By condition 1 of Definition 11, we have that
A~ (h7H(P)) € h}(Q). However, as h~*(P) N Aa # (), we get a € h~1(Q), which
is absurd.
Let us assume that P N A (h(a)) # 0. We prove that

R™Y(P) N Aa # 0.

Suppose the contrary. Then there exists @ € Ul(A) such that A™! (h=}(P)) € Q
and a ¢ Q. By condition 2 of Definition 11 we can assert that there exists D € Ul(A)
such that A=1(P) C D and h=*(D) = Q. However, since PN A (h(a)) # (), we have
h(a) € D, which is a contradiction. O

Now we shall give an auxiliary result.
Lemma 13. Let F,, = (X1, R1,D1) and Fy, = (X2, R, D2) be two quasi-modal

spaces. Let f: F, — F,, be a function such that f~1(O) € D; for any O € Ds.
Then the following conditions are equivalent for any O € Ds:

1. Ip (f~1(R0)) =A (f~1(0));
2. ARl (f_l(O)) = f_l (AR2 (O))

Proof. 1. = 2. We prove the inclusion Ag, (f71(0)) C f~*(Ag,(0)). The
proof of the other inclusion is similar. Let us assume that z € Ag (ffl(O)). Since
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Agr (f71(0)) € O(X), there exists U € D such that z € U and U C Ag, (f71(0)).
This implies that U € A (f71(0)) = Ip (f~* (A(O))). Then there exists Z € D
such that U € Z and Z € f~ (A(O)) = {f~1(W): W € A(O)}. Thus, there exists
W € D such that Z = f~1(W) and W C Ag,(O). It follows that f(z) € W, and
consequently Ry (f(x)) C O, ie., z € f~1(Ar(0)).

2. = 1. We prove only the inclusion Ip (f~! (AO)) € A(f~1(0)). Let U €
Ip (f_l (ZO)). Then there exists Z € D suchthat U C Zand Z € f~! (ZO). Then
there exists W € D such that W C Ag, (O) and Z = f~1 (W). Thus, U C f~1 (W).
Let x € U. Then f (z) € W C Ag, (O). Therefore, U C f~! (Ag, (O)), and as by
assumption f~! (Ag, (0)) = Ag, (f71(0)), we get U € Af~(0). O

Theorem 14. Let F,, = (X1, R1,D1) and F,, = (X2, R, D2) be two quasi-
modal spaces. If f: F4 — Fg4, is a g-morphism, then the function

A(f) D2 — D1

given by
A(f)(0)=f7(0)
for each O € Dy is a g-homomorphism.

Proof. By the above lemma, it is enough to prove that Ag, (f~!(0)) =
f~1(Ag, (0)) for each O € Ds. Let Ry (z) C f~1(0O). We prove that Ry (f (x)) C
O. Let (f(z),y) € Ra. By condition 2 of Definition 11, there exists z € X; such
that (x,z) € Ry and f (2) = y. By assumption, z € f~(0). Thus, y € O.

By condition 1 of Definition 11 the other inclusion follows. O

Theorem 15. Let F, = (Xi,Ri,D1) and Fy, = (Xo, Ra2, D) be two g-
descriptive spaces. Then f: F, — F,, is a g-morphism if and only if the
function A(f): D2 — D; given by A(f)(O) = f~1(0) for each O € D, is a
q-homomorphism.

Proof. The proof of the implication = follows by the above theorem.

<: Let 2,y € X1 be such that (z,y) € Ry. Suppose that (f (z),f(y)) ¢ Ra.
Since Rz (f (x)) € C(X) and X3 is a Boolean space, there exists O € D3 such that
Ry (f(z)) COandy¢ f~1(0). It follows that = € f~' (Ag, (0)) = Ag, (f~1(0)),
ie., R (z) C f~1(0), which is a contradiction.

Let (f (x),y) € Rz and suppose that f(z) # y for any z € R; (). Then for
each z € Ry (z) there exists O, € D; such that z € f71(0,) and y ¢ O,. So,
Ri(x) CUf1(0,). Since Ry (x) is closed and X is compact, hence R; () is
compact. Then for some finite family O,,,...,O,, we have

Ri(z)C fY10.)uU...uf10,)=Ff10.,U...u0,)=f1(0).

728



This implies that z € Ag, (f71(0)) = f~ (Ag, (0)), i.e., y € O, which is impossi-
ble. O

By the above results, we can say that there exists a duality between the class of
quasi-modal algebras with a g-homomorphism and the quasi-modal spaces with a
g-morphism.

Now, we shall give an application of the above duality. Let us recall that if A is a
modal algebra, then there exists a duality between the filters of A closed under the
modal operator [, and the closed subsets Y of the Boolean space Ul (A) such that
R(xz) CY for each x € Y (see [7]). We give a similar result for quasi-modal algebras.

Definition 16. Let A be a quasi-modal algebra. A filter F' of A is called a
A-filter, if AaN F # (), provided a € F.

Definition 17. Let 7, = (X, R, D) be a quasi-modal space. A closed subset
Y C X is called an R-subset, if R(xz) CY for each x € Y.

Theorem 18. Let A be a quasi-modal algebra. Then the lattice of A-filters of A
is anti-isomorphic to the lattice of R-subsets of F, (A) = (Ul(A),Ra, 3 (4)).

Proof. By the Boolean duality the map FF — §(F) = {P € Ul(A): F C P}
gives an anti-isomorphism between filters and closed subsets. Let F' be a A-filter of
A. Let P,Q € Ul(A) be such that F C P and A~! (P) C Q. Let a € F and suppose
that a ¢ Q. Then AaN P = (). However, since a € F, we get Aa N F # (. Tt follows
that Aa N P # (), which is absurd. Then, a € Q. Thus, 3 (F) is R -closed.

Assume that §(F) is Ra-closed. Let a € F. If AaN F = (), then there exists
P € Ul(A) such that AaN P = () and F C P. Then, by Theorem 7, there exists
Q € Ul(A) such that A=} (P) C Q and a ¢ Q. Since 8 (F) is Ra-closed, we have
F C @, which is a contradiction. O

4. SOME SPECIAL CLASSES OF QUASI-MODAL SPACES

In classical modal logics, there exist some classes of general frames which have
important applications in the study of canonical modal logics (see [3]), and the
study of the Hennessey-Milner class of models (see, for instance, [2], [4]). Our aim
in this section is to introduce some similar classes of quasi-modal spaces, and to give
a characterization of descriptive quasi-modal spaces in terms of these notions.

Definition 19. Let 7, = (X, R, D) be a quasi-modal space. We shall say that:
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1. F, is compact, if (X, D) is compact topological space;

2. F, is R-compact if for each « € X, the set R (z) is a compact set;

3. F, is semi-replete, if for any z,y € X such that (¢ (x),e (y)) € Rp, there exists
z € X such that (z,z) € R and € (y) = € (2).

Proposition 20. Let F, = (X, R, D) be a quasi-modal space. Then the following
conditions are equivalent:

1. F, is R-compact and compact.
2. Fg4 is semi-replete and compact.

Proof. 1. = 2. Let 2,y € X be such that e (y) C V5" (¢(z)). It is clear
that for each O € ¢ (y) we get R(z) N O # 0. Since R (x) is a compact set, we have

R(z)N [ O #0. Thus there exists a z € X such that (z,2) € Rand ¢ (z) = € (y).
O€e(y)
2. = 1. Let A C D. Assume that for any finite subset Ay of A we have

R(x)n (Ao #0.
Let us consider the filter F' (A). Then
F(A) N (V5 (@) =0,
because if not there would exist Uy,...,U, € A and V ¢ V3! (¢ (x)) such that
uin...nU, CV.

By assumption, R(z) NUy N...N U, # 0. So, there exists z € R(z) and z €
UpN...NU,. It follows that z € V. But this implies that V € V' (¢ (z)),
which is a contradiction. Thus there exists P € Ul (D) such that F'(A) C P and
P C V3! (e(z)). Since F, is compact, there exists z € X such that P = ¢ (z). So,

e(2) C V' (e (@),

and since F, is semi-replete, there exists k € X such that £ € R (x) and € (k) = (2).
Thus, R (z) N A # 0. O

Now we give the above mentioned characterization of descriptive quasi-modal
spaces.

Theorem 21. Let F, = (X, R, D) be a semi-modal space. Suppose that (X, D)
is a Boolean space. Then the following conditions are equivalent:
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Fy is a R-compact.

For any x € X, R(z) € C(X).

Fg4 is semi-replete.

For any z,y € X, if (¢ (z),e(y)) € Rp, then (x,y) € R.

Ll

Proof. 1= 2. Lety € R(z) (closure of R(x)) and suppose that y ¢ R (z).
Since (X, D) is a Boolean space, we have R (z) = ({U; € O(X): R(z) CU;}. So
there exists an open Uj such that R (z) C Uy and y ¢ Up. Since Fy is R-compact,
hence

Ar (Uo) = Ar(|J{0i € D: 0; CUs}) = J{AR(O:): O: CUp},

and since z € Ag (Up), we have © € Ag (O;) for some O; C Uy. So y ¢ O; and
R () N O§ = 0, which is a contradiction. Thus, y € R (z).

2. = 3. Let 2,y € X be such that (¢ (x),e(y)) € Rp. Assume that ¢ (z) # € (y)
for any z € R (x). Then for each z € R (z) there exists O, € D such that z € O, and

y¢ O,. Then R(z) C |J O,andy ¢ |J O,. Since (X, D) is compact and
z€R(x) zER(x)
R (z) is closed, we have R (z) C O,, U...UO,, = O,. It follows that z € A (O,)

and by assumption, y € O,, which is absurd. Thus, F, is semi-replete.

The proof of 3 = 4 is immediate if we take into account that (X, D) is a Boolean
space and thus the map €: X — Ul (D) is injective.

4. = 1. Let A C D be such that for any finite subset Ag of A we have

(1) R(z)n () O#0.

O€Ay

We prove that R (z)N () O # 0. Let us consider the filter ' = F (AR' (e (z)) U A).
OcA

This filter is proper, because if (} € F' then there exists U € AR' (¢ (z)) and there
exists Ag = {O01,...,0,} C Asuch that UNO1N...NO, =0. So,z € Ag(U) C
Ar (O§U...UO0S), and this implies that R(z) NO1N...N O, = 0, but by (1)
this is a contradiction. Thus, there exists P € Ul(D) such that A" (¢ (z)) C P
and A C P. Since (X, D) is compact, we have P = ¢ (y) for some y € X. Thus,
yeR(@x)N N O. O
OcA

‘We conclude this section by proving a result that shows that the semi-modal spaces
that are compacts, R-compacts, and semi-repletes, are preserved by surjective quasi-
morphisms.

Proposition 22. Let f: F, — F,, be a surjective g-morphism. Then:
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1. If F,, is compact, then F,, is compact.
2. If F4, is R-compact, then Fy, is R-compact.
3. If F,, is semi-replete, then F, is semi-replete.

The proof of 1 is easy and we leave it to the reader. We prove 2. Let y € X5 and
let A C Ds. Suppose that

(2) Ro(y) N[ ) Ao #0

for every finite subset Ag of A. Let A’ = {f~'(U): U € A}. Since f is surjective,
f(z) =y for some x € X;. We prove that

n () ) #o.

UeAyp

By 2, there exists z € X5 such that (y,z) € Re and z € [ Ap. Since f is a
g-morphism, there exists k € X; such that (x,k) € Ry and f (k) = z. Thus,

ke Ry(z)n (N f~'(U). Since F,, is R-compact, there exists w € X; such that
UeAyp

w€R1 mf

UcA

It is easy to see that
f(w) € Ry (y) N[ ) A

Thus, F,, is R-compact.
3. Let x,y € X3 be such that e3 (y) C V;; (e2 (z)). Since f is surjective, f (a) =z
and f (b) = y for some pair a,b € X;. It is easy to show that

e1(b) € V3! (61 ().
Since F, is semi-replete, there exists ¢ € X; such that
(a,¢) € Ry and &1 (¢) = &1 (b).
It is easy to prove that

(z, f(¢)) € Ry and &3 (f (¢)) = €2 (y) -

Thus, Fg, is semi-replete. O
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5. SOME EXTENSIONS

In the literature on the modal logic there exist many classes of modal algebras that
are obtained by adding new axioms. For example, the topological boolean algebras
are modal algebras (A,0) with axioms Oa < @ and Ja < OOa. Some of these
classes of modal algebras can be characterized by means of first-order conditions
defined in the associated modal space. For instance, a modal algebra (A4,0) is a
topological modal algebra if and only if in the descriptive modal space (Ul (A4), R4)
the relation R4 is reflexive and transitive. The aim of this section is to give some
similar results.

Let Aec OMA. Let X C A. Define an ideal AX and a filter VX as follows:

AXI(U Ax),

zeX

VXZF(LJVO.

zeX

Lemma 23. Let A € OQMA. Then for eacha € A

1. Aa=AI(a)
2. Va=VF(a).

Proof. We prove 1. The proof of 2 is similar and it is left to the reader.
We prove that Aa = I( U Ax). Since a < a, we have Aa C I( U Ax). Let

z<a r<a

Yy € I( U A:E). Then there exist z; < a and z; € Ax; for ¢ = 1,...,n such that

r<a
y < 21V...Vz,. Since x; < a, we have Ax; C Aa. Then z, V...V z, € Aa, because
Aa is an ideal. So, y € Aa. O

Lemma 24. Let A€ QMA. Let P € Ul(A) and I € I1d (4). Then

AINP=0«3QeUl(4) [A™(P)CQ and INQ =1].

Proof. Assume that ATN P = (. Then A~ (P) NI = (), because if there
existed p € A~} (P) and p € I, then ApN P # () and Ap C AI, which is absurd.
Then, as A~ (P) € Fi(A), there exists @ € Ul(A) such that A= (P) C @ and
InQ=~0.

Assume that there exists Q € Ul(A) be such that A~ (P) C Q and I N Q = 0.
This implies that A= (P)N I = (), and thus AT N P = {. O
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Let A € QMA. For a € A we define recursively

A =1(a),
A"g = A(A"a).

Proposition 25. Let A € QMA. Let P € Ul(A). Then for all a € A and for
n=l1,

(3) A"aNP#0 < VQ eUl(A)[(P,Q) € R, implies that a € Q).

Proof. The proof proceeds by induction on n. The case n = 1 is Theorem 7.
Assume that (3) is valid for n.
Suppose that there exists a € A such that

A"lan P = 0.
Since A"*lq is an ideal, then by Lemma 24 there exists @ € Ul(A) such that
(P,Q) € Ra and A"anNQ = 0.
By the induction hypothesis, there exists D € Ul(A) such that
(Q,D) € R and a ¢ D.

Thus there exists D € Ul (D) such that (P, D) € R%** and a ¢ D.

Assume that (P,Q) € R%™'. Then (P,D) € Ra and (D,Q) € R" for some
D € Ul(A). Let a € A be such that A"*lan P # (. Since A(A"a) NP # ()
and (P, D) € Ry, we get by Lemma 24 that A"a N D # (). Thus, by the induction
hypothesis, a € Q. O

Theorem 26. Let A € OQMA. Then for all a € A, the following equivalences
hold:

1. Aa CI(a) < Ry is reflexive.

2. A"aC A" lae R CRY, n> 1

3. I(a)NAan...NA" C A" a < VP,Q € UlL(A) if (P,Q) € R, then there
exists j < n such that (P,Q) € R’;.

4. I(a) CAVa= [\ Ay <& Ry is symmetrical.
zeVy
5. A0 = {0} & R, is serial.
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Proof. 1. = Let P € Ul(A) and AanN P # ). Then I (a) NP # (). It follows
that a € P. Thus, A~ (P) C P.

< Suppose that Aa G I (a). Then there exists © € Aa such that z £ a. Then
z € P and a ¢ P for some P € Ul(A). Since z € Aa, we get AaN P # (), and as
A1 (P) C P, we have a € P, which is a contradiction. Thus, Aa C I (a).

2. = Let us suppose that A"a G A""la. Then there exists z € A such that
x € A"aq and x ¢ A" la. Since A"1q is an ideal and A" la N F (z) = (), we have
A™"lgN P = () and x € P for some P € Ul(A). By Proposition 25, there exists
Q € Ul (A) such that (P,Q) € R, and a ¢ Q. By hypothesis (P, Q) € R, but as
A"a NP # (0, we get a € @Q, which is a contradiction.

< It is immediate.

3. = Let P,Q € Ul(A). Assume that (P,Q) € R and (P,Q) ¢ R’, for all
j < n. By Proposition 25, there exist po,...,p, € A such that pg € P, po ¢ Q,
ApiNP#0,p1 ¢Q, ..., A"p, NP #0, and p, ¢ Q. It is easy to see that for all
Jj<n

I(po)NApiN...NA" D, CAI (poVp1V...Vpy).

Thus,
I(po) NAp1N...NA"p, CA™ (poVp1V...Vpy).

Then A" (po Vp1 V...V p,) NP # 0, and this implies that po Vp1 V...V p, € Q,
which is a contradiction. Thus, (P, Q) € Ri‘ for some j < n.

< Suppose that there exists a € A such that I (a)NAaN...NA"a G A" la. Then
there exists # € I (a) N Aan...N A" and x ¢ A" la. Since F (z) N A" la = (),
we have z € P and A""aN P = () for some P € Ul(A). By Proposition 25 there
exists @ € Ul(A) such that (P, Q) € RZ‘H and a ¢ Q). By assumption, (P, Q) € Ri\
for some j < n. Since AJaN P # {), hence a € Q, which is absurd. Therefore,
I(a)NAan...N A" C A"tlq.

4. = Assume that [ (a) C AVa = () Az and let P,Q € Ul(A) be such that
z€Va

A=1(P) C Q. We prove that P C V71 (Q). Let a € P. Then I (a) NP # (. Tt

follows that (| AzNP # (), and this implies that AzNP # () for any z € Va. Since
x€Va
A~1(P) C Q, we have x € Q for any z € Va, i.e., Va C Q. Thus, (Q,P) € Ra.

< Suppose that there exists y < a such that y ¢ (| Az. Then y ¢ Az for
r€Va
some z € Va. Since Az € Id (A), there exists P € Ul(A) such that y € P and

Az N P = (. Then there exists @ € Ul(A) such that (P,Q) € R4 and = ¢ Q. Since
R4 is symmetrical, P C V™1 (Q), and thus Va C Q. But this implies that x € Q,
which is absurd. Thus, I (a) C AVa.

5. It is easy and we leave it to the reader. O
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