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Summary. Systems of parabolic differential equations are studied in the paper. Two
a posteriori error estimates for the approximate solution obtained by the finite element
method of lines are presented. A statement on the rate of convergence of the approximation
of error by estimator to the error is proved.
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1. INTRODUCTION

Recently, a posteriori error estimates are widely used to adjust the grid and to
reach the optimal number and optimal distribution of grid points in the finite element
as well as finite difference methods.

This approach is very suitable e.g. for solving parabolic partial differential equa-
tions by the method of lines. The analysis of the approximate solution at the actual
time level based on the calculation of an a posteriori error estimate yields a new grid
to be used for the time step leading to the next time level.

A posteriori error estimates have been treated by many authors in various ways
(see, e.g., [3], [4]). In the present paper, the quality of error estimates, proposed by
Adjerid et al. [1], [2] for a parabolic equation, is studied in the case of a general linear

! This research was supported by the Grant Agency of the Academy of Sciences of the
Czech Republic under Grant No. 11919.

415



system of parabolic differential equations with one-dimensional space variable. Note
that [2] has parabolic systems in its title but the statements of [2] are concerned
only with a scalar equation and can be, of course, readily generalized to parabolic
systems with an elliptic operator expressed by a diagonal matrix. Parabolic systems
with an elliptic operator expressed by a general symmetric positive definite matrix
are studied in the present paper.

We formulate a model problem for a parabolic system in Section 2 and its dis-
cretization by the finite element method and the method of lines in Section 3. A
parabolic and elliptic error estimate is introduced, and some approximation and a
priori estimation results .are reviewed in Section 3, too. In Section 4, some auxiliary
results are proved. The statements on the convergence rate of the approximation
of error by the parabolic and elliptic estimate are presented in Section 5 and 6,
respectively.

2. MODEL PROBLEM

The principal ideas as well as algorithmic procedures connected with the use of an
adaptive grid for solving linear parabolic partial differential systems can be demon-
strated with the help of a simple initial-boundary value model problem. We solve
the system of equations

ou a ou
. - = = - - <
(1) F(at) = (4@ 5o (1)) -Bleu(e,) +f(z,t), 0<z<1,0<t<T,
with a fixed T > 0 for an unknown vector function u = (uy,...,un)T, where A =

(Aix) is a given smooth real N x N symmetric positive definite matrix, B = (Bix)
is a given smooth real N x N symmetric positive semidefinite matrix, and f =
(fi,---,fn)T is a given N-component vector.

We further impose the homogeneous Dirichlet boundary condition

(2.2) u(0,t) =u(l,t) =0, 0<t<T,
and the initial condition
(2.3) u(z,0) =u’(z), 0<z<1,

where u® = (u?,...,u%)T is a given smooth N-component vector. We assume that
the boundary and initial conditions are consistent.

We present the variational formulation of the model problem which is the starting
point for the finite element discretization. First we introduce some notation.
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Denote by

1
(2.4) (v, w)o = / oT (2)w(z) dz
. 0

the L, inner product of two vector functions v = (vy,...,vn)T and w = (wy,...,
wn)T. Let s be a nonnegative integer. Then H® = H*(0,1) is the Sobolev space of
vector valued functions defined on the interval (0, 1) with the inner product given by

23) o= (5559,

r=0
for v € H®* and w € H*® and with the norm
(2.6) lwll? = (w, w),.

The case of s = 1 is important for the variational formulation. We, moreover,
introduce the subspace H} = HJ(0,1) of vector functions w € H'(0,1) satisfying
the homogeneous Dirichlet boundary conditions, i.e.

w(0) =0, w(l)=0.

Finally we use the energy inner product

LiowT ow o
(2.7) a(v,w) —/0 (EAEU- +v Bw) dz

for v € H', w € H! and the energy norm
(2.8) lwli% = a(w,w).

Notice that under our assumptions on A and B there are positive constants C},
C, such that, in virtue of the Friedrichs inequality,

(2.9) Cillwll < llwlla < Callwllx
for any function w € H}. Further, the second inequality in (2.9), i.e.
(2.10) lwlla < Czllwlh,

holds for any function w € H*.
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The constants C, C;, C;, etc. are generic in the paper, i.e., they may represent
different constant quantities in different occurrences.

We say that a vector function u(z,t) is the variational solution of the problem
(2.1), (2.2), (2.3) if it maps, as a function of the variable ¢, the interval [0, T] into
H}, if the identity

du
(2.11) (v.57), = —avw) + @, o
holds for each ¢ € (0,7) and all functions v € H{, and if the identity
(2.12) a(v,u) = a(v,u°)

holds for ¢t = 0 and all functions v € H}.

In this variational formulation as well as in the whole paper, the variable ¢ appears
as a parameter. Without explicitly stating, we assume that all the statements and,
in particular, constants may depend on ¢.

3. DISCRETIZATION
Finite element solutions of the model problem (2.1), (2.2), (2.3) or, in the varia-

tional formulation, (2.11), (2.12) are now constructed in finite dimensional subspaces
of H}. We first introduce a partition

O=z<11<...<zMa1<zTm=1

of the interval [0, 1] into M subintervals (z;-1,%;), j = 1,..., M. We choose a fixed
positive integer p, put

SMP = (W = (Wi(z),...,Wn(2))" | W € H', Wi(z) € Py(z)
for z € [zj-1,25], §=1,..., M, k=1,...,N},

where P,(z) is the class of polynomials of degree p in z, and take
St ={W |W € SMPn g1}
for the approximating finite dimensional subspace to H}. We further put

hj=gzj-=zj—1, j=1..., M,
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and
h= max h;.
j=1,..,M

We then say that a vector function U(z,t) = (Ui,...,Un)T is the finite element
approximate solution of the model problem (2.11), (2.12) if it maps, as a function of
the variable t, the interval [0, T'] into Séw P if the identity

(V ou

), = —aV.0)+ (V. o

holds for each ¢t € (0,T] and all functions V = (V;,...,Vn)T € SM?, and if the
identity

(3.2) a(V,U) = a(V,u°)

holds for ¢ = 0 and all functions V € S3"*.

Remark 3.1. Choosing a basis {o(V}E |, o(") = (ggr), ey g(,;))T, for the finite
dimensional space Séw P putting

R
Uz,t) = ) _er(t)e ()

with scalar coefficients c,(t) depending on ¢, and introducing the test functions
V(x):g(r)(x), T=1,...,R,

for (3.1), (3.2), we finally obtain an initial value problem for a system of ordinary
differential equations with unknown functions c,(t). This procedure for constructing
the approximate solution U(z,t) is called the method of lines. In what follows we
assume that this ordinary differential system is integrated exactly. In practice, the
system is solved by proper numerical software (e.g. LSODI [6] or DDASSL [8]) that
works with a prescribed tolerance for the error of integration in ¢.

To obtain an a posteriori error estimate, we denote the discretization error of the
finite element solution U by

(3.3) e(2,) = u(z, ) - Uz, 1),
e = (e1,...,en)T. Then we can substitute
u(z,t) = e(z,t) + U(z,t)
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into (2.11), (2.12) to arrive at the identity

aU)O

(3.4) (v 5), = ~aw€) + @, o~ alw,0) ~ (v, &

V> 5t

that holds for each ¢ € (0,7 and all functions v € H} and the identity
(3.5) a(v,e) = a(v,u’ - U)

holding for ¢ = 0 and all functions v € H}.

We construct a finite element approximation E(z,t) = (Ei,...,En)T of the dis-
cretization error in the finite dimensional subspace S’éw P+1 defined as follows. A
function W belongs to SM7+! if

M o
W)=Y W),

i=1

where the vector functions /W belong to S§%' and

S = {2 = (Z1(2),...,2Zn(2))" | Z € H}, Zk(z) € Ppy1(2)
for z € [zj_1,7;], Zk =0 elsewhere, k=1,...,N}, j=1,...,M.

Analogically to the formulae (2.4) to (2.8), we introduce local function spaces
H$ = H*(zj-1,7;) and Hg; = H§(zj-1,2;) on the individual intervals (z;_1,;),
and also the corresponding inner products and norms. We put

<
(v, w)o,; =/ vTwdr,
x

=1

(v, w)sj = Zs: (%’ %:c_?)o,j’

r=1
lwll?; = (w,w)s,5,
% rovT 8
aj(v,w) = / (—;?Aa—::- +vTBw) dz,

lwlif,; = a;(w,w)

for functions of the respective spaces. Moreover, there are positive constants C;, Cz
such that, due to the Friedrichs inequality,

(3.6) Cillwlh,; < llwlla,; < Callwll,;
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for any function w € H(},j. Further, the second inequality in (3.6), i.e.

3.7 llwlla; € Callwlly,j,
holds for any function w € H}. The approximation E € S‘g’{ P+1 now satisfies a series
of M uncoupled local parabolic problems: Find FE € 5'(1," ?*+1 such that

ou
68)(5),, = 6B + . fos - as(V.0) - (V. 57

(39) a;(V,E) = a;(V,u® ~U), t=0,

)o,-’ 0<t<T,

hold for all functions V € ng.‘ and j =1,..., M. Each problem (3.8), (3.9) for the
a posteriori error estimate E on (zj—1,%;) is again solved by the method of lines.
In what follows we assume that the corresponding ordinary differential system is
integrated exactly. In practice it is solved by proper numerical software which yields
the solution with sufficient accuracy.

To save some computation we can neglect the time change of the approximate
error and solve, instead of (3.8), (3.9), local elliptic problems: Find E € S’éw P+ such
that

au
ot
(3.11) a;(V,E) =a;(V,u° - U), t=0,

(3.10) 0= —a;(V,E) + (V, flo; — a;(V,U) — (v, )0‘]_, 0<t<T,

hold for all functions V € Sg}‘ andj=1,...,M.

In Sections 5 and 6 we will show that both the parabolic error estimate E given by
(3.8) and (3.9), and the elliptic error estimate E given by (3.10) and (3.11) converge
to the exact error e in the H! norm as h — 0. To this end we will use some known
approximation and a priori error estimation results for finite element solutions.

Lemma 3.1. Let W € SM? interpolate w € HP*! at x;_,,z;, and further p — 1
distinct points on each (zj_1,z;), j = 1,...,M (i.e.,, let each component of W
interpolate the corresponding component of w). Then there exists a positive constant
C such that

(3.12) lw =W, < ChP*~*|lw|lps1, s=0,1,...,p.

Proof. The scalar version of the statement is proved, e.g., in Oden and Carey
[7]. The statement (3.12) is its simple consequence. a
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Lemma 3.2. Let u and U be solutions of (2.11), (2.12) and (3.1), (3.2), respec-
tively. Let U € Sg" *? be the energy projection of u onto Sg™'?, i.e., let

(3.13) a(V,U) = a(V,u)

hold for all V € S and 0 < t < T. Ifu® € H} N HP*! and if du(z,t)/0t € HP*!
as a function of z for 0 < t < T then there exists a positive constant C such that

N tou 2
. —_ 2< 2p+2 — (. s S i
(3.14) 10 -vig <owrs [|Zen| or o<esr

Proof. The proof can be found, e.g., in Wait and Mitchell [11] and easily
modified for the nonscalar case. (]
Lemma 3.3. Let u and U be solutions of (2.11), (2.12) and (3.1), (3.2), respec-

tively. If u® € H} N HP*! and if u is smooth enough for all terms in (3.15), (3.16) to
be bounded then there exist positive constants § and C such that

(3.15) “ =0 <own <||“°”p+1 +Z” at‘( ?) "p+1
o™y

t
— (., 7
+ [Nz,

+/t ||Z—'t‘(.,r)j|2dr), 5<t<T,

dr

(3.16) ” =7 t <CW (||“0||z»+l + Z _Su2<t||%lg(.’r)"p+l
([, s offar)”

(0o + / fllo dr ) 5<t<T,
0

where r is a nonnegative integer.

Proof. The proof is a straightforward modification of the proofs of Theorems
3 and 5 of Thomée [10]. O
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4. ERROR ANALYSIS

Let us start the error analysis with the following definition of a scalar interpolation
operator possessing particular properties. We keep the assumption that p is an
arbitrary but fixed positive integer throughout the paper.

Definition 4.1. Consider the interval [—1,1]. Denote by IT an interpolation op-
erator that maps a scalar function onto Pp(§), £ € [—1,1]. Let the p+1 interpolation
nodes of IT be determined as follows:

Put p=2l—1if pisodd or p = 2l if p is even. The 2l interpolation nodes {+&;}!_,
are placed symmetrically with respect to the origin. If p = 2! is even then they are
augmented with the node £ = 0. In both the cases we put & = 1. We introduce a
scalar function

(4.1) o) =Pt — mert!, fe[-1,1),

and determine the remaining 2/ — 2 interpolation nodes {£¢;}i=} so that

1
(4.2) /_ P de =0, s=0,1,...,p—1,

where the prime denotes the total differentiation since ¥ depends on only one scalar
variable.

The dependence of IT and ¥ on p is not explicitly expressed, the value of p being
assumed fixed. The existence of the operator IT and an explicit formula for the
function ¥ together with some its properties are presented in the following lemma.

Lemma 4.1. There exists the interpolation operator II of Definition 4.1. More-
over, for the scalar function ¥ given by (4.1) we have

1

(4.3) o) = \/—7(5;————17)(%1(6) - Pp1(8)),
where P, is the Legendre polynomial of degree r. Further
(44) (€)= | 222 Py o)
and

! 2
) |7 0% = ey

1
(4.6) /_ 1 o2(¢)dE =1.
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Proof. The existence of II is proved in [2]. Briefly, if p = 2] — 1 is odd, ¥ can
be shown to be an even function, ¥’ is odd, and the conditions (4.2) for s =0 and s
even are satisfied identically. The remaining ! — 1 conditions with s odd determine
the ! — 1 interpolation nodes &, i = 1,...,l — 1. Similarly, if p = 2[ is even, ¥ is an
odd function, ¥’ is even and the conditions (4.2) for s odd are satisfied identically.
For s = 0, (4.2) is fulfilled, too, with regard to (4.1) and the symmetry of the
interpolation nodes. The remaining ! — 1 conditions with s even determine the [ — 1
interpolation nodes &;,i=1,...,1 — 1.

Comparing the conditions (4.1) and (4.2) with the properties of Legendre polyno-
mials P,(§), we find out (4.4). Integrating (4.4), observing that ¥(—-1) = ¥(1) =0
(by placement of the nodes), and using the well-known recurrence formulae for Le-
gendre polynomials, we finally obtain (4.3). A straightforward calculation yields
(4.5), (4.6). O

Remark 4.1. The functions ¥ defined by (4.1) and expressed by (4.3) form a
hierarchical finite element basis for the increasing sequence of p, see [9].

Definition 4.2. Consider the interval [z;_1,z;], j = 1,..., M. Denote by II;
an interpolation operator that maps a scalar function onto Pp(z), = € [zj-1,z;]. Let
its p+1 interpolation nodes be obtained from the interpolation nodes of the operator
IT by a linear transformation of [-1,1] onto [z;-1, ;).

We further introduce a scalar function

(4.7) ¥;(z) = 2Pt — ;2P 1 € [z5-1,15),

=0 elsewhere.

Let w = (wy,...,wn)T € H Jl be a vector function. We introduce an interpo-
lation operator 7; which maps each component of a vector function onto Pp(z),
T € [z;41,x;], with the help of the operator IT;, i.e.

;W = (ijl, ceny Hj‘lUN)T.
Finally we introduce an interpolation operator m which maps a vector function

w € H! onto an interpolate 7w that agrees with mjwforz € [zj-1,75),i=1,..., M.

Remark 4.2. The interpolation nodes are thus the same for interpolating the
individual components of w.

We will be interested in the norm of scalar functions, too. For ease, we denote by
i®)s,; the H® norm of a scalar function & on (z;_1,z;),j=1,..., M.
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Lemma 4.2. Let ¥;, j = 1,..., M, be the functions defined by (4.7). Then

z; hi\2p+3 2
(4.8) 11, = / P(e)de = (M) 2
JH0,5 o5y ( 2 ) 2p—-1)(2p+3)
5. By 2041
(4.9) R, = /z,._l Vi) de = (2)7.

Proof. Dueto (4.1), ¥ is a polynomial of degree p+1 and its p+ 1 zeros are the
interpolation nodes &; of IT on the interval [—1, 1] (see Definition 4.1). Renumbering
the nodes properly, we can write

p+1
(4.10) w(e) = [[-&)
r=1
The linear transformation
1
(4.11) T = E(hjf +z;_1 +z5)

maps [—1,1] onto [z;_1,z;]. This transformation maps the interpolation nodes &, of
IT into the interpolation nodes

. ,
(412) = 5(hiér +2j-1 + 1)

of II;. The corresponding substitution in ¥ yields
2 \pPH1
1= () %@

with regard to (4.10), (4.12).

Similarly,
p+1 p+1

@)=Y [[e-¢

q=1 r=1
r#q

and the substitution (4.11) gives
4 £ = -—2 pW' x

Performing now the substitution (4.11) with dz = 1h;d¢ in (4.8) and (4.9) and
employing (4.5), (4.6) of Lemma 4.1, we arrive at the statement of the lemma by
straightforward calculation. O
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The difference between u and its interpolate 7;u on [z;-;, ;] can be expressed
with the help of the scalar function ¥;.

Lemma 4.3. Let u € H,’-’+2, j=1,...,M. Then
(4.13) u— ;U = @; +;,

where ¢; = (1j,-..,0n7)T, v = (11j,-.-,7N;)T, and

(415) ﬂj = (61jv“1ﬂNj)T'
Further, there exists a positive constant C such that, for 0 <t < T,
I p; _¢]|0"u
4. l £ < ptl-s| = = , 7 =
(4.16) Bt o Chj 90 Nl where s = 0,1
and r is an arbitrary integer for which the expressions exist,
0
(4.17) || 4] ” . < CR:lullps1,5,
(4.18) "'7.1"8,.1 < Chp+2 llullpt2.5, $=0,1,...,p+1,
(7] -
(4.19) I1Z2|. . < ors™lullpras, s=0,1.
8,7

Proof. Let V = (Vi,...,VN)T, Vi(z) € Ppy1(z), = € [zj-1,2;] and k =
., N, be such that 7;V = m;u and, moreover, interpolate u at one additional

node on (z;_1,z;). Putting
(4.20) 0; =V -V,
(4.21) vj=u-V,
we obtain (4.13). We further have Vi(2) = fijat! + Wi(z) where Wy = IT; W €
Py(z), © € [zj—1,z;], kK = 1,...,N. Substituting into (4.20) and taking (4.7) into
account, we arrive at (4.14).

In the same way as in the proof of Lecmma 3.3 of [2], we find from (4.21) and from
Lemma 3.1 that

"’YJM&J = "u VHS,J X hP+2 s"u"P+2.]7 s = 0) 1) BTy 4 + 1’

which is (4.18). Moreover, from (4.18) and (4.21) we deduce

(4.22) IVllp+1,5 = IV = ullp41,5 + lullp41,5 < Chjllullpra; + llullp+1,; < Cllullp+r,;-

The bound (4.22), (4.20), and Lemma 3.1 then yield the statcments (4.16) for 7 = 0
(4.17), and (4.19). Since, due to (4.14), ¢ in @;(z,t) can be considered as a parameter
we easily prove (4.16) for r > 0, too. (]
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The next lemma is concerned with a bound for the bilinear form a(v,w) defined
in (2.7).

Lemma 4.4. Let 7v € SM'? be an interpolate of v € HP*2(0,1) that agrees with
mjv for € [zj—1,z;], j=1,...,M. Then

la(W,v — 7v)| < ChP*!|[v]|p42l| W1y

holds for all W € SM®.

Proof. The statement of the lemma follows immediately from the Schwarz
inequality, the inequality (2.10), and Lemma 3.1. O

Lemma 4.5. Let u € H} N H?*? and U € S}"® and U € S;"" be solutions of
(2.11), (2.12) and (3.1), (3.2) and (3.13), respectively. Further let 7u € S¢*** be an
interpolate of u that agrees with mju for ¢ € [zj_1,%;], j = 1,...,M, and let the
assumptions of Lemma 3.3 be fulfilled. Then

(4.23) U = mully < ChP*ullp2,

(4.24) e(z,t) = p(z,t) + w(z,t),

where ¢ = (¢1,...,¢N)T, w = (w1,...,wN)T and wj = (wyj,...,wn;)T with
(4.25) wj(z,t) = vj(z,t) + mju(z, t) = U(z,t), j=1,...,M,

and

(4.26) 122, < crlullpon,

(4.27) ” - ” < C(u)h?+,

(429 A R s

for all nonnegative integers r and s for which the expressions in (4.28) exist.
Further, let 6 > 0 be the constant from Lemma 3.3. Then

< Cw)hPt1=* ford<t<T, s=0,1,

(4.29) ”

otr
and any nonnegative integer r for which the terms in (3.15), (3.16) exist, and
(4.30) lwlly € C(u)h?P*t ford <t < T.

427



Proof. Subtracting a(V,nu) from (3.13), using Lemma 4.4, replacing V' by
U — 7u in the result, and applying (2.9) establishes (4.23).
Keeping the notation (3.3), (4.13) and putting

e=u-—mu+mu—U=¢;+w;, =E€][zj-1,7;],

we arrive at (4.25). If we define ¢(z,t) and w(z,t) as functions on [0,1] whose
restrictions to [z;_1,z;] are ;(z,t) and w;(z,t), respectively, we obtain (4.24).
Using Lemma 4.3, putting

dw; _ 0, 9 .
'37 2+ (7’: U)+5;(U v),

and employing again Lemma 4.3, Lemma 3.3, and the bound (4.23), we obtain the
statements (4.26), (4.27) in the same way as in the proof of Lemma 3.5 of [2].
Expressing
w(z,t) = e(z,t) — p(z,t)

from (4.24), we obtain (4.28) for all values of 7 and s for which the expressions exist.
We now use the estimates (3.15), (3.16) of Lemma 3.3 for e and (4.16) of Lemma 4.3
for ¢ to show (4.29) for 6 <t < T,r >0, and s =0,1.

Further, (4.27) and (4.29) with r = s = 0 imply

llwlif = "g‘;—)”: + |w]2 < C(u)h?P+?

for 6 <t < T, which is (4.30). O

5. PARABOLIC ERROR ESTIMATION

To calculate an approximation to error, we use the vector functions
k
(5.1) o =(0,...,%,...,0)T

whose kth component is nonzero, £ = 1,...,N, and that belong to S J , j =
., M. We put

M N M
(52)  E(@t)=3_ 3 byt)oi? (@) =3 (b (0)%;(2),- .., bw;()¥;(2)) T
j=1k=1 j=1

and show that this function E(z,t) can be taken for an a posteriori approximation
of the error e(z,t).
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Substituting a}-” for V into (3.8), (3.9), we obtain the equations

o 9F ® g ) <
(5.3) (J ’at) +a;(6",E)=R;(e¥,1), 0<t<T,
(5.4) aj(a§‘),E) =aj(aj(.l),u°—U), t=0,l=1,...,N,j=1,..., M,

where we denoted by

0 QQ)

(5.5) R; (0(1), t)= (U([),f)O,J - aJ(a(l) U) - (GJ' *at

the residual of the equation (3.1) on (z;-1,z;) after substituting a§') for V. Substi-
tuting now (5.2) into (5.3), (5.4), we finally obtain M uncoupled local initial value
problems for systems of N ordinary differential equations

N
Z B ()08, 080 + 3 bej () a; (0", 6) = R; (010, 0),
k=1
0<t<T,1=1,...,N, j=1,..., M,
for the unknown coefficients by;(t) of (5.2). By (4.8) and (5.1) we have

(05,080 =0 forizk,
(5.6) (a(k),a_gk))o,j = Egj # 0 independently of k,

where we used the notation
(57) Z,j = |!p] |8,]" s = 0, 1.

We then arrive at

bl](t)zoj +Zbk1(t)a]( (l) (k)) = ( (l) t), O<t<T1 t’_‘l)'-‘?N,

J’]
k=1

with the initial conditions
Ebk](()) a_,,(agl),a(k)) = a,(aw,u -U), l=1,...,N,

where § =1,..., M.
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Introducing the vectors

(5.8) b.‘l = (blj)"'7ij)T,
(5.9) rj = (g7 Ri(0y",), .., S5 Ry (03, 1)

and matrices
) (k
(5.10) Sj = (20_1 aJ(U( )a ¢ )))z k=1
for j =1,..., M, we arrive at the systems
(5.11) b5(t) + S;b;(t) =r5(t), 0<t<T,

with the initial conditions

(5.12) bj(0) =T 'v;, t=0,j=1,...,M,
where

) k
(5.13) T; = £2,5; = (a;(o{", o} )))lk o

vj = (aJ(a(l)’u - U)v ,a](U(N),U U))T

Using now (4.14), (4.24) and (5.1), we have

N
(5.14) e(z,t) = Zﬂki (t)ag.k) (z) + wj(z,t), =€ [zj-1,z;]
k=1

Substituting (5.14) for e and (5.1) for v into (3.4), (3.5) and using the notation (5.5),
(5.6), and (5.8), we find for j =1,..., M that

Bi;(2) 201+Zﬂk1(t)aj(0 ,0) = Ri(0l,t) - Gj (0, 1),

0<tgT,l=1,...,N,

where
O 5 (0 O 0
(5.15) Gj(o;°,t) = (aj ,—af-)o’j+aj(a]- Y Wj),

with the initial conditions

Zﬂ,u 0 aj(0",0) =a;(0,u® —~w; - V), t=0,1=1,...,N.
k=1
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Introducing now the vector
(5.16) 5 (t)(Z52Gi(0$,0),..., Z57G3(ai™, )T,
we have finally the systems
(5.17) Bi(8) + S;B;(8) = r3(t) — g;(t), 0<t<T,
with the initial conditions
(5.18) B;i(0) =T; 'wj, t=0,j=1,...,M,
where we use the notation (4.15), (5.9), (5.10), (5.13), and

w; (a,(a(l),u -U -wj),.. ,a,(a( )Wl —U — w,))T.

Moreover, putting
a;(t) = b;(t) - B;(t),
and subtracting the system (5.17) from (5.11) and the initial condition (5.18) from
(5.12), we obtain the ordinary system

(5.19) a;-(t)+S,-aj(t)=gj(t), 0<tLT, j=1,...,M,
and the initial condition
(5.20) o;(0) =Tz, t=0,j=1,..., M,
where

T
(5.21) Zj = ’U]' - ‘w_.,' = (aj (0’;-1),0.)1'(. ,0)), e ,aj(aJ(.N),wj(. ,0))) .

We will now prove several auxiliary statements.

Lemma 5.1. There exist positive constants C; and Cs such that

(5.22) C1hP* < BT < Ch3PYe, j=1,...,M,
and

(5.23) Cih3P* < B3 < G, j=1,...,M.
Further

(5:24) Cihi™* < aj(0f,0fP) = {14 ; < CahiPH,

k=1,...,N, j=1,...,M.

Proof. The bounds (5.22) and (5.23) follow immediately from (5.7), and (4.8)
and (4.9) of Lemma 4.2. Finally, (5.24) is a consequence of the equivalence of the
norms ||. ||1,; and |[|. || 4,; for functions from Hg ; expressed by (3.6). O
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We will use the notation ||g||2 = ¢qTq for the Euclidean norm of a vector q and ||Q||
for the spectral norm of a square matrix Q.

Lemma 5.2. Let T; be given by (5.13) and S; by (5.10). Then there exist positive
constants C1, C3 such that the bounds

(5.25) C h2PH!
(5.26) Ci1h;?

) KGR, j=1,...,M,
(S;) < Ceh7% j=1,...,M,

hold for all the eigenvalues A\(T;) and A(S;) of the matrices T; and S;, respectively.

Proof. Introducing the differential equation (2.1), we assumed A(z) to be sym-
metric positive definite and B(z) symmetric positive semidefinite. We thus deduce
that

(527)  0<7,llql* < va(@)lgll®
(5.28)  0< v lldll? <v8()llgll?

//\ //\

¢ A(z)g < [|IA@)Il lgll* < Fallall?,
¢"B(z)g < 1Bl llall* < ¥sllall®

for every N-component vector ¢ # 0. Obviously, y4(z) and ||A(z)|| (or v8(z) and
||B(z)]|) are the smallest and the largest eigenvalue of A(z) (or B(z)). Since z € [0, 1],
since the entries a;x(z) and b;x(z) are continuous, and since eigenvalues depend
continuously on entries, the constants

7,4 = min ya(z), 7= min vp(z),

-~ z€[0,1] z€[0,1]
Ta = max lA@I, 8= m[a,x]IIB(x)H

do exist and, moreover, y 4> 0.
According to (5.1), (5.13), we can calculate the entry (i, k) of the matrix T,

(T = a3 (0P, o) = / (a@¥2() + b (@2 (@) dz, j=1,...,M.
Tj-1
Computing ¢qTTjq, ¢ # 0, and taking into account (5.27) and (5.28), we arrive at

0<tal(z, [ #i@an 4, [7 B ) <t
_ zTj_1

Tj-1

-/ 7 (TA@) (@) + ¢TB2)q¥(z)) ds

i—-1

<uq||2(w [ #iaaa+as [ w;’<x>dx).
Tj—1 Tj-1
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Lemma 4.2 now gives
2p+1 3 —x 12p+1 2p+3
0 < [lglP (x5, k57" + v h3P+°) < qTTyq < llgl>(Fahi™ + 45R57F)
with some constants 1:‘4, Tas 1;, and ¥, which implies

qT

(5.29) 0 < C1RIP* < T

<C, h2P+1

As Tj is Gram matrix defined by the energy inner product (5.13) it is symmetric
positive definite. Its smallest and largest eigenvalues are

min TTJq maququ
0 [|g2 a0 [qll?

and are bounded by (5.29), which implies (5.25).

S; is a symmetric positive definite matrix as well. The statement (5.26) on A(S;)
thus follows from (5.10), (5.25), and (5.22) of Lemma, 5.1. 0

Lemma 5.3. The solution a;(t) of the system (5.19) with the initial condition
(5.20) can be expressed in the form

(5.30) a;(t) = exp(=S;t)a;(0) + / exp(—S; (t — 7))g;(r) dr ,
<T, j=1,...M,

where a;(0) is given by (5.20), (5.21), and S; and T; by (5.10) and (5.13). Moreover,

(531)  [las@)I < c(na,-(0)||2exp(—ztxmi.,(s-))

57 (S){||91(t)||2+||y,(0)||2exp( 2t Amin(S; ))}

'min

57 ©XB(=2(t ~ )dmin(S;)) /0 g5 dr

mm(

+ 3y liar ), 5=,

for any 6, 0 < & < t, where Amin(S;) is the smallest eigenvalue of S;.
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Proof. Solving (5.19), (5.20), we obtain (5.30), where a;(0) is given by (5.20),
see e.g. [5]. Integration by parts yields

Il

oj(8) = exp(=S;t)aj(0) + S [exp(~S;(t - 7)g;(7)]
t
- Sj_l/o exp(—S;(t — 7))g;(r) dr

exp(—S;jt)a;(0) + S5 1{gj (t) — exp(-S;t)g;(0)

t
=0

I

5 t
- [ eyt = mgjnar - [ exp(=S;(e - Majrrar },
where 0 < § < t is arbitrary. Taking the norm and squaring, we have
(5.32) lle; (1)II? < C(" exp(=S;t)|*lla; (0)1* + lls,-"lllz{ll!h‘(t)ll2
6 2
+exp(=S;0IPlgs O + | [ exp(=5;(t - gj(r) ar |
t 2
+ "/‘s exp(—S;j(t — 7))g;(r)dr ” })

We can bound the integrals in (5.32) using the Schwarz inequality to get

(5:33) | /o 6 exp (= 5;(t — 7))g}(r) dr ”2
< Sy (20t~ (55D [ IS
= Amin(S;) *P T A
) t
630) | [ ewEse-mgmar| <= [lgeirar,

where we use Lemma 5.2 and the formulae for the spectral matrix norm (see, e.g.,

[51)

(5.35) llexp(=S;(t = )l = exp(~(t = T Amin(S7)), 37,
(5.36) IS = rl(s—)

Finally we obtain the bound (5.31) from (5.32) with the help of (5.33) to (5.36). 0O

Lemma 5.4. Let the assumptions of Lemma 3.3 be fulfilled with r = 0,1,2 and
let § > 0 be the constant from the statement of Lemma 3.3. Assume further that
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[|87e/dt™||1 is bounded for0 < t £ 6,7 =0, 1,2, and let b;(t) and B;(t),j =1,..., M,
be solutions of (5.11), (5.12) and (5.17), (5.18), respectively. Then there exists such
a positive constant C(u), where u is the solution of (2.11), (2.12), that

(5.37) 1B;(WI2 5% < C(wh for0<t<T, j=1,...,M,
M
(5.38) D bi () - B;IPEE; < C(u)h**? for6 <t < T,
j=1
M
(5.39) > (Il + 18;®)I?) 22 < Cw)h® fors <t < T.
Jj=1

Proof. Employing (4.14), (4.15), and (5.7), we can write

N
leilld; =D BENE 0 ; = Z5118;1% G=1,...,M.
k=1
Further,
2 2 Efj 2 —212p+2 2 2p
N8;ON°Z1; = Z_&"W‘illo,j < Chi R lullp4a,; = C(u)h;
j

follows from (5.22), (5.23), and (4.16) of Lemma 4.3 with s = r = 0. The bound
(5.37) has been established.

We now turn to the proof of (5.38). Using (5.6), (5.15), (5.16), and the Schwarz
inequality, we get

N
(5.40) lg;®I? = 5t > G2a?, )
k=1
RS (k) Owi\? 5 (k)
<CZy; ((oj ,—a—t)oj+aj(aj ,wj))
k=1 >

N
- ow; |12 k
<ozt 3 (24| 5], + 1ot )
k=1 ’

for j = 1,...,;M. Due to the definition (5.1) of agk) € Hé,j and Lemma 5.1, we
further have

k k
Soi _ NoPloy _ No$P s

(5.41) - =% <% <
Ho®la; 1o las 0Pl
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and thus

(k)2
(542) g ®I* < 020122"0 "AJ(

N o2,
< CZyf %(
! k=1 Zoj

w | ol il
|6w1| | J"AJ)

5t
—czgf(lla“’J ” S+l Jllw)zu ()"A”,

where we used Lemma 5.1 and (3.7).

Since (5.31) of Lemma, 5.3 is the means to prove (5.38) we employ (5.26), (5.42)
and Lemma 5.1 to estimate

llo;

(5.43) Z 2 Ilya(t)||221]

mm J

1 52 /ya llo$112,
CZ,\2 (5)212](” WJ” + ’HU)Z EgJAJ

min

h‘h"zh‘z(“aw’ || o, sl >\ (H || +Ilw||2)

The inequalities (4.29) with 7 = 1, s = 0 and (4.30) of Lemma 4.5 finally give

(5.44) Z 52 ||g,(t IPZ% < Cu)h®+?, §<t<T,

j=1 mm J

where § > 0 is the constant from Lemma 3.3.
We have assumed that the error e and its first two time derivatives are bounded

for 0 < t < 6. We start from (5.43) and use (4.24) and the estimates (4.28) and
(4.16) withr =1,s=0and r =0, s =1 to find

(5.45) Z YR (s)ng,a JIP5% < Cw), 0<t<6.

min

To proceed further, we differentiate (5.15) with respect to t to get

G502, = (. 52), , + 0 (4. ).
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From (5.16) we then, like in (5.40), arrive at

llg(2) ||2-204ZG'” =)
N 2
-4 (k) 0w (k) Ow;
comt 35 (60 2207w 5)
k=1

N
8w k Ow
<oz 3 (5, + 1ol 521,
<ozt 3 (s Gl 1ol 52,

Like in (5.42) we assess

oo o song(| 7], <2 ) 3 s

Further, like in (5.43),

(5.47) Z 3. (S )"gJ ”"22?3‘ <Cn? (“ ot2? " " ot " )

min

follows from (5.26), Lemma 5.1, and (5.46). We now use again (4.29) of Lemma 4.5
withr=2,s=0andr =1, s=1 to show

(5.48) Z 5 ( = )||g, B2 52, < C(u)h2(R?P+2 + h?P) < C(u)h?P*?, 6 <t < T.

'min

By assumption, the error and its first two time derivatives are bounded for 0 < ¢ < 6.
Starting from (5.47), and using (4.16) and (4.28) withr =2,s=0andr=1,s =1,
we find

(549) Z 33 (S)ug,(t 23 < Clu)h?, 0<t<e.

j=1 Amin
Finally we bound ||a;(0)||. Since
1
we can estimate, by (5.20), (5.21), and the Schwarz inequality,

(5.50) ;7 =

lls @I < T2 112501 = (T) Za 9, wi(.,0))

mm

(T Tyl Ol Z llo§ 1% 5

m)n
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Further by (5.24), (5.25), and (3.7) we arrive at
lle; ()1 < Chy*P 2R lw; (-, 013 5 = Ch; P~ flw;s (-, 0)I13 ;.
Substituting (4.25) for w;, we come to

lles O)IF < Ch; 7 (Il (-, )1 5 + llmsu(z,0) = UCO)IF ; + 1U(-,0) - U(.,0)|I3 ),

where U is the solution of (3.13) with ¢ = 0.
We now multiply by 212], employ (4.18) of Lemma 4.3, sum the inequality over j
and apply (4.23) of Lemma 4.5, (3.14) of Lemma 3.2, and (5.23) to obtain

5.51) ||a WPEZ < C(uP)h?PH+E,
J J s

Let us turn back to (5.31) and investigate three of the right-hand part terms. Due
to (5.26), (5.51),

M
(5.52) > lle; (0)11* £2; exp(—2tAmin(S;)) +0ash +0and 0 <t < T.
Jj=1

Similarly,

(5.53) Z 5 ||g,(0)||221, exp(—2tAmin(S;)) 2 0ash > 0and0< t < T

mm J

by (5.45) and

(5.:54) Z ey 19T 22 exp(2(t — ) min(55)) = 0

mm )

ash—>0andd<t<T,0<7<9

by (5.49).
Multiplying by Z'fj and summing over j, we finally get from (5.31) that

M

M
> les 2 < 0 o sy IO + [ z_;)\?mn(s)llsé(‘r)llzﬂi",-df)

Jj=1 j=
C’(u)hz"”*2 d<tgT,
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since the terms (5.52) to (5.54) tend to zero much faster than h?**2 and since we
bounded (5.44) and (5.48). We have proved the statement (5.38).
Since

1185 @) + 185 (DN < b (®) = B; (O + 2018 N1,
we can estimate from (5.37), (5.38)

M
> (161 + 18;)117) Z l15;(®) — B;I* 235 + 22 1185 ()1I> =45

j=1 ji=1 i=1
< C(u)(h**2 + h??) < C(u)h?, 6<t<T,
which is (5.39). The lemma has been proved. O

Theorem 5.1. Let u € H} N HP*? and U € SM® and E € SM**! be solutions
of (2.11), (2.12) and (3.1), (3.2) and (3.14), (3.15), respectively. Let u® € Hj N HP+!
and let u be smooth enough for all terms in (3.15), (3.16) to be bounded with
r =0,1,2. Further let § > 0 be the constant from the statement of Lemma 3.3 and
let ||07e/At7||1 be bounded for 0 <t < 64, r =0,1,2. Then

e Ol = llu(.,t) =UC,)IF = |EC.t)I} +e, §<t<T,
and there exists a positive constant C such that

le] < C(u)h2PH1.

Proof. Using (4.24), we have

llell?; = lles +will? ; = llesll3 ; + 2005, wi)1s + llwjllf 5.

Summing over j and using (4.14), (5.2), (5.7), and the Schwarz inequality, we find
M N
e=llel} - I1BIF =D 2% D (8%(0) — b}50)) + 2llellallwlly + llwli?.
ji=1 k=1
Employing again (4.14), (4.30), and (5.37) of Lemma 5.4, we arrive at
le| < 2 b3 E |B2;(t) — b2;(t)| + C(u)hPRPH! 4 C(u)h?+2, §<t< T,

j=1
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where § > 0 is the constant from Lemma 3.3. By the Schwarz inequality, we finally
obtain

M N
lel < D72 Y [(Brs () — brj (1)) (Bis (2) + bi;(8)) | + C(w)h*+?

j=1 k=1

M .
<D Zu5lIB5 () = bi(®) 1 215118(8) + b;(B)]] + C(u)h?#H
j=1

C(f__l: Z5185(0 - 01 1/2(

< C(u)(hPH'hP + hPH1) = C(u)h?PH!

M 1/2
S 5L (1801 + ubj(t)uz)) + Cluh2

j=1

by virtue of Lemma 5.4. The theorem has been proved. O

Remark 5.1. The statement of Theorem 5.1 shows that the function E(z,t)
can be used to obtain an a posteriori error estimate in practical computation. The
error on each interval (z;_1,z;) of the partition is characterized by a single number
called the local error indicator, i.e., in our case, by the quantity ||E(.,t)||1,;. The
error on the whole interval [0, 1] can also be characterized by a single number, e.g.
by ||E(.,t)|l1. This number is called the error estimator (cf., e.g., [4]).

Remark 5.2. Introducing positive weights for the individual components in the
definition (2.4) of inner product, we may emphasize or suppress the influence of the
error of some components of the solution on the error indicator and estimator.

6. ELLIPTIC ERROR ESTIMATION

The elliptic error estimation (3.10), (3.11) can be analyzed in a similar way. Re-
placing V by a§k) in (3.10) we come to

;0 E)=R;(6{",t), 0<t<T, 1=1,...,N,j=1,...,M,

where R; (a( ) ,t) is given by (5.5). Expressing E(z,t) in the form

E(z,t) = Z }_jbk, )03 (),

j=1k=1

we have M uncoupled linear algebraic systems
N -~
(6.1) S bii(t)ai(0f,0) = Rj(0,t), 1=1,...,N,
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for the unknown coefficients Ekj, k=1,...,N, where j =1,..., M. Putting
(6.2) yi(t) = (Ri(0$",0),..., Ri(@$™,1)T

and using the notation (5.13), we can write the solution of (6.1) in the form
(6.3) bi(t) =T 'y;(t), i=1,...,M.

Substituting ag-‘) for v into (3.4), we get

@ Oe 0} W pn D o oU
(aj ’at)o a_,(o' ,e)+(a] v o, a'J(o U) - ( % 3t)
] - 1 M1

and, comparing it with (5.5), we conclude

(64) Ri(o ) = (o0, 55, . + as0se).

Further substituting (5.14) for e into a; in (6.4), we arrive at

% 5t
l=1,...,N, j=1,...,M.

N
65) 3 hs@)as0,0f) = Ri(o 1) - (o, 57, - as(oPws)
k=1

The system (6.5) can now be rewritten as
(6.6) Bi(t) = T 'y;(8) +3;(), §=1,...,M,
where T is given by (5.13), y; by (6.2) and
(6.7);(t) = T; 's;(t),

T
()= [ (s 9 W, (N) Oey (N
(6.8)s,(t)-((, 38)o, = 4w (o 5) sl ,w,)).

We establish an analog of Lemma 5.4.

Lemma 6.1. Let b;(t) and B;(t), j = 1,..., M, be solutions of (6.3) and (5.17),
(5.18), respectively. Let the assumptions of Lemma 3.3 be fulfilled. Then there exist
positive constants C(u), where u is the solution of (2.11), (2.12), and ¢ such that

(6.9) E 16;(t) — B; )P L2 < C(w)h?**? for§ < t < T,
M =

(6.10) > (Bl + 118;(®)I1*) £ < C(w)h® fors <t <
ij=1
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Proof. We proceed like in the proof of Lemma 5.4. Since (6.6) is equivalent to
(5.17) we calculate from (6.3), (6.6), and (6.7) that

bi(t) — B(t) = 3;(t) =T 's;(t), j=1,...,M.

From (6.8), (5.50), and the Schwarz inequality we have
(6.11)  I6;(t) — B; I < TP ls5 (N
C__ ([ m O 2(,(k)
o3 ((a, %), + )

mm(

..,.n(T)Z" ‘*’||A,,(” e 5, + sl )-

We further use (5.41) and (3.7) to obtain

(T ZII (k)IIA,(" " ]l ,||1,])

Multiplying by £7; and summing up over j, we obtain with respect to (3.15), (4.30),
(5.23), (5.24), and (5.25) that

I6; () = B; (®)I* < C

mm

Z [1B;(t) — B (V)2 Z2; < C(u)h~*P=2h2P+Ip2PH2p2+1  C(u)h?P+2
for6 <t T,

which is the inequality (6.9). The value of J is given by Lemma 3.3.
Since now again, like in the proof of Lemma 5.4,

b5 (I + B3I < N1b; (8) — B (I + 20185 (DI

the statement (6.11) is a simple consequence of (6.9) and (5.37). The proof has been
completed. . 0

Theorem 6.1. Let u € H} N H?*2 and U € S}*'* and E € §}""*" be solutions
of (2.11), (2.12) and (3.1), (3.2) and (3.10), (3.11), respectively. Let u® € H} n HP+!
and let u be smooth enough for all terms in (3.15) to be bounded with r = 0,1.
Then there exist positive constants C and § such that

lleC.,OIF = llu(.,t) =UC,OIF = IEC,OIF +& §<t<T,
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and
|€] < C(u)h?P*!,

Proof. The proof is carried out in the same way as the proof of Theorem 5.1.
Lemma 6.1 is employed instead of Lemma 5.4. O

Remark 6.1. According to Theorem 6.1, an error indicator and error estimator
from Remark 5.1 can also be introduced with the help of the function E(z, t).
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