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INTERPOLATING AND SMOOTHING BIQUADRATIC SPLINE

RADEK KUCERA, Ostrava

(Received October 6, 1993)

Summary. The paper deals with the biquadratic splines and their use for the inter-
polation in two variables on the rectangular mesh. The possibilities are shown how to
interpolate function values, values of the partial derivative or values of the mixed deriva-
tive. Further, the so-called smoothing biquadratic splines are defined and the algorithms
for their computation are described. All of these biquadratic splines are derived by means
of the tensor product of the linear spaces of the quadratic splines and their bases are given
by the so-called fundamental splines.
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1. INTRODUCTION

Let us have a closed rectangular domain 2 = [a,b] X [¢, d] in the (z,y)-plane with
a mesh given by sets of knots in each of the variables

1) (Azy) = (Az) x (Ay),

(Az) ={zi;i €I}, (Ay)={y;57€T}

I={0,1,...,n+1}, J={0,1,...,m+1},

a=290<T; <T2<...<ZTp <Tpy1=>b,

c=yYo <Y1 <Y2<...<Yn < Ymy41 =d.
For an interpolation on such a mesh (of cartesian product type), the tensor prod-
uct technique is used which can be practically realized by means of polynomials.

However, this possibility is not used very often because the common polynomial in-
terpolation has certain bad features (nonuniform convergence, no shape preserving
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properties). Therefore the tensor product technique and splines are combined in
[B62], [B78], [ZKM8&0], [N89].

The main results of this paper are stated in Sections 5 and 6 where the problems
interpolation of, respectively, partial and the mixed derivatives are solved. The bi-
quadratic splines are used because they have the extremal property which makes it
possible to define smoothing splines. Similar construction for bicubic splines (inter-
polating function values) is shown in [I75], [ZKM80]. For the first time, an incorrect
form of the minimized functional was stated for the bicubic case in [ANW67).

The possibility to use biquadratic splines for interpolation of function values is
discussed in Section 4. Section 2 contains the basic knowledge about quadratic
splines from [K92], [KK93]. The last Section 6 shows some examples.

2. QUADRATIC SPLINE

2.1 Definition. Continuity conditions. We consider an interval [a,b] and a
set of knots (Az). A function s(z) = s}(z) is called a quadratic spline on the set of
knots (Az) if it has the following properties:

a) s(z) is a quadratic polynomial on every interval [z;,z;41], ¢ = 0(1)n;
b) s(z) € C!{a,b].

The set of all quadratic splines on the mesh (Az) forms a linear space, we denote
it S(Az) = S3(Ax). It is also known that dim S(Az) = n + 3, see [B78], [ZKM80].

Denote h; = zi+1 — 3, $; = s(x;), st = s'(x;). The spline s(z) can be written on
the interval [z;, z;41] as

(@) 5(2) = 5i + si(z — 7:) + (shyy — 1) (@ — 0)?/(2ho).

The continuity conditions at the knots z;, ¢ = 1(1)n + 1 yield the relations between
the parameters s;, s} :

(3) (32_1 + S;)/z = (Si - si—l)/hi—h 1= 1(1)1’1, + 1.

2.2 F-fundamental splines. Let us have real numbers mg, m;, i € Z, and
consider a spline s(z) € S(Az) which interpolates the given function values:

(4) Sg =mg, S;i=m;, i € L.

The computation of the values of this spline can be done by means of the relations
(3) and the formula (2). It is useful to express the solution of the problem (4) in the
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- form

n+1
(5) s(z) = moh(e) + ) mihi(2),

k=0

where h(z), hi(z) € S(Az), k € Z, are the so-called F-fundamental quadratic splines
which are defined by the conditions

hy (o) =0, hi (i) = 64, i€Z,
E’(.Z‘o) = 1, FL(l‘l) = O, i €.

It is proved in [KK93] that the F-fundamental splines form a basis of the linear space
S(Az).

2.3 Df-fundamental splines. Let us have real numbers mg, m}, i € Z, and con-
sider a spline s(z) € S(Az) which interpolates the given values of the first derivative:

(6) so =mo, s;=m}, i€

The computation of the values of this spline can be done by means of the relations
(3) and the formula (2)—similar as in Subsection 2.2. It is useful to express the
solution of the problem (6) in the form

n+1

(7) s(z) = mof (@) + 3 mi fu(a),

k=0

where f(z), fr(z) € S(Ax), k € I, are the so-called Df-fundamental quadratic splines
which are defined by the conditions

fe(o) =0, fi(z:) =0k, i €T,
f(z)=1 ona,b].

It is proved in [KK93] that the Df-fundamental splines form a basis of the linear
space S(Ax).

2.4 Extremal properties. Smoothing spline. Let us have an interval [a, b]
with a mesh (Az) and prescribed values of the first derivative m!, i € Z. Introduce
the space of functions

V = {f € W}[a,b]; f'(x:) =ml, i € I}

2
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and the functional
b
®) nH= [ 1f'@F .
Theorem 1. The minimal value of Ji(f) on the set V is attained for every
quadratic spline s(z) € S(Az) with s; =m;j, i € Z. [K92]

The spline from this theorem is not unique; we can prescribe some function value
for the unique determination, e.g. an initial condition sy = mg as in (6).
Further we will consider real numbers @ > 0 and w; > 0, ¢ € Z, and introduce the

functional
b n+1
©) B =a [ U@+ 3 wilf (o) - mif.
a 1=0

Theorem 2. The functional Jo(f) attains its minimum on W2[a,b] for some
quadratic spline so(z) € S(Az). [K92]

A spline so(z) € S(Az) from Theorem 2 is called a smoothing quadratic spline.
The parameters s; = sl (z;), ¢ € Z, of the smoothing spline can be computed from

the system of linear equations derived in [K92] with tri-diagonal, symmetric and
diagonally dominant matrix:

(wo + Po)so — Posy = womy,
(10) —pi—18;_1 + (Wi + pi_1 + pi)s; — pis;y, = wim, i = 1(1)n,
~PnSp + (Wnt1 + Pn)Snip1 = Wnt1Mip 4y,
where p; = a/h;.

The smoothing spline is not unique; we can prescribe some function value for the
unique determination, e.g again an initial condition s4(zo) = mg.

2.5 S,-fundamental splines. It is possible to express the smoothing quadratic
spline by means of a certain basis of the linear space S(Az) where the prescribed

values mg, m}, i € Z, are used as the coefficients of the linear combination. The

1)

following lemma is needed for the construction of such a basis (see [KK93]).

Lemma 1. Let us have a mesh (Az), a > 0, w; > 0, m!, i € Z. A quadratic
spline s () € S(Az) minimizes Jo(f) on WZ|a,b) if and only if

(11) s; +ofsq(zi—) — sg(zi+)]/wi =m;j, i€,
where s/ (z0—) = s"(zn+1+) = 0.

We have used the notation f(a+) = Em+ f(z), f(a=) = lim f(x).
T a r—a—
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Definition 1. Let us have a mesh (Az), @ > 0, w; > 0, ¢ € Z. Quadratic splines
P(z) = @alx), vr(z) = pak(z) € S(Az), k € I, are called the S,-fundamental
splines if they have the following properties:

@r(z0) =0, @y (z:) + afpk (z:i—) — i (zi+)]/wi = 0k, 1 €T,
@(z)=1 on]a,b].

It is proved in [KK93] that the S,-fundamental splines form a basis of the linear
space S(Az). The smoothing spline from Theorem 2 can be written for arbitrary
values mj, and mg as :

n+1

(12) Sa(T) =mo + Z my k().
k=0

This formula is not suitable for computations but we will use it for construction of
biquadratic splines. Of course the derivatives s; = s, (z;) of this spline are computed
from the system of linear equations (10) and then we use the relations (3) and the
formula (2) together with some other function value (e.g. initial condition sp = mo)
for computation of the values of the smoothing spline.

3. BIQUADRATIC SPLINE

3.1 Definition. Representation on rectangle. Let us have a closed rectan-
gular domain = [a,b] X [c,d] with a set of knots (Azy) (see (1)) and let us denote
the subrectangles Q;; = [z, Zi+1] X [y5, yj+1)- A function s(z,y) = sii(z,y) is called
a biquadratic spline on the set of knots (Azy) if it has the following properties:

a) s(z,y) is a biquadratic polynomial on every Q;;, i = 0(1)n, j = 0(1)m;

b) s(z,y) € C*(N) (continuous the first derivatives %3, g—; and consequently the
mixed derivative 8‘12; ).

On each of the rectangles 2;; we may use for s(z,y) the piecewise polynomial

2 2

representation s(z,y) = >, > afjlzkyl with nine coefficients af} , k,1 =0(1)2, which
k=0 1=0

are generally different on different Q;;. In [K87] another representations of s(z,y)

on a rectangle §;; were studied.
Denote

(19) DMy = 2 2y, s = DMs(any;)
’y - 3x’°6y‘ 1y ) iy l’yJ
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where f(z,9) is a function and s(z,y) is a biquadratic spline. We will represent the
biquadratic spline s(z,y) on Q;; by means of parameters s3;, si?, s2t, sif, 895,
stLi1s 81915y Sit1,j» Sihy i1 (see Figure 1). So we must know four parameters at
each knot (z;,y;) (except some boundary knots). This representation is suitable for
us because the one-dimensional algorithm based on the formula (2) can be used and

because algorithms in the next sections will give parameters for this representation.

s?,lj+1 S%,lj+1 s%—}—l,j—*—l )
(Az) Yhiw) | £w) |05
0y hi(z) | £ | £o1 | O
fiz) | £o | 11| sy
s% sy Sit1; oi(z) | s |stix | st
S st
Figure 1. Table 1.

3.2 Tensor product. Denote by S(Azy) = Sii(Azy) the linear space of all
biquadratic splines on the set of knots (Azy). We can obtain it as the tensor product
of the quadratic splines spaces in one variable S(Az), S(Ay):

S(Azy) = S(Az) ® S(Ay),
(14) dim S(Azy) = dim S(Az) dim S(Ay) = (n + 3)(m + 3).

Similar and still more general tensor product constructions are done in [B78],
[ZKM80], [N89], [EMMS89]. Since we constructed three various bases of the linear
space of the quadratic splines in the previous sections we obtain nine various tensor
product bases of the space S(Azy). Each of them is suitable for the solution of some
problems (notation from Table 1 is used):

f% — interpolation of the given function values s% = m?;
- interpolation of the given values of the partial derivative s} = m!?;
f'! — interpolation of the given values of the mixed derivative s}} = m}};

s'¢ — smoothing spline for the given values of the partial derivative s} = m}?;
s'! — smoothing spline for the given values of the mixed derivative s}} = m!};
s!1* — smoothing spline for the given values of the mixed derivative s!! = ml}

ij ij

where the smoothing is done in the z-variable;

the cases f01, s01, s!1¥ are analogous.
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We have to prescribe further n + m + 5 parameters for the solution of each such
problem because dim S(Azy) is greater than the number of the knots (z;,y;) (see

(14)).

4. INTERPOLATION OF THE GIVEN FUNCTION VALUES

Let us have values m?
such that

%,i€T,j€J. Wesearch for a spline s(z,y) € S(Azy)

00

(15) sy =md, i€l jeJ.

For uniqueness we must prescribe other n + m + 5 parameters, e.g.
g

(16) So0 =Moo Soj =moj, S =my, j€J, i€l

Theorem 3. There exists a unique solution s(z,y) € S(Azy) of the problem (15),
(16).
Proof. The linear space S(Azy) has the tensor product basis £%°:
Fl(.’l))ﬁ(y), Fl((l;)h_,(y), h,(m)ﬁ(y), hi(w)h]'(y)’ i€, JE J,

where A(z), hi(x) (or h(y), h;j(y)) are the F-fundamental splines on the mesh (Az)
(or (Ay), respectively). It follows from their construction that the spline

n+1
s(z,y) = magh(z)h(y) + Y _ m% hi(z)h(y)
=0
m+1 n+1lm+1
Zmog’h(zh @)+ D mPhi(a)h;(y)
=0 j=0
solves the problem (15), (16). : O
From the last formula we have
( m-+1

s(zi,y) = m@hy) + Zm hi(y),

n+1
s(z,y;) = myJh(z) + > _mPhi(z), j€ T,
i=0
(17) < 1
D% s(z,y0) = mygh(z) + Zm?(}hi(x),
=0
m+1

D*°s(ws,y) = sigh(y) + Zs hi(y), i€T.

\

345




The first formula (17) shows for fixed i € Z that s(z;,y) is the quadratic spline
which interpolates the function values s; = 13’ j € J, on the mesh (Ay) and
complies with the initial condition s, = m%} (compare with (5)). Therefore we can
use the relations (3) for the computation of the values s} = s}, j € J—this is the
first step of the following algorithm. A similar consideration for the other formulas
(17) gives the other steps of the algorithm.

Algorithm 1.

1° Compute sIJ, j € J, from the values m3}, mu, j € J, on the vertical lines

r=uz;1 €T

10
ijo

y=y;Jj€J;
3° compute va i € Z, from the values m}, m ,0, i € Z, on the horizontal line y = yo;
4° compute sj}, j € J, from the values sig, s, j € J, on the vertical lines = = z;,
iel.

2° compute s}, i € Z, from the values mg?, m27, i € Z, on the horizontal lines

7

We know the values 57, s1?, 52}, si} at all knots (z;,y;) after using this algorithm.

5. INTERPOLATION AND SMOOTHING OF THE PARTIAL DERIVATIVES

5.1 Formulation and solution of the problem. Let us have values m}?, i € Z,
j € J. We search for a spline s(z,y) € S(Azy) such that

18y s20=m}? i€Z jeJ.

7'] VI
For uniqueness we must prescribe other n + m + 5 parameters, e.g.

o1 01 .00 0 11 _ 11 .
(19) Soo = Mgy, Soj = Mgj, Sig =My, J €T, 1 €L

Theorem 4. There exists a unique solution s(x,y) € S(Azxy) of the problem (18),
(19).

Proof. The linear space S(Azy) has the tensor product basis f1°:
f(@)h(y), F(2)h;(y), fi(x)h(y), fi(x)hily), i€L,je T,

where f(z), f;(z) are the Df-fundamental splines on the mesh (Az) and hA(y), h;j(y)
are the F-fundamental splines on the mesh (Ay). It follows from their construction
that the spline

n+1
s(z,y) = mgoh(y) + Z mis fi(z)h(y)

1=0
m+1 n+1m+1

+ Z mPhi(y) + 3 S mifi(x)h; (y)

i=0 j=0
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solves the problem (18), (19). a
From the last formula we have

( n+1
s(z,y;) = mgy + me fi(z), €7,
=0
m+1

D¥%s(z;,y) = migh(y) + Zmloh i€,

(20) . i

s(zo,y) = mY¢h(y) + ng i),
=0
n+1
LDms(a:,yJ =s0; + Zs fiz), je€J.

From the formulas (20), we obtain the following algorithm for the computation of

the parameters 53, 591, si}, i € Z, j € J, by means of a similar argument as we
have obtained Algorithm 1.

Algorithm 2.

1° Compute s, i € Z, from the values mJ?, m!?, i € Z, on the horizontal lines
y=wJ€J'

2° compute sU ,j € J, from the values m}}, m U ,J € J, on the vertical lines z = z;,
1 €T;

3° compute sOJ, Jj € J, from the values m3}, mOJ, j € J, on the vertical line z = zo;

4° compute 5%}, i € Z, from the values 50}, si}, i € Z, on the horizontal lines y = y;,

jeJ.

5.2 Extremal properties. On the rectangle Q = [a, ] X [c, d] let us have a mesh
(Axy) and prescribed values of the partial derivative with respect to the z-variable
u ,i1 €I, j € J. Introduce the set of functions

Vi ={f € W*(Q); D'°f(zs,y;) =m},i€ I,j € T}

and the functional
m+1

Js(f) = Z / (D (x,y;)? da.

Theorem 5. The minimal value of J3(f) on the set V, is attained for every

biquadratic spline s(z,y) € S(Azy) with S}JQ U ,i€I,j€J.
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Proof. Let ushave f € Vi, s € V3 N S(Azy), then

m+1
Ja(f =)= Ja(f) = Js(s) -2 > _ I,
j=0
where
b
L= [[I0%1(z,3:) - D®s(a,)D®s(z,y7) da
(21) n

= i/uﬂ[Dzof(x,yj) — D®s(z,y;)]D¥s(z, y;) da.

i=0 V7T

Using integration by parts and the identity D3%s(z,y;) = 0 on [z;, z:4,] we obtain

Tig1

| 10" 1(a,) - DPs(a, 40" s(, ) da
= [Dwf(l‘iﬂ,yj) — D'%s(2i41,95)]D*s(xit1—,y5)—
— [D'f(zi,y;) — D*s(:,9;))D*s(zi+,y;) = 0.

Therefore 0 < J3(f — s) = J3(f) — J3(s), which implies J3(s) < J3(f). O

The spline from this theorem is not unique; we must prescribe other parameters
for its unique determination, for example (19).

5.3 Smoothing spline. We will use the notation from Subsection 5.2. Further
let us have a > 0 and v; > 0, i € Z. Denote
n+1m+1

Ja(f) = ads(f) + D Y wilDf(zi,y;) - mifP.

i=0 j=0

Lemma 2. The spline s(z,y) € S(Azy) minimizes Jy(f) on W2%(Q) if and only
if

(22) s}]p + ad;j [v; = m}]‘?, 1€I,j€J,

where d;; = D®s(z;—,y;) — D*°s(z;+,y;) and D¥s(zo—,y;) = D¥s(xnt1+,y;) =
0.

Proof. a) First let us prove that the conditions (22) are necessary. Let us
consider a biquadratic spline s(z,y) € S(Azy) which minimizes the functional J4(f).
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Introduce for ¢ € R the spline s;1(z,y) = s(z,y) + tfx(z)hi(y), where fi(z) or hi(y)
is a Df-fundamental or an F-fundamental spline, respectively. Then

Ja(s1) — Ja(s) = t2an + 2tby

with

akl—a/[ (x]2dz+vk>0

bu = / £1(@)D®s(z, yr) dz + ve[ D5z, ) — mi].

If by, # 0 then we have a contradiction because the real number ¢ can be chosen such
that |t| < 2|bki|/axi, sgn(t) = sgn(bx;) and we obtain J4(s1) < Js4(s). Therefore

Ti41
(23) O0=by = aZ/ z)D¥s(z, y;) dz + vk [D¥s(zk, y1) — miy).
i=0
Using integration by parts and the identity D3°s(z,y;) = 0 on [z;,z:+1] for the
integrals in formula (23) we obtain

Z/ fi(z)D*s(z,y1) dz = D*°s(zx—, y1) — D**s(zk+, w1)-
1=0

Substituting this result into (23) we obtain (22).
b) We shall prove that the conditions (22) are sufficient. Let us have f(z,y) €
W2%(Q2) and let the spline s(z,y) € S(Azy) comply with (22). Denote

n+1m+1

Ja(f =s)=ads(f —s)+ > > wi[D'f(z:,y;) — D¥s(zs,y;)]* 2 0

i=0 j=0

This functional can be rewritten also as

m—+1
Ti(f =) = 5 - ) =2(a 3 1+ 1),

j=0
where I; are defined by (21) and
n+1m+1 .
M =YY" w[Df(z:,y;) — D°s(as,y;)][D*s(xs,y;) — mif).
=0 j=0

By the same computation as in the proof of Theorem 5 and using conditions (22) we

now obtain
m+1

Z I; = -M]/e.
So it follows that Jy(f) — Ja(s) = J4( f —s) 2 0, which proves the lemma. (]
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Theorem 6. The functional J4(f) attains its mim’mum on W2%(Q) for some bi-

quadratic spline so(x,y) € S(Azy). Its derivatives si¥, i € I, j € J, are defined

z] 2
uniquely.

Proof. a) The linear space S(Azy) has the tensor product basis s°

where h(y), h;(y) are the F-fundamental splines on the mesh (Ay) and @(z), @i(x)
are the S,-fundamental splines on the mesh (Az) with the parameters w; = u;. It
is easy to verify that the spline

n+1
(24) sa(z,y) = mish(y) + Y _ migpi(e)h(y)+

1=0
m+1 n+1m+1

+ Z mO]h (y + Z Z ml] Lpl(z)h )

=0 j=0

fulfils the conditions (22) for arbitrary values mgg, mjg, m$ € R.

b) Suppose that in addition to the spline (24) there exists another biquadratic
spline 3(z,y) € S(Azy) with D' %s;(zk,y1) # D*%sa(zk,y:) for certain indices k,
which minimizes J4(f). It can be also expressed in terms of the basis s!° with some

coefficients ny, ni}, nd?, ni? as

n+1 m+1 n+1m+1
5(z,y) = ngoh(y) + ano wil@)h(y) + Z noghi(y) + 3 D nifei(@)hs(y
i=0 j=0
For certain indices p, q, n ;ﬁ m1° and we obtain a contradiction because the
condition (22) cannot be fulﬁlled for the spline 5(z,y) at the knot (z,,yq). O

A spline s4(z,y) € S(Azy) from the last theorem is called a smoothing biquadratic
spline for the partial derivatives with respect to the x-variable.
From (24) we obtain

n+1

Osa(z,y;) =Y midpi(z), j€JT.
1=0

This formula shows how to compute the values s 9 of the smoothing spline because for

a fixed j the expression on the right-hand side is the derivative of a one-dimensional

10

smoothing spline on the mesh (Az) which smoothes the first derivatives m; = m;?,

i € Z. Compare with (12).
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Algorithm 3.
1° Compute s} = s}, i € Z, from the system of linear equations (10) where w; = v;,
m, = m and p1 = a/(zi+1 — i), ©t € I, on each horizontal line y = y;, j € J.

The values s!?, i € Z, j € J, do not determine the smoothing spline uniquely,

’l] )
therefore we must give other n + m + 5 suitable parameters. If we prescribe the

values (19) we can use Algorithm 2 for the subsequent computation.

6. INTERPOLATION AND SMOOTHING OF THE MIXED DERIVATIVES

6.1 Formulation and solution of the problem. Let us have values m}}, i1 €T,
j € J. We search for a spline s(z,y) € S(Azy) such that

(25) sit=ml,ieZ,jeJ.

(%) ‘L] ’
For uniqueness we must prescribe other n + m + 5 parameters, for example
(26) 590 =mgg, Sip =miy, So; =mg;, i€L,j€J.
Theorem 7. There exists a unique solution s(z,y) € S(Azy) of the problem (25),
(26).

The proof is analogous to that of Theorem 4 or Theorem 3. The spline which
solves the problem (25), (26) can be written by means of the tensor product basis
1 as

n+1 m+1 n+1 m+1
s(z,y) =m@ + > mi fi(z) + Z mdifiw) + > > mil i) f(y)
=0 i=0 j=0

where f;(z) and f;(y) are the Df-fundamental splines on the mesh (Az) and (Ay),
respectively. From this formula we have

( m+1

D's(zi,y) = mig + Zm fi(),

n+1
D% s(z,y;) = mg; + Zm fi(z), j€ T,

(27) ) n+1
5(5'3»90 mOO + Zm f'L(‘T)v
=0
m+1
s(a:i,y)—so+Zs ), i€

\

351




From the formulas (27) we obtain the following algorithm for the computation of

00 10
the values 27, s1?, ¥},

was obtained.

i €Z,j€ J, by means of similar argument as Algorithm 1

Algorithm 4.
1° Compute sU, j € J, from the values ml, m u’ j € J, on the vertical lines
r=ux;,1€ I

2° compute s}, i € Z, from the values mg;, m}!, i € Z, on the horizontal lines

'l] )
y=y;Jj€JT;
3° compute slo, i € Z, from the values m39, }3 ,i € Z, on the horizontal line y = yo;

4° compute s27, j € J, from the values s, s, j € J, on the vertical lines z = z;,
ieT.

1.]’

6.2 Extremal properties. Let us have rectangle Q = [a,b] X [¢,d] with a mesh
(Azy), prescribed values of the mixed derivative m ! and parameters u; > 0, v; > 0,
t1€Z,j€J,a>0. Introduce the set of functlons

Vo = {f € W(Q); D" f(ai,y;) =mij,i € Z,j € T}

and the functional

B /b/d[lmf(ﬂ'%y)]2 dydz
{:iul/c [D'?f(z:,y) ]'-?dy+§:+lvJ /ab[D”f(x,yj)de}.

The parameter a could be included into the parameters u;, v; at the integrals.
We write it separately because it is suitable for the construction of the smoothing
spline.

Theorem 8. The minimal value of Js(f) on the set Vs is attained for every
biquadratic spline s(z,y) € S(Azy) with s;} = m” ,i1€I,je J.

The proof is analogous to that of Theorem 5, only some adjustments must be
done in both variables. The spline from this theorem is again not unique; we must
prescribe other parameters for its unique determination, for example (26).

6.3 Smoothing spline. This section is analogous to Section 5.3, similar con-
structions are also done for bicubic splines in [ZKM80], [EMM89]. Now we are using
notation from Section 6.2 and further denote

n+1lm+1

Js(f) = o Js(f) + D Y wivs[D* f(wi,y5) — miT.

i=0 j=0
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Lemma 3. The spline s(z,y) € S(Azry) minimizes Js(f) on W22(Q) if and only
if
(28) s+ adij/(uiv;) =mi}, i€I, jeJ,
where
dij = [[D®s(z,9))5i5], 4 + = {uz[D12 (@0, )y + + vi[D* s(z,y;))5i%
and D'*(z;,y0—) = D'*(zi,ym+1+) = D*'s(x0—,y;) = D*5(2nt1,y;) = 0.
This lemma can be used to prove the following theorem.

Theorem 9. The functional Jg(f) attains its minimum on W._,”(Q) for some bi-
quadratic spline s, (z,y) € S(Azy). Its mixed derivatives si}, i € I, j € J, are

defined uniquely.

1.]’

A spline from Theorem 9 is called a smoothing spline for the mized derivatives
11

and can be expressed in terms of the tensor product basis s'' as
n+l1 m+1 n+1m+1
sa(,y) =mid + Y _midei(z) + Y_ miloi) + Y D mifei(@)e; ()
i=0 j=0 =0 j=0

with arbitrary mg3, mif,md} € R where ¢;(z) and ¢;(y) are the So-fundamental

splines on the mesh (Az) with parameters w; = u; and on the mesh (Ay) with the
parameters w; = v;, respectively . This formula gives

n+1m+1

DYsa(z,y) = Y D mijoi(2)¢}(v).
=0 j=0
If we denote
n+1
(29) sj(@) =) mi}¢i(), jed,
i=0
then the mixed derivatives of the spline s,(z,y) on the lines z = z; can be rewritten
in the form
m+1

(30) DVso(wiy) = ) sj(@)e;(v), i€ L.

=0
The formula (29) can be interpreted for fixed j as the derivative of a one-dimensional
smoothing quadratic spline which smoothes the first derivatives m; =mj}, i € Z on
the mesh (Az), see (12). Similarly, the formula (30) can be interpreted for fixed i as
the derivative of a quadratic spline which smoothes the first derivatives m; = s%(z),
j € J, on the mesh (Ay).
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Algorithm 5.

1° Compute s%(z;) = s}, i € Z, from the system of linear equations (10) where
w; = u;, m; =m}} and p; = a/(xiy1 — ;), @ € Z, on each horizontal line y = y;,
ied;

2° compute sj} = s}, j € J, from the system of linear equations (10) where w; = v;,
m; = s(x;) and p; = @/ (yj4+1 —¥;), § € J, on each horizontal line z = z;, i € Z.

i/, €I, j € J, do not determine the smoothing spline uniquely,

therefore we must give other m + n + 5 suitable parameters. If we prescribe the

The values s

parameters (26) we can use Algorithm 4 for the subsequent computation.

7. EXAMPLES

We interpolate the function
f(z,y) =em®sin¥ on Q =1(0,5] x [0, 5]

with the mesh of equidistant knots (Azy) = {(5¢/7,55/7), i =0(1)7, j = 0(1)7}. All
parameters for the computations are taken exactly from the function or its derivatives
except for the example drawn in Figure 5. In this figure the biquadratic spline is
constructed by means of Algorithm 4 but the necessary derivatives were computed
by formulas for the numerical derivative from the function values.

2
1.5

0 1 2 3 4 5

O

Figure 2 — graph of the function f(z,y); Figure 3 — isolines of the function f(z,y);
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Figure 4 — interpolation of the function
values (Alg. 1);
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Figure 6 — interpolation of the values of '

the partial derivative with respect to the

z-variable (Alg. 2);
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Figure 5-— interpolation of the values of
the mixed derivative (Alg. 4) given by
formulas of the numerical derivative from
the function values;
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Figure 7 — smoothing spline for the values
of the partial derivative (Alg. 3), v; =1,
a=1; :
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Figure 8 — interpolation of the values of Figure 9 — smoothing spline for the val-
the mixed derivative (Alg. 4); ues of the mixed derivative (Alg. 5), u; =
v; =1, =02
Differences between the isolines are 0.2.
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