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Abstract. The aim of the paper is to get an estimation of the error of the general
interpolation rule for functions which are real valued on the interval [—a, a], a € (0,1), have a
holomorphic extension on the unit circle and are quadratic integrable on the boundary of it.
The obtained estimate does not depend on the derivatives of the function to be interpolated.
The optimal interpolation formula with mutually different nodes is constructed and an error
estimate as well as the rate of convergence are obtained. The general extremal problem
with free weights and knots is solved.
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1. THE SPACE Hjy(K7)

Notation. By the symbol H(K;) we denote the space of all functions which are
holomorphic in the open unit circle K. By M> we denote

(1) Ma(f;r) = {/;n f(Tei“’)Qd@}%, re[0,1).

It is known (see Rudin [10]) that the function Mz (f;r) is nondecreasing as a function
of the variable r € [0, 1), thus we may define

(2) I£ll2 = lim Ms(f;r).

*This work was supported by the Grant MSM 113200007.
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Definition 1. By H3(K;) we define the space of all functions from the space
H(K,) for which the inequality ||f||2 < +oo holds.

Remark 1. (Properties of the functions from the space H(K7).) The main
property of the space Ho(K7) is that it can be considered to be a Hilbert space
which may be identified with a certain subspace of the space Ly(0K7). The norm of
a function g € Ly(0K7) is defined as

ot = ( [ - g(ei%zdsof

Fourier’s coefficients of the function g € Ly(0K7) are defined by the formulas

2n
g(n) = / g(€®)e ™ dp, n=0,+1,42,....
0

A function f € H(K;) of the form
flz)= Z anz"
n=0

[e.°]
is an element of Hy (K1) iff Y |an|? < +00; in this case

n=0

1512 = {23 lonf?}

n=0

If f € Hy(K1) then f has radial limits (r — —1) f*(e'?) almost everywhere in 9K,
f* € La(0K1), the n-th Fourier’s coefficient of the function f* is v2na, for n > 0
and it is equal to zero for n < 0. We have

2n

lim [f*(e') — f(re'?)|*dp = 0.
r—1— 0
For z = rel¥ the equality
1 Q)
1@ =55 =%

holds. (T is the positively oriented unit circle.) The mapping f — f* is an isometric
one of the space Hy(K;) onto the subspace of the space Lo(0K;) formed by all
elements g € Ly(0K1) for which g(n) =0 for n < 0 holds.
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Definition 2. We say that a function K(z,u) is the reproduction kernel of the
space Ho (K1) if for every function f € Ho(K1) the identity

f(z):<f*<)>K(Zv))’ z € K
holds.

Lemma. The function

1

(3) K(z,u) = I —7u)

is the reproduction kernel of the space Ha(K7).

Proof. Forevery f € Ho(K;) and z € K we may write

Q) 1 [ (%)
2mi FC—deiﬁ/o 1— ze i
2n

= Fr9)K (z,e%)dp = (f*(.), K(z,.)).

0

flz) =

dey

2. LINEAR INTERPOLANTS ON H3 (K1)

We define a linear interpolating operator on Ho(K7) in this section and give the
form of the norm of the error functional for the general interpolation formula on the
interval [—a, +a]. We will also study the problem of the optimal coefficients of the
interpolating operator under the condition that the nodes of the given interpolation
are fixed. We will establish a point estimate of the error of interpolation and obtain
also the norm of the truncation error for non-optimal interpolation. In what follows,
we denote by a a positive constant from the interval (0,1).

Definition 3. We call L, an interpolating operator on Hy(Ky), if L, is an
additive, homogeneous operator of the form

Z A(”) (" )

where

(4) Z\A(” )| < 400 Vz € [—a,al;
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Ain)(x), k = 1,2,...,n are continuous functions of z € [—a,+a], a € (0,1) and
a:,(cn) € [—a,+a], xgn) * xg-n), i # 4,1,7 = 1,2,...,n. Let a function f be real-
valued on [—a,+a]. We write I(f;z) = f(z) for every x € [—a,+a] and define the
truncation-error operator by

(5) R.(f;x) = I(f;2) — Ln(f; ).

Theorem 1. Let a point x € |[—a,+a] be fixed, a € (0,1). Then R,(f;x) is
a linear, continuous functional on the Hilbert space Ho (K1) which can be written in

the form
(6) Ro(f;) (f, 9o — ZA( z)g m)
where

(7) 9z = 92(C) = K(2,(), (€Ki

The norm on R,, can be written as

n

Z 9 <n

®) 1Rl = \
k=

Proof. In view of (4) we have according to Lemma that

n
La(fio) = 3 AP @) ) / f(e ZAW K@, e %) dg

k=1
~ (1 AT @ RE ) ) - <f LA )

k=1 k=1

Further,
I(f: _ — i o ip é d
()= f@) =5 [ fE) T de
= <f7 K(.’E, e—iW)) = (f’ ga:)

Finally,

R, (f;x) = <f7 9z — ZASL) (x)gmggn))a
k=1

which proves (6).

n

The function h(€) = g.(€) — Z ( )g 2 (€) is an element of Hy(K7), because

x € [—a,+a], z (n) € [—a,+al, k; =1,2,...,n, a € (0,1). According to the Riesz
theorem || R, | = ||h|| and the norm || R, || is a function of z € [—a, +a]. O
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Definition 4. The interpolating operator (Opt)Lfl, where x € [—a, +a] is fixed,
a€(0,1),

CPIL(frw) = 3P @) f (@)
k=1

is said to be optimal if

Z(OptA() g(>

inf
A](;L)(I)GC, k=1,2,....,n

)

© o

n
> oA (@),
k=1

where C' is the set of all complex numbers. By the symbol (Opt)Rﬁ we denote the
error of the operator (PY) L2

Remark 2. It follows immediately from Theorem 1 that the error functional
R, (f;x) can be estimated as follows:

[Bn(f32) < [[Bull LF]]-

For fixed « € [—a, +a] the norm ||R,|| can be considered a quadratic function of n

variables Agn), Agn), e ,ASL”). The next theorem implies that there exist uniquely
determined numbers (Opt)Agn), i = 1,2,...,n realizing the minimum of the norm

| Ry || and thus the symbols (Opt)Agn) can be viewed as functions of z € [—a, +a].

Theorem 2. Let x € [—a,+a], a € (0,1), be fixed. The optimal coefficients

(Opt)Ain) (x), k=1,2,...,n, satisfy a Gram system of linear algebraic equations
- v A _

(10) ; 909, (n )P A (z) = (gxl(m,gxl(cn)), k=1,2,...,n.

This yields

n
n l—z " T —x;
() P = T[T

=1 1 wfgn) i=1, ik xin) xgn)
or
(n)\n 1
11/ (opt)A(n) B (‘xk ) W( (n)) wn(x)
"wn(3)  (x xy, wh (z,)
where
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Moreover

(12) O AM () = 55, k=12,

Proof. The problem (9) can be solved by using the Gram matrix (see [2]) of

elements g, k=1,2,...,n. The functions
k
(13) ) ! k=12
gz(")y :7 - 9 7"'7n7
¢ 2n(1 — aMy)’
xgn) # xgn), 1#j,4,7=1,2,...,n, are linearly independent on the interval [—a, +a],

€ (0,1). They form a Chebyshev system in the interval [—a, 4+a]. This fact can be
seen from the identity

1 n
— aki | >0,
I e cralipS
from which it follows that

Zak H wi”)y) 0.

= J=1, j#k

The left-hand side of this relation is a polynomial of degree at most n—1 with at most
n — 1 knots on the interval [—a, +a]. These considerations imply that (Opt)Agz) (x),
k=1,2,...,n (z is fixed, x € [—a, +a]), satisfy the following normal system of linear
algebraic equations:

n

> (9,00 9,0) VA (@) = (g2 g,00), K =1,2,.. 0
k=1

Hence, (10) is proved.
By (7) and (13) (=, xk " k=1,2,...,nare real),

n n 1
(9 9,00) = (K(2,. ), K(@},.)) = K (@, 2)") = ———.
Analogously we have
(gxng) , gwi.")) = (K($l(n), . ), K(xin), . )) = K(xl(”), x;n)) —

forl,k=1,2,...,n
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The system (10) can be written in the form

n

1 1
(14) (Opt)A(n)(w) = s k= 1,2,....,n.
lzzl : 1-— xl(n)xgl) 1-—- xx,(cn)

By D,, we denote the determinant of the system (14). Then according to [3], we may

write
1 (@ a2
i>k=1
(15) Dn== (n) D (n)_(n) ’
4 1(1*(% )?) '>l;[1(17$i ;" )?
= i>k=

where xgn) + $§-n), i#7j,4,7=12,...,n, =

K2

€l-a,+al,i=1,2,...,n,a € (0,1).
By Cramer’s rule we have

oot) A (n D
(16) (0p0) 4™ (7) = T

)
n

where D results by replacing the k-th column of the determinant D,, by the right-
hand side of the system of equation (14). For further considerations note that

1
2n(1 — x(”)yyl))’

%

(17) (gxgm,gyj(_n)) = 1,7 =12,...,n.

Then according to [4] we may write

(18) det{(gwgn),gyﬁ_n))}%=1 =

n
1 1 (n) _ (n)
X_H (W—W)(yj -y )
J

i>j=1 i
n 1 () —1
n
I -7)
7,j=1 i

(n) (

Setting z; instead of yln), l=1,2,...,n, we get

(19) D, = (2n)" det{(gx(,"%ga:("))};fj:l
i J
1 4 ( 1 1 > ) _ ()
= " T )@ )
n 1 (n) -1
n
<[ TG -7)] -
3,7=1 i
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We substitute the k-th column of the determinant D,, by the right-hand side of the
system. Using (18), where we put y§n) = xg-n) forj=1,2,....,k—1,k+1,...,n and

ylg”) =z for k=1,2,...,n we obtain

1 - 1 1
(20) D) = 11 (—n—n>
T AL (o o

< JI @ =a) T @-a™)

i>j=1,i,j#k i=k+1

oL G G-

j=1 ij=1, j#k i=1
From this, (20) and (19) we get the identity

n n n

DY _ z'>1g_1:1(”’25 e '))z’>j 1, i,j;ék< ! )i:II:[Jrl( )

D 3 1 2™ ! 1 1

n
[I (W‘ J )H( MO —z) ]I (W‘x(m)
i,j=1, j#k i =1 i>j=1 Ti 3
k—1

I ("~ =) T (

j=1

_ xE_”))

)

T
X

n

I (" —a™)

i>j=1

H(I}n) x;gn)) I1 (x_xgn))

i=1 i i=k+1

(o =2l @ = i) = al)

k—1

j=1
X

b2 b2 bt no1—zz(™
(@ =) =) @ = ) 1155
1= 1

[0~ M) 1 (& — ™)
i i=k+1

=1
(@ — 2@ — 2, (@ —2Y)

k—1
Jj=1

(2" = )@ =2y (@) =2 T (1 - 2a™)

1=1
:( nk le

X

(n) (n) n n

1 (n) H ) H (z — xl(n)

T, i=1, ik T *fk =1, 1#k
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n (n) (n) n (n)

11—z T—T;
H 1-— xi i= H;ék o - z(n).

This and (16) immediately imply (11) and (12).
Further,

= 1,z;£k
From (11) we see that
(n)yn 1
x Wn\—ny
(opt)Ain)(x) _ (") ( 0 ) wp () ,
"wn(3)  (z— xén))w;l(xin))
which is (11”). Note that hn%]x wn(L)=1. O

Theorem 3. The following two expressions for the norm ||°P) R,, || are equivalent:

(opt) 312 1 L &
(1) 7 R, | = (1)
" 2n(1 — 2?) ]_1:[1 1-— a:xg-n)

; . O (n)
and, if we write wy, () = [[ (z —z;"),
j=1
(1) [ S p—— R
" 2n(1 — 2?) $"wn(%) '

Proof. It is possible to write the expression ||(°PY R, ||? in the form (cf. [2])

Dn+1(x)

22 (Opt) n2:
(22 v, 2 = 22,

where D, 11(x) is the determinant arising from the determinant D,, if we add to D,
the column

T
((g:r:a gwgn))a (gza gafg")) PR (gza gngn)), (gzagm))
and the row

((gzgn) 3 gaf)a (gxé") 5 g;z)> ey (gmg,") 5 gz)a (9377 gz)) .
From the proof of Theorem 2 we have

1
(g.m,90) = ————, k=1,2,...,n
me e 2n(1 — xxi”))
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(23) (00:92) = 37—

(n+1) ,

In view of (19), where we put x, ', ’ :=  and x(nH) E”), i=1,2,..

.,n, we have

1

(2Tt)n+1 (1n+1)x§n+1) o $£1n+1)x£17:j—11)

n+1
< T1 1 (D) _ gDy
(n+1 x(n+1) J i

i>j=1 7

n+1 1 ( N —1
n+
<[ I G =)

7,7=1

(24)  Dyii(a) =

B 1

(2n)n+1 (n) (") x%n)x

« H < (n (n )(x(n) xsn))

i1>5=1

()] L o)

7,j=1 €

j=1 J
n
L
<[5 -)]

1(-)G-)]
— — X - —X .
=1 =1 x;”) x

From this we get for ||(°P) RZ||2 according to (22), (24) and (19)

II (z(ln) - (1”>)(x;n) *fgm)
i>j=1 "i

PO Rz =

n

oo [1 (5 — <”’>ﬁ< ()

i,j=1
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J
1 jl;ll ‘m;n)
- 2n(1 — .’E2 L 1—;8;8,(-"> o $$E7l)
( ) H IJ H mJ
j=1 7j=1
o (n) 2
[1 (z;"” — ) . w2
n . — 2 m ) -
2n(1 - 22) [T (1 — 22y FA=T)NS 1 -l

n
Setting wy,(x) = [ (z — $En)) it is possible to write the last expression in the form
i=1

of (21). O

Remark 3. Theorem 3 can be also proved in the following way: We calculate
the norm of the representant of the functional (°PYR* (z is fixed, z € [—a,+al,

€ (0,1)) (¢t (6), (9)):

2
H(opt)RnHZ — H Z (Opt)A( g (n)

=H%W—a§:®WA$K>@mgm>
k=1

+ Z Z (opt)A(n (opt)A(n)( )(gxl("),gm]g”))

k=11=1

= lgel® = D PO A (@) (92, 9,m)
k=1
i (), 1 1
= llgall® = PV A (@) o= ———-
2 A
Here we have used the identity
DN ort A ()P AT (2 2)(9,m 5 94m) Z(Opt)A(n) )9z 9,00),
k=1 1=1

which follows from (10) by multiplying the k-th equation by (Opt)A,gn) (z) and adding
all equations. When we rewrite the last expression for ||(°PY R,,||? substituting for
(Opt)AECn) () from (11) and (11) we get (21) and (21’), respectively.

Our goal is to prove the following fundamental result.

Theorem 4. Let x be fixed, x € [—a,+a], a € (0,1). Let R,, be an arbitrary
error functional defined by (5), where xﬁcn) € [—a,+al, k =1,2,...,n, J:En) #+ xg-n),
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1#7,1,j=1,2,...,n. Then for every function f € Ho(K7), which is real-valued in
interval [—a, +a|, the inequality

(25) R (f,2)|* < || Ba|PI1 112

holds, where

2n
(26) 117 = [ 1R ap
and
2_ (n 1
(27) 27| R 2 = 2ZA N
(M () A™ (g 1
k=1 i=1 — T X

Proof. The inequality (25) follows directly from (5) and from the definition of
the space Hz(K7). We get the formula (27) in the following way:

Ru(f,2) = fz) = > A (2) f(2)")
k=1

is for fixed x a functional on Hs(K7). According to Lemma we have

which gives

Ru(f.x) = (f(. ZA“” (@,.))

and

R (f,2)2 < P (2, ) = D A (@)K ()%

k=1
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This yields
| Ral? = HK(x,~) - iAi”’(x)K(xi”’,»Hz
( ZA(" K@, ), K(x,.) - Zn:Al(")(x)K(xl(”), . ))
= (K(x,.),K(x,.)) - 2ZA§:> (@) (K (x,.), K (2(",.))

£330 AP @A () (K. ). K af..)

k=11=1
1 I~ ) 1
= - A () /=
2n(l-2%) = ; g 1—- wxén)
LSS 400 () A 1
or 2 2 A (@A (@)
i k=1 1=1 1= x;ﬁn)xl(n)
which is the formula (27). O

Remark 4. Theorem 4 is the main result. In order to compute the error of the
interpolation of the type (5) using (4) for a given function f € Hy(K7) it is sufficient
to know the value of the integral (26) or an estimate of this integral without any
knowledge about derivatives of the function f. It is clear that the norm ||R,|?
depends on the chosen interpolatory rule only.

Remark 5. From the formula (27) we get immediately

0| Rnll? 2 ~ 4 1
(28) 2n - oS A () k=1,2,....n,
0AM™ (z) 1— 2™ Z g 1- xgcn)xgn)

) )

which gives the system (14) for the optimal weights (Opt)AE”), 1=1,2,...,n.
The conditions 5 )
R, ,
%: 1=1,2,...,n
047 (2)

are necessary and sufficient for the minimum of ||R,||?> because it is a nonnegative
quadratic function of AE”)(x), i = 1,2,...,n. From the formula (27) and rela-
tions (14) we have

Theorem 5. Let x be fixed, z € [—a,+a], a € (0,1), (n) € [—a,+a], k =
1,2,...m, et # 2l i £ 4,05 =1,2,...,n. Let <0pt>A§”)( ), i=1,2,....,n, be
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the weights of the optimal interpolation formula of type (4) on Ho(K7). Then we
have

(opt) 2_ DA™ (@ 1
(29) 2n||"PYRY|" = Z(Op 1 PR
k
or
v o) (n) 1
(opt) 2_ t) g(n ( t) g(n - -
(20) 2r PR = 22 AR AT @) Ty
k=1 1=1 k 1

Proof. Multiplying the k-th equation (14) by the function (Opt)Ain) (z),
k=1,2,...,n, and adding for £k =1,2,...,n, we get

1

n n

(opt) (n) ( t) 4 (1) (opt) (n

>0 AT @) A4 (@ )17$<n> @ Z AT @) Ty
k=11=1 k

The formulae (25) and (25') we obtain by inserting this identity for (Opt)Ain) (z),
k=1,2,...,n, into (27). O

Remark 6. The formulae (29) and (29’) are obviously other expressions for (21)
and (21'). They may be used if the optimal weights (Opt)Ain) (), k=1,2,...,n
are known. Then the value ||(°PY) RZ||2 for a given x € [—a, +a] is easier to compute
using (29) and (29’) than using (21) and (21').

Remark 7. From relations (14) it follows that the optimal interpolatory rule of
the type (4) interpolates the functions

exactly ifwgn) € [~a,+al,i=1,2,...,n, xgn) 7é$§-”), i#3,4,7=12,...,n.
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3. THE CONVERGENCE OF THE NORM OF THE OPTIMAL ERROR FUNCTIONAL

In what follows, we will study the rate of convergence of ||(°P) RZ|| for an arbitrary
distribution of nodes. The estimate obtained is sharpened for the roots of Chebyshev
polynomials as the nodes of interpolation.

Theorem 6. Let x be arbitrary and fixed, * € [—a,+al, a € (0,1), (n) €
[—a,+a], k=1,2,...,n, xgn) # xgn), 1#7,4,7=1,2,...,n. Then we have

1 14a2
(30) H(Opt)Rn||2 < 7271(1 — ) —2nln S5 for n — oo
where ||°PY) R, || is a function of x.
Proof. We define w(xgn),x) by
(n)
n T — T
1—ax;
Then 9
(n) a
(a7, 7) < Tra?
for every « € [—a,+4a] and j = 1,2,...,n. It is easy to see that
0 W™, 2) = et O <0.
ax§”) 7 (1- xx(n))

(n)

Hence w(xgn x) is decreasing as a function of the variable z; foreveryj=1,....n

and = € (—a,+a). Further,

(n)y2
1— (a}
9 (x§”)7x) — Lo >0

Oz (1- xxg_n))Q

so that the function ¢ (z (-n), x) is increasing as a function of z € (—a, +a) for every
(_”) )

J
1+ —%~. The function w(x ,x) has its
. Thus we have

, 7 = 1,...,n. This implies that the maximum of the function 1/)(33

achleved at [fa +a]. This maximum equals

minimum at [+a, —a]

n x—xg-n) 2 \7
H (n) ( 2) 0
j=1 1 — l+a
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for n — oo because 1_2@2 < 1 for a # 1. Finally, from (21) we get

2n
1 2a 1 14a2
(opt)R 2 < _ —2nln 57—
| nll” < 2n(1—a2)(1+a2> 27t(1—a2)e ’

Theorem 7. Let x be arbitrary, x € [—a,+al, a € (0,1). Let xgn), 1=1,2,...,n,
be the roots of the Chebyshev polynomials T, (z) at [~a, +a]. Then

1 _ 14a? cos(n/2n)
St /zay — 0 for N — 0o,

1 (opt) - 2<
B IR € g

Proof. From the definition of Chebyshev polynomials 7, n(z) defined on the
interval [—a, +a] we get easily

~ n — acos (2k n

(32) -
1;[ — xa cos %
where x,(cn) = acosw, k=1,2,...,n, and COSW, k=1,2,...,n, are the
roots of the Chebyshev polynomials lying in [—a, +a]. Let us introduce the following
notation: ok 1
tfgn) = COSQ for k=1,2,...,n
2n

Then " < ti:i)l <...< tg”) and similarly as in the proof of Theorem 6 we have

7/1(752”), )* x_ak() ki]—az, ,
1-— watk”
It is obvious that 5
E (t(n) z)>0 for k=1,2,...,n
Thus
(n) (n)
—at 1-—t
max z ak():a( k())>0,
v€l-a,+al 1 — gat," 1—a?t)”
(n) (n)
t —a(l+t
min T o +(’f))<o, k=1.2,...,n.
e€l-a,t+a] 1 — zat," 1+ a?t;”
Further,

a£<717t)*a7a271 <0
dt\1—a2t/ ~(1—a2t)2 =~
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Consequently,

al—t") a1l —#") _ a(l+#")
(m) e () () 0 (1) 94(n)
" eltM ™M 1 — a’ty, 1 — a3ty 1+ a?ty
k=1,2,....n

d/ 1+t 1—a?
(a)a(l—i—a%) N (7a)1—|—a2t <0,

which gives

: 14" 141"
o YT m YT Sy
et M 1+ a?ty 1+ a?t)
k=1,2,...,n
Thus
ﬁ T — acos (2k2—nl)n < (a(l + cos %))"
wo1 1 —xacos —(%2;1)“ 1+ a?cos 5

It is very easy to verify that the following inequality holds:

2 T
1+a COS 5

(33) a(l + cos 5-)

> 0.

From (33) it follows that 1+a® cos &~ > a+acos 3= = acos 3~ < 1, which obviously
holds because of a € (0,1). With the aid of (21), (32) and (33) we easily establish
the formula (31). O

4. EXISTENCE AND UNIQUENESS OF THE OPTIMAL NODES
OF THE INTERPOLATION

Hitherto we have dealt with the problem of interpolation under the condition that
the nodes of interpolation are mutually different and arbitrarily given in [—a, +a].
Then for the optimal coefficients of the interpolation rule the expressions (11) or
(11') are valid. The norm [|(°®Y R,,|| for the optimal error functional is given by the
formulas (21) or (21'), respectively.

Further, we get ahead starting from the formula (21) in order to minimize the
norm ||©°PY R, || in the following sense: we shall solve the problem of finding E,, ,,
where

n (n) o

m 11 SIEPRO)|

(34) Enn= min max
(")E[ a,+a],k=1,2,....,n TE[—a,+a]
e ta(™ i), ij=12,...n
a€(0,1), a fixed
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Then we prove that the function of the form

(=1)"wn(x)

V21— 22)zmwn (L)

possesses in the interval [—a, +a], a € (0,1), the minimal deviation from zero under
the condition that 2"w, (1) > 0.

(35)

Theorem 8. There exists only one minimal solution of the problem (34), namely

(—D)"w; (@)

V2r(1 = a?)znwy (L)

This solution has the following properties:

(36)

1) All nodes of the polynomial w}(x) lie in the interval [—a,+a], a € (0,1), and
are mutually different.

2) The length of the alternant of the minimal solution of the problem (36) is n+ 1.

3) For all n we have

(37) o > 3(%) .

Proof. In the same way as in [2] and [5] we use the theory of the Chebyshev
approximations.
We denote

1

V211 = 22)’

Let us suppose that n is fixed. By F(«,z) let us denote functions of the form

(38) S(x) =

n )
(=)™ > i’
i=0

(39) Fio,) = S(a) o = 8(1) —g—=—
"z > ap_iat
i=0
The parameter « is a vector-parameter with real components ag, a1, ..., a,. In what

follows we set o, = 1. In accordance with (34) we have

1 " ,
(40) J:”Pn(;> = E Op_ix' >0
i=0
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for [—a,+a], a € (0,1). By V we denote the set of functions F(a,z). It is easy to
see that

. n . . n .
e _Zoan_ixz — g ;]aixz
= (-1)"S(z) ——— 5
Eo )
i=0

x""‘an(%) — 2" I P, (z)

OF (o, x)
aOéj

(41)

= (=1)"S(=)

j=01,...,n—1.

(@"Pu(3))? ’

From this expression we get
_ (=D)"S()
(42) grada F(OZ, l’) = W

— <x"Pn G) —2"P,(x),z" P, G) —z" P, (x),..., 2" P, G) —xPn(x)>T.

Obviously the degree of the polynomial P, (z) is n.

By A we denote the set of all vectors o = (g, a1, ..., an—1), which is open. The
set B = [—a,+al, a € (0,1), is compact. The functions F(a,z) € V are obviously
continuous with respect to o € A for every x € B. By the symbol W («) we denote
the space of all linear combinations of the components of the vector grad, F(«, x).
Obviously dim W (a) = n is independent of @ = (g, 1,...,a,-1). In accordance
with [5] the set V fulfils the local Haar condition when it fulfils the classical Haar
condition, i.e. every function » € W(«), » # 0, has in interval B at most n— 1 roots.

Now let us show that the function

(43)

n—1
has in the interval B at most n — 1 roots if > |3;| > 0. Obviously the degree of the
j=0
polynomial
n—1

(44) I EAORESE)

is at most 2n (and equals 2n if Gy # 0).
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Because S(x) # 0 in B we have (" P,(2)) > 0 in B. We can write

7j=0 i=0
n—1 n
iﬁnfj)$hﬂ'

:ﬂOZ nzl' ﬂozaanﬂ‘i’ZZO&n Zﬁjfa
j=11i=0

If k=0,1,...,n — 1 then the coefficient at z* equals

n—1 n

Botun—k + D Y (0m—iflj — @ifin_;).

j=1 i=0
i+j=k

Analogously we get for the coefficient at 2*"~* (k=0,1,...,n — 1):

n—1 n
— Botn—k + > (an—iBj — i)

M

j=1 =0
i+j=2n—k
n— n
= — BoQn—k + Z(alﬁn—m - an—lﬁm)
m=1 (=0
I+m=k
(here we have used the transformationn —i=I,n—j=m=1+m=k)
n—1 n
= — Boon—k+ YD (ifn_j — an_if3;).
j=1i=0
itj=k
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If k= 0,1,...,n it is clear that the coefficient at x* equals the coefficient at z2"—*

except for the sign). For the coefficient by =™ we get
P g y g

n—1 n

(Boco — Boao) + Y > (@n—iflj — @ifBn-)
j=1i=0
1+j=n

n—1ln—1 n—1

= Z Z(O‘n*iﬂj = Qifn—j) = Z(%ﬂj — an—jBn—j)

7j=11i=1 7=1
1+j=n

n—1 n—1
= Zajﬂj — Zakﬁk = 0
j=1 k=1

(We have set n — j = k.) It follows that the equation

(45) ; B; (x”ﬂ' P, (%) - x”an(x)> -

is negative reciprocal of an even degree at most 2n. If Gy # 0 then the coefficient at
22" equals — 3 and that at 29, as follows from (45), equals (.
Thus the equation (45) is of the form

—Box® + Bt 4 4 Bo=0=2""+...+(~1)=0.

Let us denote the roots of this equation by &1,&s,...,&2,. It is well known that in
this case

616s.. oy = —1.

It follows from the theory of reciprocal equations that the equation (45) has one root
&an = —1. The equation (45) has the root 2,1 = 1 as well. Then

&1 .. oo =1

From these facts we may conclude that the coefficients & for i =1,2,...,2n — 2 are
either reciprocal (real or complex) or they equal —1, +1, respectively. Moreover, it
follows that for arbitrary 8;, j =1,2,...,n—1, By # 0, the polynomial (45) has in
(=1,41) at most n — 1 roots. If By = 0, the equation (45) is reciprocal of a degree
at most 2n — 1 and it is of the form

(46) —B* T L+ Bz = 0.
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This equation has one root =0 € (—1,+1). When we divide the equation (46) by
x # 0 we get the equation

7ﬂ1.’£2n_2 +...+061=0.

From the above considerations it follows that this equation has at most n — 2 roots
in (—1,+1) provided we put n := n — 1. Thus the equation (46) has at most n — 1
roots in (—1,41) altogether.

Now, summarizing the above properties, we have that the function (43) has in B
at most n — 1 roots.

We have proved that the functions

S ron() - mo). s=oren

(47)
fulfil in B the classical Haar condition and the functions (39) fulfil the local Haar
condition.

In addition, dim W(a) = n independently of oo = (o, 1,...,an—1). In view of
Theorem 9 in [5] and [2] we have that the length of the alternant of the only one
minimal solution equals n + 1.

Further, all roots of the minimal solution lie in B and are mutually different. Thus,
we have proved the existence and uniqueness of a solution of the problem (34) which
has properties 1) and 2) of Theorem 8.

Now, let us prove the inequalities (37) using Theorem 18 in [5].

We choose instead of P,(x) the polynomial T, (z) the roots of which lie in the
interval B = [—a, +a], a € (0,1),

- 2k —1
t,(cn) :acosu, k=1,2,....n
2n
and we choose the points é,g”) = acos ’2“—2, k=0,1,...,n.

Further, we write
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From this we get setting k = Z for n even

2
(48) Tn(ék")) B ﬁ a(cos k,—? — cos —(2j2;1)n)
PN - 2 1
) Tulghy) 1 0% cos (G — cos )
n kn (2j—-D)n

- 1 H COs - — COS ~—5 -
= n kx _ 1k (27—
a™ cosn &z A 2 1 kn J
n =1 @ <COST TR —Cos o

. n
LTI 1
- on—1gn cogn kn ] _9 —1 kn (2j—D)r
n j=1 a COS n COS on

(=D* 1

T on—1,4n n kn -2 —1 kny’
2n=1gn cos” 2= Ty (a2 cos™! °F)

where T,,(z) = 37— cos(narccosz), « € [—1,+1], is the Chebyshev polynomial, the
deviation of which is minimal under the condition that the coefficient at the highest
power of z equals 1. It is well known that

(49) 2", () { x4+ Va2 Va2 -1)"}

for |:E| > 1 From this expression it follows for each k = 0,1, ..., n with the exception
of k=2, neven

n n
1 acoskn—Tt acos Kz \ 2 En\"
_ ___n _n _ A2 2
2 {(a2 cosﬂ + \/<a2 cos k“) aneos n)
N acosk—TE B acosk" Zfazcoszk—n "
a? cos it ’“‘ a2 cos i k“ n
1 1 1 En\" 1 1 Er\"
=< -4 —fa?cosQ—7t + (2= —a2cos? =
21| \a a? n a a? n
1 Ex\" Ex\"
= {(1+\/1a4cosz—n> +<1\/1a4cosz—n) }
Qa” n n

— {nln(l—h/l a* cos? k")+ nln(l—y/1—a* cos? ’”")}

2a"

Obviously

K K
(50) 1+4/1—atcos2 = >1, 0<1—1/1—atcos?— < 1.
n n
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Finally, we get for (—1)"S(x) If%(g(”)l) altogether

2a™ 1
\/27_{(1 _ 42 cos2 kn_n) enln(1+\/1—a4 cos? Ex) + enln(l—\/l—a4 cos? Ex)

(51)  (=p**

for k = 0,1,...,n except for k = 3, n even. At the points f,gn), k=0,1,...

the values (51) change their sign. Now in the same way we get the formula (48) for

7n’

—n J— .
neven, k=135, &z =0:

Tn() - i) = Tt n(Z1)2
ﬁ H =a H t (0) = a 1
2T (3) o= (n) i e 2n

Altogether we get for n even
T, () noa®
52 —1)"S () —=—— =(-1)2 ——.
52) R i I e -
2

It can be very easily shown that by virtue of (50) the formula (51) for n even, k = %
comes over to (52), setting zero instead of the second term in the denominator of the
second multiplier in the formula (51). Let k = 0,1,...,n. Let us seek such a k for
which the absolute value of the function (51) attains its minimum. It can be seen
from (51) that it is sufficient to consider the problem

(53) max \/1*92{(1+\/1—a2y2)n+(17 17a2y2)n},

y€{acos kn—“, k=0,1,...,n}

Let us consider the function y(z) = (1+)" + (1 — )" in the interval [(1—a*)!/2, 1]
for n even and in the interval [(1—a*)!/2, (1—a*sin® £)'/2] for n odd because if n is
2 cos? EZ lie in the interval [0,a?] = (1 — a®y?)'/? lie in the interval
[(1—a*)'/2,1]; if n is odd, the values a® cos? £Z lie in the interval [a? cos? (";1)“ ,a?] =
[a? sin? Z.a%] = (1 —a?y?)"/? lie in the interval [(1 —a*)V/2,(1 —a 4 sin? L)1/,

The first derivative of the function -~ is

even the values a

V(@) =n[1+2)" 7 = (1 —2)"7],

hence with the aid of the binomial formula we obtain that the inequality

n—1
/ _ n—=1\ 1 (1 \yn—i—1
x)nZ( . ):g (1—(-1) )>0
=0
for > 0 holds.
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Then the function ~y(z) is increasing, thus it assumes its minimum at the point
2 =1 for n even and at the point z = (1 — a*sin? Z)1/2 for n odd.

For n even the point y = 0 corresponds to the point z = 1 and the maximum of (53)
is 2". For n odd the point y = asin g~ corresponds to the point z = (1—a* sin? 2%)1/2
and the maximum in formula (53) is

1—a2sin? = 1+ 1— atsin? = + 11— 1— atsin? = .
2n 2n 2n

For the minimum of the absolute value of the function defined in (51) we obtain

immediately
2a™ 2 ra\"
s = 20
Vo1 T\2
for each n.
Hence, (3) is proved. O

Remark 8 The explicit solution of the problem (34) was not found. The
problem may be solved through various methods numerically, for instance using
Newton’s method or other methods given in [5] and [7]. From the proof of Theorem 8
it follows (property 3) that the polynomial T}, (z) may be taken as a good initial
approximation for the solution for sufficiently small a € (0,1).

Let us consider instead of (53) the expression

(54) min }\/1—yQ{(1+\/1—a2y2)"—|—(1— Vv1-a2y®)"}.

y€{acos %, k=0,1,...,n

The function v(x) attains its minimum at the point = = (1 — a*)'/2 (see the proof
of Theorem 8) for arbitrary natural n. This point corresponds to the point y = a.
Then we have for the expression in (54)

Vi-a2{(1+V1-ah)"+(1-V1-a*)"},
from which we get for the maximum of the absolute value of (51)

1

2 a7l
Amax = _ n n-
\/;\/1112 (1+vV1-a*)"+ (1-V1-a?)

In view of (37), we have

2m 1
T2t Viad) (1 VI_a)"

for each n.

—1 (a— 0+)
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5. MINIMIZATION OF THE ERROR ESTIMATE OF THE INTERPOLATORY RULE

In this part we study the possibility of minimization of the estimate (25) for the
case of optimal interpolatory rule with respect to the subspace that is generated by
functions for which the optimal rule is exact.

Theorem 9. Let (P R, for fixed x € [—a,+a], a € (0,1), be the error functional
of the optimal interpolatory rule of the type (4). Let f € Hy(K1) be a real-valued
function on [—a,+a]. Let us assume that the nodes of interpolation are mutually
different and lie in [—a, +a]. Then

(55) ©00 R, (f,2) 2 < [PV Ryl P(LFI2 — 1 PaF)1):
where
2%
2 _ )2 do.
(56) T / F(e9)2dg

The norm ||(°PY) R,, || is given by the formula (21) or (21'). Further, P, is the orthog-
onal projection from Ha (K1) onto span(®{™, &, .. &) and

n 1
(57) IP.(F)I? = = ZZa " ()
— Xy Iy

T =11=1 1
or
(57') IPa(HI? = Z 0 (F)f (i)
respectively, where afgn) (f), k=1,2,...,n, are the solutions of the system of normal
equations
(58) Ga=0p

where the elements of the matrix G are given by

1

2n(1 — xffn)xl(n))

(59) G = ki=1,2,...,n

and the vector p = {py} on the right-hand side of the system is given by
Moreover, the determinant of the matrix G is positive.
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Proof. We prove this theorem in the same way as in [8] (where it is given for
a case of quadrature) but in more detail.
From (14) it follows that the optimal interpolatory rule interpolates the functions

1
Q(n)(x)zi, 7::1’2,...,77,,
i (n)
2n(1 — zx;")

exactly. Then Rn(Cbgn);x) =0,7=1,2,...,n. This implies
x) = Z ckéin)(x)
k=1

for each g € span(q)(ln),égn), o @%n)) and thus
Ry (g;x) =0

for each = € [—a,+a], a € (0,1).
Let f € Hy(K1), g € span('@gn), @é”), cee <I>£1n)). It is easy to see that

R.(f +g9;2) = Ru(f;2).

Let P, be the operator of the orthogonal projection from Hy(K7) into span((bgn),

(bgn), ce @51")); then we have

Because P, is the orthogonal projector, aén)(f), k=1,2,...,n, can be calculated

from the expression
n
(61) Pu(f) = o ()2}

as the solution of the system of normal equations
(62) Ga=0p

where

p=1@", 1), (@, f),.... @M, T,
G — ((I)(”) (I)(n))”’

a= (@ (f),a" (f),....a ()T
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and

63 (@, 1) = — / SN P
2t o 1-— eiwxin)
1 [ 1

o= f(e¥)

d
2TEO ¥

1-— e*i%"xin)

2n J—
= [ f@)K@™M ee)dp = f™), k=1,2,...,n,
0
1

- ij=12...n
2n(1 —xgn)xg-n))

(@, (") =

(see the proof of Theorem 2).

The determinant D,, of the system is given by the formula (15). Because xgn) #
xg-n), i#7j,1,7=1,2,...,n, D, is positive (according to (15)) and the system (62)
has only one solution. The solution agn)(f), i=1,2,...,n, is real and independent
of z € [—a,+a] and a € (0,1).

According to Theorem 4 (inequality (25)) we have

R (f32)* = [Ru(f = Pu(f); 2)* <Rl f = Pul(FH)II%,
1f = Pu(HI? = (f = Pu(f), f = Pu(f)) = IfII* = (f, Pulf))-

By (63) we have

Finally,

Il
(]
g/\
o
)
~
—
4\.@,—\
2
—~
~
S~—"
—

which we wanted to prove. O
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(n)

Remark 9. Theorem 7 is of theoretical importance only; the coefficients a;, *,

k=1,2,...,n, must be calculated as the solution of the system (58).
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