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Abstract. Tetrahedral finite C°-elements of the Hermite type satisfying the maximum
angle condition are presented and the corresponding finite element interpolation theorems
in the maximum norm are proved.
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1. INTRODUCTION

The problem of finite element interpolation theorems under the maximum angle
condition was studied in several papers (see [1], [2], [3], [4], [5], [6], [7], [8], [9],
[10], pp. 209-213, [11], pp. 391-396, [12]); however, almost all results concern only
triangular and tetrahedral finite elements of the Lagrange type. The exception are
[11] and [12] (the remark on triangular finite elements of Hermite type in [1], p. 222
is not sufficiently general—see [12], Remark 5.3).

This paper is a generalization of some theorems from [12] and [13] to the three-
dimensional case of tetrahedral finite elements. The case of tetrahedral finite el-
ements of the Hermite type is rather different from the case of triangles: In the
two-dimensional case the cubic element has nine parameters fixed—they are the
function values and the first partial derivatives at the vertices; these nine para-
meters guarantee the C°-continuity. The tenth parameter can be chosen relatively
freely, because it has no influence on the C°-continuity of the element. Thus, in [12]

* This work was supported partly by grants Nos. 201/97/0153 and 201/00/0557 of the
Grant Agency of the Czech Republic and by MSM 262100001.

295



various possibilities for the tenth parameter were examined. In the three-dimensional
case all twenty parameters of the cubic polynomial on a tetrahedron are necessary
for guaranteeing the C°-continuity and sixteen parameters are fixed (the function
values and first partial derivatives at the vertices). (This follows from the fact that
if two tetrahedra have a common face we need for guaranteeing the C°-continuity ten
parameters on the face—and only nine of them are obtained as linear combinations
of the parameters prescribed at the vertices of the common face.) Thus the problem
how to choose the remaining four parameters on a semiregular tetrahedron is more
complicated than in the two-dimensional case (also because of greater complexity of a
three-dimensional simplex). However, it can be expected that the three-dimensional
case is in a certain way a generalization of the two-dimensional one. This expectation
is confirmed in this paper.

We start with the notion “a semiregular tetrahedron.” Its definition is a general-
ization of the two-dimensional case: A tetrahedron is semiregular iff the maximum
angle made by two arbitrary faces is less than or equal to wy < m. There are three
basic types of semiregular tetrahedra (see Figs. 1-3).

z z

A A

T T

Fig. 1. Semiregular tetrahedron of Fig. 2. Semiregular tetrahedron of
type K1. type K2.

We say that a tetrahedron is reqular iff it is semiregular and has regular triangular
faces.

A tetrahedron which is not semiregular is called irregular. Such a tetrahedron
can have regular triangular faces (see Fig. 4, where the tetrahedron has vertices
[0,0,0], [1,0,0], [0,1,0] and [4, %, ]; here € can be arbitrarily small).

It is interesting that in this paper only known results from two dimensions are
directly applied to Hermite tetrahedra.

296



T T

Fig. 3. Semiregular tetrahedron of Fig. 4. An irregular tetrahedron.
type K3.

2. BASIC ESTIMATES

In [12], the following theorem was proved; this theorem will be generalized in this

section to the three-dimensional case.

Theorem 2.1. Let T be a closed triangle with the interior T' and vertices P,
Pg, P3. Let

a = diSt(Pg, Pg), b= diSt(Pl, Pg), Cc = diSt(Pl, Pg)

and let «, B and ~y be the angles at Py, P, and Ps, respectively. Let the vertices be

denoted in such a way that

(2.1) a<b<e a<p<ny.

Let ¢ € CY(T) and let ¢ have bounded classical derivatives in the interior T' of T,
(2.2) |Dip(P)| < My V|i| =4 YP T,

dp
ong

(2.3) Dip(P;) =0 V[i| <1 (j =1,2,3), (Q1) =0,

where Q1 is the midpoint of the side P, P3 and n, the unit normal to P, P3 and where
the following multiindex notation for derivatives is used:

oty
Oxirdyiz’

WV

i = (i1,42), |i| =i1+1d2 (i1 =0, ig >0), D'u=
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Then

(24 P < g5 (1+8(2) Janeet vp e,
Op 4 a\ 2 1 3 B

Let K1 be a tetrahedron with one short side P, Ps (see Fig. 5; we first consider
tetrahedra with three edges perpendicular to one another; the general case is men-
tioned in the text connected with Fig. 9). The symbol K1 will denote its interior
and 0K 1 its boundary. We will consider a function ¢ € C*(K1) with the following
properties (we have now a = (aq, ag, a3)):

(2.6) DY(P;) =0 o/ <1 (i=1,...,4),

0 0 0 0
(2.7) a—;i(QZ?)) = 8—722(@14) = a—TZ(QM) = 8—721(@23) =0,
2.8) ID%o(P)| < My V]a| = 4 VP € KT,

where Py, ..., P, are the vertices of the tetrahedron K1 (see Fig. 5) and Q; is the
midpoint of the edge F;P;. The symbol p; will denote the plane containing the
triangular face T; opposite to the vertex P;. The symbol n; appearing in (2.7)
denotes the unit normal to the boundary 97} of the triangle T; (in Fig. 5 all these
normals are outward; of course, in a tetragonalization each normal common to more
tetrahedra will be outward for some tetrahedra and inward for other tetrahedra);
this normal lies, of course, in the plane g;. (As to weakening inequality (2.8) see
Remark 2.5.)

The symbols «; (i = 2,3,4) will denote the three angles at the vertex P; lying in
triangular faces T, T3, T4. Similarly, 3; (i = 1, 3,4) denote the angles at the vertex
Py, i (i = 1,2,4) denote the angles at the vertex P; and ¢; (i = 1,2,3) the angles
at the vertex P4. The symbol w;; will denote the acute angle made by the planes p;
and ;.

In each plane g; we can choose a Cartesian coordinate system x;,y;. The axis z;
belonging to this system is oriented in the direction of the normal to the triangular
face T';, so that it is not necessary to choose a special symbol for the normals to the
triangular faces.
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Fig. 5. Choosing the normals in the case of type K1.

Theorem 2.1 and assumptions (2.6)—(2.8) imply the following estimates:

(2.9) lp(P)| <CMyh* VP € 0K1,
(2.10) S—Z( B g—yf(P ggﬂ‘i# VP e Ty,
(2.11) g%Z(P), ggg(P) géﬂiﬁi%ﬁ%i?&ﬁih; VP eT,
(2.12) S—Z(P), g—;(P) g@%hﬁ‘ VP € Ts,
(2.13) S—Z(P), g_i(P) g%ﬁ VP €Ty,

where h is the length of the largest edge of the tetrahedron K1 and C is a generic

constant.
Now we estimate the derivatives %ﬁ_ at the vertices of K1 and at the midpoints

Q;; of the edges. Assumptions (2.6) and (2.7) imply

(2.14) QO PY—0 (=1t j= 1,4, j40),
82’]‘
) ) ) )
(2.15) (@)= 57(Qw) =0, FE(Qu) = 57 (Qu) =0
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As g‘ﬁ is a linear combination of the derivatives aﬁﬂ and g‘@, estimates (2.12) imply
z1 3 Y3
CM,

h3
sin(max(as, d3))

(2.16) g—Z(Qu)‘ <

Similarly, estimates (2.10) give

8@ CM4 3
2.1 — < ;
(217) ‘ 0z3 (QM)‘ siny; h
estimates (2.13) yield

699 CM4 3
2.1 - <—2ph
(2.18) 0z3 (Qr2) sin vy
and estimates (2.12) imply

3@ OM4 3

2.1 —  —————=h".
(2.19) 024 (Q12)‘ sin(max (s, d3))

Let s1 be a direction parallel to the plane ¢9; and perpendicular to the edge Ps Py
and s, a direction parallel to the plane g» and perpendicular also to the edge PsPjy.
These two directions make an angle wi2 (which is the angle made by the planes g1
and p2). According to (2.10) and (2.11), we have

CMi s
siny;

CM,y

e S ¥
sin(max(az, d3))

Jep dp
‘5—51(6234)‘ < 8_.92(Q34)’ <

hence (see Fig. 6a; in Fig. 6b, (£,n) is the plane orthogonal to P3P, which passes
through the point Qs34)

o CM. 1 1
(2.20) ’a—Z(Q?A)‘ < < * as 52))>h3'

sinwya \ siny;  sin(max(

Similarly we obtain

8@ CM4 1 1 3
2.21 7z < B3,
(221) 0z (Qaa) sin wig <sin'71 * sin(max(ag,ég))>

8@ CM4 1 1 3
2.22 7 < B3,
(222) 0z2 (@) sin waq <sin(max(a2, d2)) * sin'y4>

8@ CM4 1 1 3
2.2 — < .
(2.23) 824<Q13) sin way <sin(max(a2,62)) + sin 74)
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z1 9
Fig. 6a. To the proof of (2.20). Fig. 6b. To the proof of (2.20).
Let us set
(224) w = min(wlg,wg4), g = min(ag,a3,71,74,52,53).

Then we can write relations (2.15)-(2.23) in a unique form

CMy

sinw sin o

0

Now we come to the crucial point of our considerations which consists of several
applications of the following Lemma 2.2. Although this lemma was proved in [13],
we reproduce briefly its proof because of the importance of the lemma in this paper.

Lemma 2.2. Let a function 1(x;,y;) be continuous on a closed triangle T’
and have derivatives of the third order in its interior T; bounded by a constant Kj.
Further, let ¥(P;) = 1;, ¥(Qrm) = Ckm, P; being the vertices of T; and Q. the
midpoints of its sides. Then we have on T;

(2.26) (i, yi)| < 60+ §K3h% 0= max(|n; ], [Cem)-
Proof is based on the following three lemmas:

Lemma A. Let f € CY(T). Let sy, s5 be two directions making an angle w. Let
ﬁ(P) =k, g—SJ;(P) = ko, P being a point in the (x;,y;)-plane. If ) < w < %n then

ds1
of 23
ZJ < 2ve )
at(P)‘\ 3 max |k;|,

where t is any direction lying inside the acute angle formed by s1 and ss.
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Lemma B. Let g(0) = 01, g(1/2) = 12, g(I) = 13 and |g®)(s)| < N3 in (0,1).
Then for s € [0,]]

5 V3
lg(s)] < 7 max ;| + e N33,
/ 3 1 2
/(5)] < 7 masx ]+ Nol?.

Lemma C. Let g(0) = 11, ¢'(0) = k1, g(1) = n2 and |g®)(s)| < N3 in (0,1).
Then for s € [0,1]

! 2
< |+ - — Njl3.
lg(s)| < max|n;| + 4|k1| + 57 Nl

Lemmas B and C are simple results of the interpolation theory in one variable.
As to Lemma A, let w = 3 — «, where « and (§ are the angles made by s; and s,
respectively, with the positive direction of the z-axis (6 > «). We have

0 0 0 0
k= G_.J;(P) cosa + a_£<P) sina, ko = 3_£<P) cos 3 + a—g(P) sin 3.
Solving these two equations with respect to %, g—’; we obtain
of kisin 3 — kesina  Of —kicos B+ kycosa
%(P) - sin w ’ 8_(P) - i '
Y sinw
Hence,
G_f(P) _k sin(w 7'5) + kosine < max ‘kj|sin(w 7'5) + sins,
ot sin w j=1,2 sin w

where ¢ is the angle which is made by the direction ¢ with the direction s;. It is easy
to see that
max(sin(w — €) + sine) = 2sin %

AsO<wK %n, the assertion of Lemma A follows.

We sketch the proof of Lemma 2.2 only in the case that ¢ has bounded derivatives
of the third order on T);. (For more details see [13].)

Let us denote the sides of T; by a; < b; < ¢;. By the second part of Lemma B we
have (with N3 = 2v/2K3)

8 2
< 0_77 + £K3sza

(2.27) 5

5—52(1[’1)

8 \/52’81/1
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s1 and s being now the directions of the sides b; and c;, respectively, and P; the
vertex lying opposite the side a;. By Lemma A we obtain from inequalities (2.27)
that

16v31n V6

o
R

(2.28) (7)<

s being any direction lying in the angle made by the sides b; and ¢;. Let P # P, be
an arbitrary point of T; and P’ the point on the side a; which lies on the line going
through P; and P. By the first part of Lemma B we obtain

5 2v6
P - —K.
wP)] < 2+ 2P kel
This inequality, the assumption |4 (P;)| < n and (2.28) imply, according to Lemma C,

2 4v3 ¢ 1
P < 2 200k ¢ 10 By it <o Ll

because ¢;/b; < 2. O

Lemma 2.2 and relations (2.8), (2.14), (2.25) imply the following estimates (we set
)= 52):

3
(P)’ < CMah” VPeT; (i=1,...,4).

0
(2.29) ’—<p <
sinw sin o

ﬁzi
Using the angle o, we can write estimates (2.10)—(2.13) for the derivatives with

respect to x; and y; also in a concise form:

0 CMyh3 _
(2.30) a:f (P ’ S VPET (i=1....4),
8o CM,h3 _
2.31 % p)| < PeT, (i=1,...,4).
(231) )| <= wPeTs G )

As x;y;2; are Cartesian coordinate systems, we have by (2.29)-(2.31) in the global
Cartesian coordinate system x, y, z

o

Jyp
2. D))

Jyp
3—y( )|

9z

3
(P)’<% VPeT, (i=1,...,4).

(2.32) <——
SN w S1n o

Let A € K1 (A # P;) be an arbitrary fixed point and o(A) the plane passing
through the point A and parallel to the (z,y)-plane. Let T = o(A) N K1. At every
point P € OT estimates (2.32) are satisfied. Hence, using again Lemma 2.2,

94| |92

dyp
9 )’8_y( )|

a9z

3
(A)‘ < OMT R

(2.33) < ——
SN w SIn o
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In estimating the function values we will use the following lemma which is proved
in [13, Lemma 5]:

Lemma 2.3. Let g(0) = 1o, g(I) = m, ¢'(0) = ko, g’(1) = k1 and |¢g*) (s)| < K4
n (0,1). Then for s € [0, ]

l9(s)| < max|n;| + 5= (\kol +[ka]) +

K413.

\()\\QZ(\UO\JFWD Skl + 1)) + 5

Let A € K1 be an arbitrary fixed point for which A # P;. Let B € T be the
point lying on the line passing through P; and A. Let us set | = dist(Py, B) and
consider the function g = gz)’ P.B" Then, using the first part of Lemma 2.3, we obtain
from relations (2.6), (2.8), (2.9), (2.10) and (2.29) (for i = 1)

(2.34) () < SM ) R

sinw sin o
This result together with (2.33) is sufficient for obtaining all results introduced in
Section 3. Nevertheless, to satisfy the law of mathematical elegance we derive (at
least in the case of K1) an estimate for the function values independent of the
geometry of the tetrahedron considered.

The transformation

(2.35) x="hg, y=hyn, z=h,
with hy = P2 P3, hy = PPy, h, = P, P, maps one-to-one the tetrahedron K1 lying

in the Cartesian coordinate system (x,%, z) onto the reference tetrahedron K lying
in the Cartesian system (£,7, () and having the vertices

P =10,0,1], Py =10,0,0], Py =[1,0,0], P; =10,1,0].
In the case considered both the coordinate systems are identical; however, this does

not violate the universality of the idea.

Let us define a function

~ 1
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As ¢ € C*(K1), we have ¢ € C*(K,) and

(2.37) DF(P)=0 la|<1 (i=1,...,4),

(2.38) ID*3(6,m,¢)| <1 Vo] =4 V6,1, € Ko,
oo oo

(2.39) s”@23) =0, f(Q%) =0,

where Q%4 corresponds to ()23 in transformation (2.35).
It remains to estimate ’EM Q714) ’ and |8u3 QT4)|, where Q74 corresponds to Q14

and v; is the unit normal to T} of the triangle T; which lies in the plane of. (T;

7
corresponds to T; and o} to o; in (2.35).) Let s; be the direction of P;P; and
S2, s3 two mutually orthogonal directions which are orthogonal to s;. Then we have
by (2.7)

9y 9y
2.40 — = — =0.
(2.40) 55 (Q14) 953 (Q14)
According to the second part of Lemma 2.3, we can write using (2.6) and (2.8)

(2.41) ‘8—%”(@14) < OMh3.
851

Relations (2.40) and (2.41) imply

¢ dp 9 3
2.42 — — Myh
(2.42) 97 (Qu4)|, Dy (Q14)], 3 (Qua)| < CMy
Hence by (2.36) and (2.42)

1
(243) é—(Qlﬁl) = M4h48 (Q14) | X O
Similarly,
00
(2.44) 8_n(Q14) <G, ac (Q14) <
It is necessary to estimate gg’ , gff on T: for i =1,...,4. Theorem 2.1 implies

(2.45) IDSE(E,m)| < CF ol <1, V[&,m] €T,
(2.46) ID§3(&ama)l < C; ol <1, V[&,ma] €T,
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where

dlely
2.47 Doy = ————
( ) v (9.%?18:1;92 ’

(3

a=(a,a2), |af=a+ as.

Repeating the considerations of the proof of [12, Theorem 2.1], we obtain on the
base of (2.37), (2.43) and (2.44)

1, V[E%UZ] GT;
1, V[fg,ng] ET;

(2.48) D3 (82, m2)
(2.49) |D5'@(83,73)

=~

*
&
*

| <
| < C3

=~

Relations (2.37), (2.38) and (2.45)—(2.49) yield again by means of Lemma 2.2

99

(2.50) 3

(5,77,0)‘ <C* Vg eT.

Let us choose an arbitrary fixed point A* € Ko (A* # P}). Let B* € T, be a
point lying on the line passing through Py and A*. Let us consider the function

9 = ®| p.g.- Then using the first part of Lemma 2.3, we obtain by means of (2.37)
1
(for i = 1), (2.45) and (2.50)

(2.51) 13(A%)] < O(Ko) VA* € Ko,

where the constant C'(K) depends on the tetrahedron Ky only. Relations (2.36)
and (2.51) yield

(2.52) lp(A)| < C(Ko)Myh* VA € K1,

which was to be proved.

The second group of semiregular tetrahedral finite elements are tetrahedra with
two short edges (which cannot have a common vertex). A typical representative,
which will be denoted K2, can be obtained from K1 by contracting the edge P, P,
(and appropriately dilating the edges Py P, and P; P;)—see Fig. 7. The definition
of the nodal points and of the parameters prescribed at them is in the case of K2
the same as in the case of K1. Parameters at Q;; are prescribed as couples on both
short edges, at which faces making small angles meet. Hence, estimates (2.33) and
(2.34) can be obtained in the same way as in the case of K1.

It remains to analyze the case of tetrahedra with three short edges. The corre-
sponding representative tetrahedron, which will be denoted by the symbol K3, can
be obtained from K1 by contracting edges P, Py and P3P,—see Fig. 8.
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Fig. 7. Tetrahedron of type K2 with Fig. 8. Tetrahedron of type K3 with
normals. normals.

On edges, the nodal points ();; and parameters defined at them are prescribed in
a way different from the cases of K1 and K2 (cf. (2.7)):

¢ I d¢ I
2.53 a _ % _ 9% _ 9% _o.
(2.53) o, (Q34) 11y (Q34) o (Q24) s (Q23)
The way how to derive estimates (2.33) and (2.34) is only a simple modification of
the way used in the case of K1; thus we omit it. Hence, we arrive at the following

theorem:

Theorem 2.4. Let K be one of the tetrahedra K1, K2, K3. Let ¢ € C*(K)
and let

(2.54) |DYp(P)| < My V|a| =4 VP € K,
(2.55) D%(P;)=0V|a|<1 (j=1,...,4),
where Py, ..., Py are vertices of K in the order which is indicated in Fig. 5. Let in

the cases of K1 and K2 the remaining four conditions be of the form (2.7) and in
the case of K3 of the form (2.53). Then estimates of the type (2.33), (2.34) hold,

ie.,

e Dy O CMh? _
2. (A, | ZA)], | Z=(A)| < —2— VAeK,
(2:56) ﬁx( ) 7 (A, 8,2( )’ sinwsino vA e
Myh* —
(2.57) lp(A)] < OMah” ) ¢ K,

X . .
SN w Sin o
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where in the cases of K1 and K2 the angles w and o are defined in relations (2.24)
and in the case of K3 we have

(258) w = min(wlg, w23,w24), g = min(’yl, Y25 V4, 52, 53)

Remark 2.5. Assumption (2.54) can be weakened to the form
(2.59) [D¥p(P)| < My V|a| =4, VP € K,

where K is the interior of K. In the case (2.59) we can use the trick with an inscribed
tetrahedron X C K in the same way as in [13]. Considerations connected with it
are cumbersome; thus we omitted it. Similar remark concerns (2.8).

Remark 2.6. Similarly to the case of K1 estimate (2.57) can be improved to the
form (2.52). However, this improvement has no influence on the results introduced
in Section 3.

3. APPLICATIONS OF BASIC ESTIMATES

Theorem 3.1. A polynomial p(z,y, z) of degree not greater than three in three
variables is uniquely determined by its twenty values which have in the cases of K1
and K2 the form
(3.1) Dop(Py) ol <1 Gi=1,...,4)

dp Op Op Jdp
3.2 2 (Q29), - (Qua), 5 -(Qua)s - (@as),
(3.2) o, (Q23) O (Q14) s (Q14) BN (Q23)

where the meaning of the symbols P;, Q ;i and n; is the same as in Section 2. In the
case of K3 the twenty values have the form (3.1) and (3.3), where

0 0 19) 0
(3.3) 3—51(6234), 8—52(@34), a—TZ(QM), 5—54(@23).

Proof. Tt is sufficient to prove the uniqueness. In the cases of K1 and K2, let
us assume that the values (3.1), (3.2) are equal to zero. Setting o(x,y, 2) = p(x,y, 2)
in Theorem 2.4, we have M, = 0 and estimate (2.57) implies p(z,y, z) = 0. The case
of K3 can be treated in the same way. O
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Theorem 3.2. Let u € C*(K) and let |D®u(P)| < My for all |a| = 4 and all
P € K. Let p(x,y, z) be a polynomial of degree not greater than three which satisfies
for K = K1 or K = K2 the relations

(34) Dap(PJ):Dau(PJ) |OZ|<1 (j:13>4)a
o o o o
. T (@) = 5-(Qas), 5-(Qua) = 5 = (Qu)
' ) ) ) 9
a—TZ(QM) = 8—;3(6214)’ 8—54(6223) = (’9—:4(6223)'

Then the function

(3.6) o(x,y, 2) = u(z,y, 2) — pz,y, 2)

satisfies relations (2.56)—(2.57). The modification of assumption (3.5) in the case of
K3 is obvious.

Proof. It follows from the assumptions of Theorem 3.2 that function (3.6)
satisfies all conditions of Theorem 2.4. O

Of course, Theorems 3.1 and 3.2 hold not only for tetrahedra K1, K2 and K3 but
also for tetrahedra arising from K1, K2 and K3 by deformation (see, e.g., Fig. 9
where dist(Py, (y,2)) > 0 and possibly dist(Pi, (z,2)) > 0). The proof of Theo-
rem 2.4 is in this case without any change, assuming that the resulting tetrahedra
remain semiregular.

sY

Py
Fig.9. A general case of type K1.
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The tetrahedra used most frequently are flat tetrahedra which arise from K1 by
means of deformation (see Fig. 10). However, in such tetragonalizations the finite
element method cannot be used. The explanation is clear from Fig. 11: on a common
face of two tetrahedra the tenth parameters (i.e., normal derivatives) are situated on
different sides of the face; thus the continuity of the global function is not guaranteed.

Fig. 10. The use of semiregular tetrahedral elements.

T
Fig. 11. Disaster.

It seems that we have got into a blind alley. However, there is a remedy having at
least three variants which we will introduce. The first is sketched in Fig. 12. Instead
of prescribing two normal derivatives at the point Q12 in the directions n123 and 1196
we prescribe only one in the normal direction nio3 which lies in the plane P; P, Ps.
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The twentieth parameter in the tetrahedron Py P> P3 Ps will be prescribed at the point
Q26 as the normal derivative in the direction njys which lies in the plane P P Fs.
This is the only parameter prescribed at the point QQ26. Instead of the derivative
_&L(QZG) we prescribe the normal derivative ,—85"—(6246). If the tetragonalization

Onaea Onsey

has only one layer (see Fig. 10) then we can prescribe at the point Q46 the derivative
8226 (Qa6) (in this case we obtain at this point a better accuracy—see later); however
for the symmetry reason we can prescribe the derivative =22 (Q45). Doing this

Onjse
we obtain a piecewise polynomial function which is continuous in the polyhedron

with six vertices Py, ..., Ps which consists of three tetrahedra Py P> PsPs, Py P> Ps Py,
P, Ps Py Ps with disjoint interiors.

Fig.12. The remedy.

Of course, we must pay something for this change: now the semiregular (flat)
tetrahedron cannot have the short edge arbitrarily small; we must assume that (see
Fig. 13)

dist(Py, P3) = O(h'*¢), 0<e<3

with

O(h+¢)

(37) SiIlLUgg = W

>Ch® (0<e<3).
In applications we usually take (because of error estimates and a sufficient semireg-
ularity) € = 1.

Inspecting the proof of Theorem 2.4 we see that at the point Q14 (a critical point—
this notion is used for a point in which the optimum estimate (2.25) does not hold)
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T

Fig. 13. Concerning the estimates (3.9), (3.10).

we have

&p 3—
— < C*h°5.
) 823 <Q14)

(3.8) ]5—2@14)

The other relations and estimates from (2.14), (2.15) and (2.25) remain without any
change. Thus, instead of estimates (2.56), (2.57) we derive

dy dp dp CM4h3—¢ —
. —(A)|, | = —(A)| < ———— VA€ K1,
(3:9) &T( ) 8y( ) 82( ) sinwsino vAe
M. 4—e _
(3.10) lp(A)] < CMh= ) e R,

sinw sin o

where 0 < e < 3.
The second variant: Instead of conditions

dy Oy B
s (Qu4) = I (Q24) =0
we prescribe

©(S2) = p(S3) =0

where Sy and S35 are the centers of gravity of the triangular faces 75 and T3, respec-
tively. We have again one critical point Q14 at which (3.8) holds with a presumably
greater constant C*. (This fact follows from [13, Theorem 2].) Thus we arrive again
at estimates (3.9), (3.10).
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The third variant (the case of the classical parameters for the cubic Hermite tetra-
hedral finite element): Instead of four normal derivatives (see Fig. 13) we prescribe

e(S)=0 (i=1,...,4)

where S; is the center of gravity of the triangular face T; (i = 1,...,4). In this case all
six midpoints Q;; of the edges P, P; are critical points (this follows from the estimates
for gradients in the case of regular triangular cubic elements with sina > Ch—see
[13, Theorem 2]); we have instead of (2.15), (2.25)

) s L . ‘
la—f(czmwh?’ (i=1,....4 j#i, k#i, k#J).

Estimates (3.9), (3.10) again hold; only numerical experiments will show whether the
third variant is worse (because of six critical points instead of one; this fact follows
again from [13, Theorem 2]).

Using estimates (3.9), (3.10), we can prove a general convergence theorem of the
finite element method for a finite element procedure using Hermite tetrahedral fi-
nite C%-elements just described (this means, to prove the convergence of the finite
element method without any rate of convergence under the assumptions guaran-
teeing the unique existence of the solution of the given variational problem only).
We restrict ourselves, for simplicity, to the linear problem corresponding to a mixed
boundary value problem of the Poisson equation with the homogeneous Dirichlet
boundary condition on I'; in a bounded polyhedral domain  (without use of nu-
merical integration), where I'y C 99, measy I'; > 0 (we assume that I'; is a union of
polygons which can lie in different faces of Q): Find u € V such that

a(u,v) = L(v) Yv €V,
where
V={veH(Q): v=0o0nTy},
oudv Oudv Oudv
a(u,v) ///(&x@x aya—y—l—aa)dxdydz
:/// vfdwdydz+// vgdo (Iy =00 —TY)
Q s

with f € LQ(Q) and q € LQ(FQ)

We divide the given polyhedral domain Q (in this case usually narrow) into semi-
regular tetrahedra in such a way that each two tetrahedra are either disjoint, or have
a common vertex, or a common edge, or a common face and

(3.11) w>=2wy>0, o=>09>0
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and consider a sequence {Dj,} of such divisions, where every member satisfies (3.11)
and assumption (3.7) and where h — 0 (with h being the length of the largest edge
in the given division). We define on every division D}, the finite dimensional space

Vh = {’U € Co(ﬁ) ’U(.Z,y,Z) :p(l',y,Z) V(w,y,z) € F - Dh, v =0 on Fl}a
where p(z,y, ) is the polynomial from the remedy. We look for a up € V3, such that
a(up,v) = L(v) Yo € V},.

The theorem on the convergence of Galerkin’s method says that if

(3.12) dist(Va,v) = inf |lw—v]10—0VYoeV
weVy,

then

(3.13) lu = unllr.o — 0.

It is sufficient to prove (3.12) for all v € C°°(Q) NV because C*°(Q) NV is dense
inV.
Let vg € C°(2) NV be an arbitrary fixed function. It satisfies the relation

\Davo(x,y7z)| < M4(U0) [x,y,z] € ﬁ’ |a| =4,

where My4(vg) is a constant depending on vg. We construct a function wy, € Vj, which
on tetrahedra K € D}, is equal to our polynomials determined by parameters equal
to the corresponding parameters of the function vy (z,y, z). We have

Jun = wlfa= 3 [[[ 3 (D%(wn - w) dedya
KCDy, K a1

Hence, according to estimates (3.9), (3.10) and assumptions (3.7) and (3.11),
C

sin wg sin oo

lwn, —voll1,0 < My (vg)h3¢.

Thus ||wp, — voll1,0 — 0 for h — 0 and as
dist(Vi, vo) < [lwn — voll1,0,

relation (3.12) follows and (3.13) holds.
If u € C1(Q) and |DYu(x,y, z)| < My(u) for all [x,y, 2] € Q with all |a| = 4 then

we can prove in a similar way that
C

(3.14) lup —uf10 < ————
sin wp sin og

M4(u)h3_5.

This means that the maximum rate of convergence in the case of our finite elements
is O(h37¢).
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