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Abstract. We consider a stochastic process X{ which solves an equation
dXF = AXFdt + ®dBH, XE=2

where A and ® are real matrices and B is a fractional Brownian motion with Hurst
parameter H € (1/2,1). The Kolmogorov backward equation for the function w(t,z) =
Ef(X{) is derived and exponential convergence of probability distributions of solutions to
the limit measure is established.

Keywords: fractional Brownian motion, Kolmogorov backwards equation, linear stochas-
tic equation
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1. INTRODUCTION

Fractional Brownian motion (fBm) is a family of Gaussian processes indexed by
a parameter H € (0, 1) called the Hurst parameter. The first result on this type of
processes goes back to Kolmogorov [13], basic properties of (fBm) have been proved
in the pioneering work of Mandelbrot and Van Ness [15]. Hurst [10], [11] used these
processes to describe the long term storage capacity of reservoirs along the Nile river,
which demonstrated their usefulness as a model for physical phenomena. Later these
processes have been used to describe some economic data and most recently to model

telecommunication traffic.

* This research has been supported by the grant no. 201/01/1197 of the Grant Agency of
the Czech Republic.
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In recent years numerous papers on (fBm)-based stochastic calculus have appeared
(e.g. [4] and [1], [3], [5], [6], [7], [20], [21]). Difficulties are coming from the fact that
(fBm) is not a semimartingal, so the classical concept of stochastic integral may not
be used. On the other hand, the paths of (fBm) do not have bounded variation,
hence the classical concept of Lebesgue-Stieltjes integral is useless as well and it
is necessary to develop a stochastic calculus. Very recently stochastic differential
equations driven by (fBm) have been studied, see e.g. [2], [12], [14], [17] in a finite
dimensional state space and [7], [8], [16] in infinite dimensions.

In the present paper we are concerned with a linear stochastic differential equation
driven by (fBm). We derive the backward Kolmogorov equation (BKE) associated
with the linear stochastic equation. Although our stochastic equation is autonomous,
the coefficients of the (BKE) are time-dependent, which reflects the non-Markovian
character of the equation. Note that the PDE for the transition density of (fBm)
has been derived in [19].

The definition and basic properties of a stochastic integral of a deterministic func-
tion with respect to the (fBm) and the formula for integration by parts are in Sec-
tion 2 of the paper. The main results of the paper are Propositions 3.3, 3.4 and 4.2
where the parabolic equation for Ef(X[) is derived and conditions for exponential
convergence in total variation of probability distributions of X7 to the limit distri-
bution are established. Note that in [7] strong convergence (but not the speed of
convergence) has been shown in an infinite dimensional state space.

2. PRELIMINARIES

Let (Q,F, Z?) be a probability space.

Definition 2.1. A fractional Brownian motion (B*(t), t > 0) with Hurst pa-
rameter H € (0,1) on (2, F, &) is an R"-valued Gaussian process which satisfies
(i) EBH(t) =0 for allt € Ry,
(i) EBH (s)BH(t) = 1/2(s* + 20 — |t — s|?H)I, for all s,t € R, , where [ is the
identity matrix,
(iii) (B (t), t > 0) has continuous sample paths Z-a.s.

Since the function FH(s,t) = 1/2(s* + ¢2H — |t — 5|2/ is positive definite for
H € (0,1) there exists a Gaussian process with this covariance function due to the
Daniell-Kolmogorov theorem. Continuous modification of this process follows from
the Kolmogorov-Tschentsov theorem. From the condition (ii) it is clear that the
components of this process are independent. Conditions (i) and (ii) easily imply
BH(0) = 0 Z-a.s. The (fBm) BY with H = 1/2 is the usual Wiener process. In the
rest of the paper we assume that H > 1/2.
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Now, following [7], we define a stochastic integral with respect to the (fBm), with
deterministic integrand. For this purpose we use

Lemma 2.2. If p > 1/H, then for ¢ € L?(0,T;R) the inequality

T T
|| etwetorstu—o)duan < Clettura,
holds for some C' > 0 which depends only on T and p, where

1) W(u) = HH — 1)uf2" 2,

This lemma is an easy consequence of the Young inequality ([18], Proposition
12.25).
First we define the stochastic integral

(2) /0 " agt

for f € L?(0,7T;R") and a scalar (fBm) (37 (¢), t € [0,T]). Let £ be the family of
all R™-valued step functions, i.e.

n—1
Ez{f:f(s)szil[ti’tiﬂ)(s), O=t1<ta<...<t,=T and
i=1
fieR” foriE{l,...ﬂ%—l}}.

For f € £ we define the stochastic integral (2) as

/0 FAT = 3 B () — 67 (1),

The mean of this Gaussian random variable is zero and the covariance matrix is

(3) fE(/OdeﬁH/OTf’dﬁH)

n—1n—1

= 3D RFE(BY (tirn) = 87 (8)) (8" (t541) — B (1))
i=0 j—=0

n—1ln—1

=YD LFEB (i) B (1) — B (i) B (1)

i=0 j=0

— B () B (tj41) + B (t:) (L))
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It is easy to verify that the last term is equal to

n—1n—1

(4) ZZ/M/Mfzfzpu—vdudu_// Fu) f(0) b (u — v) dudo.

=0 j=0

By Lemma 2.2 it follows that

/fdﬁH I // (f(w), fF(0)(u —v)dudo

2/p
<c(/0 1t ()|pds) = Ol Brio e

Because £ is dense in LP(0,7T;R"™) there is a sequence {fr} C & such that |f; —
fleeo, ey — 0 for f € LP(0,7;R™). This is a Cauchy sequence in LP(0,7'; R").
It follows from inequality (5) that also the sequence of the corresponding stochas-

(5)

tic integrals is a Cauchy sequence in the complete space L2(£2;R") and therefore
fOT fr dBH converge to some centered, Gaussian random vector which we denote by

Jo FdB.

Now we will define the stochastic integral with respect to an R™-valued (fBm)

(6) /0 ! GdBH

where G: [0,T] — R™*™ is a non-random real matrix. We assume that the matrix G
satisfies

(7) G() € LP(0,T5R™™)

for some p > 1/H. We define the stochastic integral (6) as
T n_ T
I(G;T) := / GdBT .= Z/ G;dp!
0 = Jo

where 87 (-),i =1,...,n, are components of the (fBm) B (-) and G; are the columns
of G. Independence of random variables fOT G, dBH, conditions (7) and (5) imply

n

BIG T =Y

ﬁif]aawﬂmmmm®W<m

T 2

G;dpH

therefore the integral (6) is an R"™-valued Gaussian variable. Its probability law is
given in the next proposition.
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Proposition 2.3. If G: [0,T] — R™*"™ satisfies condition (7), then I(G,T) is an

R™-valued Gaussian random variable with zero mean and the covariance matrix
T T
(8) E[I(G,T)I(G,T)]| = / / G(u)G(v)' Y (u —v)dudv
o Jo

where 1) is given by (1).

Proof. I(G,T) is obviously a Gaussian random variable with zero mean. Let

C' be its covariance matrix. We have

(C,y) = E[{z, 1(G, T)){y, [(G, T))]

(e oo o)
{5 [ ) [ o)

for all 2,y € R™. For arbitrary f € LP(0,T; R") we have

T T
H R H S n
<x,/0 fdg; >.—/O (x, fydB;" for i=1,...,n and = € R".

This is true for step functions and therefore for every function from L?(0,T;R™).

Consequently,
€)= Y €| [ w6ast [ wciast]
-3 | [ 6006wt s dras
= / / (G(s)G(r) z,y)(r — s)drds,
o Jo
and hence C' = fOTfOT G(u)G(v)' Y (u — v) dudw. O

Now it will be shown that the integration by parts is valid. Let BV (0,7T) denote
the space of functions with bounded variation on [0, T7.
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Proposition 2.4. Let ¢ € BV (0,T) and assume that 3% (t) is an R-valued (fBm).
Then

T T
0 | et @ = et - [ 5" 0ae) s
0 0
where the second term on the right-hand side is the Stieltjes integral.

Proof. Since ¢ € BV(0,T) there exist nondecreasing functions ¢*, o~
[0,7] — R such that ¢ = ¢ — ¢~. We will prove the equality (9) for ¢ (the
proof for ¢~ is analogous). Let A, (T) :={0 =1t <t} <... <ty =T, k, €N},
n € N, be a partition of the interval [0, 7] such that

(10) |AL(T)] == o Dnax [thir —tg| — 0 for n — oo.

If we define a sequence of the step functions

kp—1
Tt) = Z 90+(t2)1[t2"t2+1)(t) for t €[0,T), ¢} (T)=(T) for n €N,

we obtain
kn
et (8" (b)) — 87 ()
k=0
kn
= > (Tt )8 () — et (BT () — B (th ) (@t (thy) — T ()
k=0
and hence
T kn—1
(11) /0 o (1) dBY (t) = T (T)BH(T) = > B (th ) (0T () — 9T (7))
k=0

For every w € Q the function 5 (w,-) is continuous, therefore for n — oo the limit
on the right-hand side exists and is equal to the Stieltjes integral

/0 B (1) ™ (1),

Functions ¢, converge to ¢* in LP(0,T; R), because 1 < 1/H < p and

T kn—1 tz’+1
| et -eiora= 3 [T et - P a
0 k=0 7tk

kn—1

Z s — Rl (T (th) — 0T ()"
< |An( )(@*(T) — ¢*(0))".
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Consequently, we can find a subsequence A,, (T') such that

T T
/ ot (1)dB" (1) — / SO ABH(L) for m— o0 Pas.
0 0

From the linearity of the stochastic integral we can conclude that ¢ € L?(0,T; R)
and

T T T
Hopy . + Hipy - H
/0 (1) dB (1) = / o (1) dB™ (1) / o (1) dB (1)
:=¢<T>5H<T>—( / B (1) dy (1) - / BH(t)dsO‘(t))

— o(T)™(T) - / B (1) di(t).

0

3. THE LINEAR EQUATION

In this section the linear stochastic differential equation
(12) dX; = AX;dt + ®dBI, Xo=m0

is studied where A € R**" & € R"™*™ 15 € R* and B is an R™-valued (fBm)
defined on the probability space (2, F, ).
A strong solution of the equation (12) is defined as a continuous process (X¢, t > 0)

satisfying
(13) Xi=1z0+ /t AX,ds +®BE, t>0 P-as..
0
The strong solution to the equation (12) exists and is given by the so called “mild
formula”:
(14) X, =M+ /t A= dBH > 0.
0

As is well known, formula (14) for H = 1/2 defines the Ornstein-Uhlenbeck process
which solves our equation (12) with H = 1/2 (B'/? is the Wiener process).

The process defined by (14) is Gaussian with the mean ez, and the covariance
matrix
t t )
(15) Q1 = / / M Pd e Ve (u — v) dudv
0 Jo

for ¢t > 0 as follows from Proposition 2.3.
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Proposition 3.1. The strong solution to the equation (12) is unique &-a.s. and
is given by the formula (14).

Proof. First we will prove that the process (14) has a continuous modification.
For n € N and t,s € [n,n+ 1], t > s, we have

t s 2
E| X — X,|? < 2|eao — eASx0|2 +2E / A=W g dBH f/ Al qBH
0 0

=Ji + Jo.
There exist constants K7 and K5 such that

T < 2(jzo| |AJ AT (- 8)) < K (t — 5)°7,

s t 2
/ (e(=") — A=) 4B + / eAt=99 dBH
0 s

Jo =2E

t 2

s 2
< AE| (et —T) / At~ dBH| 4 4E A<t*“>q>dB{j

< 4(|Alel (it - // AP A V) (u — v) dudo

—|—4Tr// e PP’ o)(u — v) dudv

<4Al2M sup | TrQ(t—s)2H +4Tr  sup eA“CI)@’eA,“|(t — )24
s€[n,n+1] n<u, v<n+1

< Ko(t — s)?H.

It follows from the Kolmogorov-Tchentsov Theorem that there exists a continuous
modification X[ of the process X; in the interval [n,n + 1]. Therefore we can find
sets Uy, n € N, such that

Xn(@) = X (W) = X3 (@), wEQ\Um P(Un) = 0.

t follows that n] =0 and for w € the process X; =
It foll hat P U, ) =0 and f Q U h X X (w) is
n=0

a continuous modification of X; on [n,n+1] (We w111 write X for this modification).
Now we verify that the process (14) satisfies equation (13). We use the equation

(16) /Ot</0 AP ABH (r )) d5/0t</:AeA(s’")d3)rI)dBH(r)

which we have got by integration by parts:

/ AeAC o dB (1) = ADBY (s) + / A2AETISBH (1) dr
0 0

t oot t ¢
/ (/ AeAsT) ds) ®dBH(r) = / (A + / AZeAlT) ds) ®BH (r)dr.
0 T 0 T
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Using (16) we have for the left-side of (13)
t
To +/ AX(s)ds+ ®BH (t)
0
t s
=1z +/ A(eAsxo +/ AP dBH(r)> ds + ®BH(t)
0 0

t ot
= ey + / (/ AeAls=r) ds) ®dB(r) + @B (1)
0 T

t
= Mg+ / (eA(t_T) —1)®dB"(r)+ ®B"(t) = X(t)
0
and hence X; is a strong solution. Let Y; be any strong solution, then

|Xth‘/XY

/|A||X —Yi|ds for t >0 P-as.,

and using the Gronwall lemma we have P[|X; —Y;| =0,¢ > 0] = 1. O

Proposition 3.2. Let matrices S(t),Q: € R"*™ be differentiable, Q; symmetric
and positive definite, S(t) invertible and let

1 1

a7 plto) = G g O 350~ Q7 S~ )}

be the density of the n-dimensional Gaussian distribution N, (S(t)xz, Q). Then
op(t, z, 1
(13) WD) (5(0)= S 1), Dapt 2.1)
1 .
+ 5 (S QuS(®) 1) Dip(t, . y)).

Proof. We are using the following formulae for the time derivatives of the
determinant and the inverse matrix:

d . d :
5 det Q= det Q, Tr(Q; ' Qy), EQfl = -Q;'Q:Q;!

Thus for the first factor in the formula (17) we have

1detQ:Tr@Q;'Qr 1 TrQ;'Q
2 (det@;)3/2  2(detQy)l/2

d 12 _
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and setting z := S(t)x — y we have

O~ pit){ 5@ 0 + (B0 Q7

1 1A o
+ §p(taxay){z/Qt 'Q:Q; 12}-
We have

pr(t,w,y) = _p(t7m7y> ( )/Q;lz
D2p(t,z,y) = p(t,x,y)S(t) Q7 22’ Qy 1 S(t) — plt, 2, y)S(t) Q7 'S(1),

and therefore

(S(t) ' S()z, Dapl(t.z,y)) = — p(t,z,y)(S(t)e) Q7 'z,
(S( ) 1) D2p(t £ y) (t)ith :p(tvxvy)Qt &z Qt Qt *p(t,l',y)Q;th,

and
S TH((S() ) D2p(t,2,1)S (1) Q1)
; (t.2,9)2'Qy ' QuQy 2 — %p(t 2, y)Tr(Qy ' Qy).
Now it is easy to see that equation (18) is satisfied. O

Let X7 denote the solution of equation (12) with an initial condition X§ = z.

Proposition 3.3. Suppose ®®’' > 0 and let f: R® — R be a Borel-measurable
function satisfying the condition

(19 [ e ay < o0

for some a > 0. Then there exists tg > 0 such that the function

(20) u(t, x) == Ef(XY)

is well defined, differentiable with respect to t for t € (0,tg), u(t,-) € C°(R™), and
that

ou(t, x)

(21) n

= (Az, Dyu(t,x)) + Tr(@@’C(t)Diu(t,x))
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holds for (t,x) € (0,tg) x R* where C(t) = f(f e~ A'sip(s)ds and (s) = H(2H —
1)|s|?2=2. If f is bounded and continuous, then

(22) flx) = tlirgl+u(t,x) Ve R

Proof. Let p(t,z,y) be given by (17), where we substitute S(t) = e and Q;
according to (15). Note that

S(t)7ES(t) = e At = A
and due to the symmetry of the covariance matrix we have
t pt )
Qi = / / eMPd eV ep(u — v) dudv
0 Jo

t u
= 2/ eA“/ ®P'e U1p(u — v) dv du,
0 0

. t !
(23) Q: = 2eAt(I><I>’/ eV (t —v) do,
0
(24) S(H)7rQy(S(t) L) = 20 / A0 (t — v) dv
0

t
= 2@@’/ =4 (u) du.
0
Therefore, we have

op(t, x,y)

(25) 5

= (Az, Dyp(t, 2, y)) + Tr(®P'C(t) D2p(t, ., y)).

Now we will prove that the function u(t,z) = [,. f(y)p(t,z,y) dy is differentiable.
We bound eigenvalues ); from above and from below to find an integrable majorant
to derivatives of p(¢, x,y). Matrices @); are positive definite for ¢ > 0, therefore there
exist orthonormal matrices U; and diagonal matrices A; > 0 such that Q: = U/A.Us.
If we denote the diagonal entries of the matrix A; by A;(t), then }gl(l) Ai(t) = 0 for

i€{1,...,n}. It follows that we can find ¢y > 0 such that
(26) 0<N\(t) < (da)™" for 0<t<tg, i€{l,...,n}.

The function det Q; is continuous, positive and so for every t; € (0,to)
n

(27) inf det@;=: inf Ai(t) =:01 >0

t1<t<to t1<t<to - 1
1=

73



and for t € (¢1,%9) and for all ¢
~1
/\1(t) >0 (H )\J(t)) > 51(4a)"_1 =:6>0.
J#i

n
Therefore |Q; ' = 3 A\i(t)~2 < nd~? and we can estimate the normalizing constant
i=1

in p(t,z,y) by (2n)""/?(det Q;) /% < (ZE)*"/251_1/2 for t > t1. Further we estimate
the exponent in p(t,z,y). Let |z| < k for some constant k. Then for 0 < ¢ < ¢

(28) — (e~ ) QM —y) = — L (eMe —y) VA UM — )

=N

D) (UteAta: — Uty)/A;l (UteAtx — Uty)

< 4a(Ue™) Uy — 2a(Upy) Usy
< 4a|UPPelz] |y| — 2aly|?

< danelkly| — 2ay[?
2nk elAlto

|y

for |y| > yo, yo sufficiently large. If we take J = (¢1,%9) x Bi(0) (Bx(0) is the open
ball with center 0 and radius k), then we have

- 2alyl2<1 - ) < —aly?

Af ()p(t,z,y) ’ y ’ " f(y)p(t, x,y)
ot 895?8:65—

VyeR", V(t,z)eJ, i,je€{l,...,n}, k,1€{0,1}

(30) < K|f(y)leolv?

where K is a constant independent of ¢ and z. Our statement follows from (25) and
the theorem about differentiation of an integral with respect to a parameter.

If the function f is bounded and continuous then for almost all w we have
f(XF#(w)) — f(z) < oo for all  and the equation (22) follows from the dominated
convergence theorem. |

Corollary 3.4. If ®®’ > 0, f: R™ — R is a Borel-measurable function and there
exists b > 0 such that

+oo
(31) / F@)le™¥ dy < oo

— 00
then the statement of Proposition 3.4 is valid for all ty > 0.
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Proof. For arbitrary ¢ > 0 we have sup \;(t) < co. Therefore we can find
te(0,t0)
a > 0 which satisfies (26) and also (19) because

“+oo —+o0
/ |f(y)|€7a‘y‘2 dy — / efa|y|2+b|y||f(y)|efb\y‘ dy < 00

— 00 — 00

for every a > 0. O

4. LIMIT MEASURE FOR THE SOLUTION OF THE EQUATION

In this section we are interested in weak and strong convergence of the probability
laws of the solutions to the equation (12). In the case when the matrix A is negatively
definite there exists a limit measure in the weak sense. Let N, (a,Q) denote the
n-dimensional Gaussian distribution with mean a and a covariance matrix @) and let
uf denote the distribution of the solution X to the equation (12) with an initial
condition X§ = x.

Proposition 4.1. If A is negatively definite then the matrix
Qoo = / / PP e Vo) (u — v) du dv
o Jo
is well defined and for i := N (0, Q) we have
tlim Uy = floo, wW*-weakly

for every x.

Proof. If A is negatively definite then there exist constants M, w > 0 such that
le| < Me™', t>0.

We define a random process Z(t) by

/ e ® dBH (u)
0
Q:), where @, is the covariance matrix from

which has the distribution p; = N(0,
(Z(t), t > 0) converge in L2(; R") for t — oc.

Proposition 3.2. Now we show that

75



Let ¢ > s > 1. There exist constants (all of them are denoted by the same K) such
that

2

E|Z(t) — Z(s)|>=E /t e ® dBH (u)

S

t pt
= Tr/ / AP A ) (u — v) dudo

t
Au Ay _
< /S/S|e D[ e ®|(u — v) dudv

< K/OO/OO e e "Y(u —v)dudv

=2K /00/11 e e Y (u — v)dudv
K/ / u)*1 =2 du do
K/ Twuy2H = 1/ (1—w)* 2 dudv
K/ —wv 2H-1 3,

The last integral on the right-hand side converges to 0 for s — co. Therefore every

sequence Z(t), t — oo is Cauchy sequence in L?(); R") and hence there exists a
random vector Z(oo) such that Z(t) — Z(o0o) in L?(Q2). The probability law of Z(co)
is foo = N(0,Qw0), because Q; — Qoo. For x € R™ and ¢: R — R a bounded and
lipschitz continuous function we have

t/nwdﬂfufnwdum|!Ew@A%:%Z@»axZ«m»|

ko (|| + E|Z(t) — Z(c0)])

<
< ko(Mlzle™" + E|Z(t) — Z(c0))!/?)

where £, is the Lipschitz constant of ¢. Our assertion easily follows. O

In what follows we consider the metric of total variation ||P1 — Pal|var
sup |P1(B) — Py(B)| as the “distance” between two probability measures P; and
BeB

P, on B = B(R™). If these measures are absolutely continuous with respect to the
Lebesgue measure with densities f; and fo we have

(32) 1P = Pl =5 | 1£1(a) = fala)| .

76



Suppose moreover that A = A’ and ®®’A = APP’. Then there exists an or-
thonormal basis (e;) and numbers —a, < —ap—1 < ... < —ag < 0 and 0 < A; such
that
(33) Aei = —Que; and CDCI)’ei = )\iei

(see [9]). In this case the eigenvalues of Q; are

t t
(34) ai(t) =N / / e ite ™y — v) du dv
0 Jo

)\_ ta; tag
ST / / e e Y(u —v)dudv
i Jo Jo

«

and the eigenvalues of Q) are

Q;

(35) %= —55 / / e e “Y(u —v)dudv.
0o Jo
If we denote

Fly,z,t) = () 7"2(det Q) ? exp{—(z — y)'Q; *(z — »)}

for y,z € R", t € Ry U{co} then the measure u? has the density f(-,e*x,t) and
the measure (i, has the density f(-,0,00).

Proposition 4.2. If A and ®®’ satisfy the above conditions then
(36) 17 = poollvar < K (|| + e~ t>1,

for an arbitrary 0 < a < a1 and a constant K = K(H, a, \;).

Proof. The measures uf and o are absolutely continuous with respect to the
Lebesgue measure, therefore

1)t = pocliar = 5 [ 1£.6M0.) = £0.0.00)] dy
< /n|f(y,e"”w,t) — f(y,0,t)|dy
[ 150.0.0) - (et Q7! detQue) V273 0,50)] dy
4 [ 1ot @i det Q)2 (5,0, 00) — f(5,0,06)] dy.
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Due to the mean value theorem and to the Fubini theorem we can estimate the first
term on the right-hand side:

(38) . |f(y,eMa,t) — f(y.0,)| dy
_ / n /0 (D (g, wea 1), et du
:/n /1<Q HueAts — ), M) f (y, uetta, t) du
<1Q; ' |e? // uetz — y|f(y, uez,t) dy du.

At

dy

dy

Now we substitute z = ue“*x — y and use the Holder inequality, which yields

(39) Q 1||ef“a:|/ 12 (2,0,8) dz < |Q;]|Qe| |z
<10 1Quc [z e~

The second term on the right-hand side in (37) we estimate as follows:

(40) /n |f(y,0,t) - (det Q;l det Qoo)l/2f(y,0, oo)l dy
:/ (r" det Q4) 1/2exp{ qu y?}_exp{_zqily?}‘dy
' =1
. / %eXP{g(qi ula(®) - qf»yf}du
= (n" det @) 1/22/ ( )yze p{ Zq{lyf}
/exp{ UZ ()~ q; )y?}dudy
1(t) n -1/2 2
gie{nll,é.%.)-(,n}{ 4iqi(t) }(“ det Q) /IR ly] exp{ Zqz }

_ qi (%) o 12
{m}{ 4:ai (D) }<detQt Qo0)"/? Qo]

- ¢ — (1) o 1/2
<32t (et 0710 2l

i=1

= (n" det Qt)*lﬂ/ dy

because 0 < ¢(1) < ¢;(t) for all ¢ and for all ¢ > 1. Let o < v, then there exist
constants k; (their values may differ from line to line) depending only on H, \;, o
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and « such that
(41) —qi(t) =k h ‘“’“/ e %y — v 2 dodu
¢
< ki /OO _O"“/ oy — 272 du du
¢
=k; /OO / ey H=2 |1 — /P2 dv du
¢
kZ/OO —ug2H - 1/Ooe*“”h)—1|2H72dvdu
to 0

kz/ —u 2H 1du— k / e—aiuu2H—1 du
t

— kle—ta/ —(al—a)uu2H—2 du < kie—ta
t

Now we can estimate the expression (40) by a negative exponential, because

n

"~ (g — ¢t ot ks
42) Z( qiqi(t) ) S Z ¢iqi(1)

i=1 i=1

For the third term in (37) we have

@3) [ (et detQu) 2 (3:0,50) ~ 1,0.50)] dy

H aqi(t) ™" — 1’-

= |(det Q; P det Quo)/? — 1| =

As we have

@ Va® T Vala+vam
¢ — qi(t) ¢ — qi(t)
S T ““Xp{ o) }

and 0 < ¢; — ¢;(t) — 0 for t — +o0 we get

(-1 _ ox —~q—q(t)| ¢ — qi(t)
11 Vaia(®) 1‘< p{;iqi(t) } 1<K127qi(t)

=1 i=1

(44)

for some constant K. Similarly to (42) there exists a constant K such that Ke™'*,
t > 1is a majorant for the right-hand side of (44). O
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Remark 4.3. In particular, if A and ® are diagonal, Proposition 4.2 may be

applied.
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