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Abstract. An equivalent model of nonsmooth equations for a constrained minimax prob-
lem is derived by using a KKT optimality condition. The Newton method is applied to
solving this system of nonsmooth equations. To perform the Newton method, the compu-
tation of an element of the b-differential for the corresponding function is developed.
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1. INTRODUCTION

Consider the nonlinear programming problem of the form

(P1) minimize  f(z)
subject to g;(x) <0, i=1,...,m,
hj(x)=0, j=1,...,1
where f,g;,h;: R = R, ¢ =1,...,m, j =1,...,[, are continuously differentiable.

Under some constraint conditions, the problem (P;) is equivalent to the following
Karush-Kuhn-Tucker (KKT) system:

m

Vi(x)+ zzlulVgl(x) + évthj(:r) =0,

(1.1) uigi(z) =0, i=1,...,m, hjlx)=0, j=1,...,1
w; 20, gi(x) <0, i=1,...,m.

* This work has been supported by Shanghai Education Committee (04EA01).
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The system (1.1) could be transformed into nonsmooth equations of the form

Vix)+ f: u;Vgi(z) + é:l v;Vhji(z) =0,

=1 7
(1.2) min{u;,—g;(z)} =0, i=1,...,m,
hi(x) =0, j=1,...,L

Many publications dealt with the system (1.2) to solve the problem (P;), see for
instance [4], [11]-[15].

Nevertheless, no papers which would apply directly the nonsmooth equations
methods to solving minimax problems have appeared. In this paper, we intend to ex-
plore a nonsmooth equations method for solving the constrained minimax problem,
see the problem (P2) below. The paper is organized as follows: In the remainder of
this section, some preliminaries are reviewed. In the next section, the nonsmooth
equations model of the minimax problem is derived. In Section 3, the method for
solving our system of nonsmooth equations is developed. In Section 4, numerical
examples are listed.

Let F: R® — R™ be locally Lipschitzian and let Dg denote the set where F' is
differentiable. By the definition in [12],

OpF(z) = { lim JF(z,) |z, — &, x, € Dp},
where “J” denotes the Jacobian, is called the B-differential of F' at x. According
to [1],
Oc1F(z) = conv OpF ()

is called the Clarke generalized Jacobian of F' at x; in particular, in the case m =1,
Oc1F(x) reduces to the Clarke generalized gradient. Following [15],

6bF(:17) = 8Bf1(117) X ... X anm(x),

where f;(z) is the ith component of F(x), is called the b-differential of F' at x;
particularly, if m =1, 0, F(x) = OpF(x).

Following the definition in [14], a locally Lipschitzian function F': R® — R™ is
said to be semismooth at x provided that

lim Vi
VEdc F(z+th')
h'—h,t—0t

exists for any h € R™. Convex functions, smooth functions, maximums of smooth
functions and piecewise C'! functions are semismooth. It was shown that a function F
from R™ to R™ is semismooth if and only if all its components are semismooth.
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According to the definition in [3], f: R™ — R is said to be quasidifferentiable at a
point € R™, in the sense of Demyanov and Rubinov, if it is directionally differen-
tiable at  and its directional derivative f’(x;-) is representable as the difference of
two sublinear functions. In other words, there exists a pair of convex compact sets
Of(x),0f(x) C R* such that

fl(z;d) = max vTd+ min w'd, VdeR".
vedf(z) wedf(z)
The pair of sets Df(z) = [0f(z), df ()] is called the quasidifferential of f at x, df ()
and Of(z) are called the subdifferential and the superdifferential, respectively.
Let U be a convex compact set in R". The support function Py of U is defined
by Py(z) = max ulz.

Given ¢;: R® — R, 7 € I, where [ is a finite index set, we denote

(1.3) 9(x) = max (),
(1.4) hx) = min (o),

(15) I@) = {i € | ¥u() = g(@)},
(1.6) T(w) = {i € 1| 4s(x) = h(x)}.

If ¢;, i € I are continuously differentiable, then the Clarke generalized gradients of g
and of h, given in (1.3) and (1.4), are formulated as follows:

(1.7) Ocig(z) = conv{V;(x) | i € I(z)},
(1.8) dcrh(z) = conv{V;(z) | i € I(x)}.
Suppose that each 1; is quasidifferentiable with the quasidifferential [0t (z), 0v; ()]

Then both g and h, given in (1.3) and (1.4), respectively, are again quasidifferentiable
and their quasidifferentials [0g(x), dg(z)] and [Oh(z), Oh(z)] have the form

(1.9) dg(x) = conv U (ka(ac)— Z gwi(x)),

i€l(x),i#£k

(1.10) do(x)= Y Bun().

kel(x)
(1.11) oh(x) = Y On(w),
kel(x)
(1.12) Oh(z) = conv | (5@(@ > Qz/;i(x)>.
kel(x) icl(x),i#k
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2. THE MODEL OF NONSMOOTH EQUATIONS
Consider the constrained minimax problem of the form
p .
(P2) minimize  max. fi(z)
subject to  g;(x) <0, j=1,...,p,
hp(x) =0, k=1,...,q

where f;,g5,h1: R" = R, i=1,...,m,j=1,...,p, k =1,...,q are continuously
differentiable.

We know that the Karush-Kuhn-Tucker (KKT) optimality condition for (P2) has
the form [1], [2]

q
0¢ 801( max filz Jr ZUJVQJ x) + Zkahk(:r),

1<ism

k=1
(2.1) vigi(z) =0, j:L...,p7
hp(x) =0, k=1,...,q,
v; 20, gj(z)<0, j=1,...,p.
Under some constraint qualifications, for instance f;,7 =1,...,mandg;,7=1,...,p
are convex, hi, k = 1,...,q are affine [1], [7], the problem (P3) is equivalent to

the system (2.1). Actually, most existing algorithms for solving the problem (Ps)
generate a KKT point, i.e., a point satisfying (2.1). They are not ensured to generate
a minimizer. According to [1], [3], we have

a01( max. fz( ) = conv{V fi(z) | fi(x) = max f(x)}

1<s<m
{ZUZVfZ |uz( Inagxmfs( x) — fl(:r)) =0, ;uizl, uikO}.

Thus (2.1) is equivalent to the system

q
ZmeZ + Zvﬁgj )+ > wiVhi(z) =0,

k=1
ui(lglsixmfs() fi(x)):(), i=1,...,m,
(2.2) Zui:la u; =20, i=1,...,m,
i=1
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We now consider a constraint qualification at a point x denoted by (CQ): The

following nonlinear system has no non-zero solutions:

P

> vVgi(@) + Y wpVhi(z) =0,

j=1 k=1

vigj(x) =0, j=1,...,p,

hp(x) =0, k=1,...,q,

v; 20, gj(x)=0, mj=1,...,p

Under the constraint qualification (CQ), it is easy to see that (2.2) is equivalent to

the system

(2.3)

q
Zuzw’l + Zvng] z)+ > wiVhi(z) =0,
P

uZ(KInsames( x) — fl(x)) =0, i=1,...,m,
ngj( ):05 j:17"'7p7
hp(x) =0, k=1,...,q,

ui>O, ’L'Zl,...7

On the other hand, (2.3) can be rewritten by

because 0 <

ZUZsz + ZUJVgJ x) + Z ’kahk(x) =0

k=1
mm{ui,lrgnsag)ilfs( x)— fi(x)} =0, i=1,...,m,
min{v‘]7igj(x)}:07 j:17"'7p’
hp(z) =0, k=1,...,q,

 max fs(x) = fi(z) fori=1,...,m.

m, v; 20, gjx)<0, mj=1,...

) D-

Evidently, the corresponding function of the system (2.4) is Lipschitzian and semis-

mooth. Therefore, many existing methods for solving nonsmooth equations can be

applied to this system. In this paper, we will apply a Newton method to solving

the system (2.4).

Of course, the problem (P2) can be transformed into the follow-

ing equivalent nonlinear programming problem by means of introducing an auxiliary

variable:

(P3)

minimize z

subject to  fi(z) —2<0, i=1,...,m,
gj(x)<0 j:l’ 7p7
hk(,r) 0, k=1, ,q
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Some nonlinear optimization methods (for instance the SQP method) can be applied
to (P3). In this paper we are interested in nonsmooth equations methods for the
minimax problem. It should be said that the system of nonsmooth equations, trans-
formed from the Karush-Kuhn-Tucker system of the problem (P3), has m+n+p+q+1
equations and variables, whereas the system (2.4) has m + n + p 4+ ¢ equations and
variables.

3. SOLVING THE NONSMOOTH EQUATIONS

This section is devoted to solving the system (2.4) by using the Newton method
proposed by Sun and Han [15]. We start with considering the nonsmooth equations

(3.1) F(z) =0,

where F': R™ — R" is locally Lipschitzian. Newton methods for solving the non-
smooth equations (3.1) are given as follows:

(3.2) AL A A ()

where V) can be taken as an element of various subdifferentials of F at z* [6],
[12], [14], [15]. In [15], V} is an element of the b-differential. Locally superlinear
convergence of these Newton methods was shown when F' is semismooth and all
elements of the corresponding subdifferentials are nonsingular at the solution x*. Of
course, all Newton methods, given in (3.2), work on the assumption that at least one
element for their corresponding subdifferentials of F' at each iteration point can be
calculated.

To perform the Newton method in [15] for solving the nonsmooth equations (2.4),
an element of the b-differential for the function on the left-hand side of (2.4), in
other words, an element of the B-differential for each component of this function is
required. On the left-hand side of (2.4) we have to do with two nonsmooth functions.
For the computation of the b-differential of the first one, the quasidifferential calculus
will be used. We know that an element of the B-differential for the other function
can be computed in a direct way.

Let

(3.3) H(x) = min{gﬁ(:zz), max ¢Z(I)},

where p,%;: R — R, i € I are continuously differentiable and [ is a finite index set.
We employ the notation g(z) and I(x) introduced by (1.3) and (1.5), respectively.
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Evidently, H is quasidifferentiable. Based on the quasidifferential calculus, we obtain
that

9g(x) = conv{Vpi(z) | i € I(x)}, Dg(x) = {0},
dp(x) = {0}, dp(z) ={Ve(x)}.

Using formulas (1.11) and (1.12), one has

(34) 0H(x) = dg(x) + dp(a)
= conv{Vui(a) i € 1)} if pla) = maxiii(a),

(3.5) OH(x) = conv[(dg(w) — dp(x)) U (Dp(x) — g(x))]
= conv[{0} U conv{Vp(z) — Vi;(z) | i € I(x)}]
= conv{0, Vo(z) — Vy;(z) | i € I(x)} if p(x) = max ¥i(z).

Early results on the relation between the Clarke generalized gradient and the
quasidifferential were obtained by [2], [9]. In this paper we apply the results of [5].
In what follows, we review the notion of the Demyanov difference of convex compact
sets, due to [3], which can be used to calculate the Clarke generalized gradient via
the quasidifferential for a certain class of functions.

A set T C R" is said to be of full measure (with respect to R™), if the Lebesgue
measure of the set R \ 7T is zero. Let U,V C R"™ be convex compact sets and T C R"
a full measure set such that their support functions Py and Py are differentiable at
every point x € T. The set U~V is defined by

(3.6) U~V =clconv{VPy(z) — VPy(x) | x € T}.

We call U=V the Demyanov difference of U and V. It has been shown that U~V
does not depend on the specific choice of the set T, so it is well-defined.

Let f be quasidifferentiable. Given a fixed point x € R™, the function f'(x;-) is
locally Lipschitzian. The following relation holds:

(3.7) dorf'(x;9)|y=0 = Of (x)~(=0f (z))

and if both [Uy, V1] and [Us, V] are quasidifferentials of f at z, then Uy —(—V7) =
Us—(—Va). That is to say, the set 9f(z)-(—9f(x)) is independent of the specific
choice of the quasidifferential.

By the definition in [10], f: R® — R™ is said to be piecewise C* on an open set
S C R", where k is a positive integer, if there exists a finite family of C* functions
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fi: S — R™ fori=1,...,1, called the C* pieces of f, such that f is continuous on S
and for every x € S, f(z) = fi(x) for at least one index ¢ € {1,...,1}. The family of
piecewise C* functions is denoted by PC*. By [10] the following relation holds:

(38) an’(:E; y)|y:0 - an(fL'), vVfe PC*.

Combining (3.7) and (3.8) with the relation between the B-differential and the Clarke
generalized gradient yields

(3.9) Of (x)~(=9f(x)) C deuf(x), ¥ [fePC.

(3.9) enables us to compute some elements of the Clarke generalized gradient via the
quasidifferential for a PC' function.

Obviously, H defined by (3.3) is a PC! function.

The next proposition gives us a formula of the Demyanov difference for a pair of
polyhedrons.

Proposition 3.1 [5]. Let U = conv{u; | i € I} and V = conv{v; | j € J}, where
u;,v; € R*, I and J are finite index sets. Without loss of generality, suppose that
Ug # U, Vs, t € I, s #t and vg # v,V s,t € J, s # t. Given a pair of indices i € I
and j € J, define a system of linear inequalities (L;;) as follows:

(Lij,) (us —u))Ty <0, Vsel\{i}
(vy —v))Ty <0, Vte J\{j}

where y € R™. We then have

U~V = conv{u; —v; | (L;;) is consistent, i € I, j € J}.

The system (L;;) has card(I)+card(J)—2 linear inequalities, where “card” denotes
cardinality.

In the light of Proposition 3.1, we investigate the Clarke generalized gradient of
the function H at a point T satisfying o(T) = max 1;(T) in the next theorem.
1€
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Theorem 3.1. Let H be defined by (3.3) and T € R™ with ¢(T) = max i (T).
1€

Given an index i € I(T), we construct two systems of linear inequalities as follows:

(3.10) { (Vs Ef) - vw@)% <0, Vsel®)\{i},
(Vo(@) — V(@) Ty < 0
and
(3.11) { (Vibs (T) — Vb (@) Ty < 0, Vs e I(T)\ {i},
' (Vi(@) — V(@) Ty < 0

where y € R™. Then V(T) € dc1H () if (3.10) is consistent and V;(T) € dc1 H (T)
if (3.11) is consistent.

Proof. Suppose (3.10) is consistent. According to (3.5), one has
—0H (%) = conv{0, Vi, (T) — Vo(T) | i € I(T)}.
Obviously, (3.10) can be rewritten as
(Vs(T) — Vo (2) Ty <0, Vsel(@))\ {i},
(3.12) [(Vh5(T) = V(@) — (Vi(T) — Vo(T))]"y <0, Vs elI@)\{i},
[0 — (Vhi(T) — V()] Ty < 0.

Notice that both 9H (%) and —0H (T) are convex hulls of finitely many points. By
virtue of Proposition 3.1, the consistency of (3.12) implies

Vi(T) = (Vi(T) = Vo(T)) = Vo(T) € OH (7)~(-0H (T)).

From (3.9) and H € PC!, it follows that Vo (Z) € dc1H (T).
Suppose that (3.11) is consistent. It is not hard to see that (3.11) is equivalent to
the system

(313) { (Vips(T) — Vs () Ty <0, VselI(@))\{i},

(Vips(T) — V(@) Ty <0, VselI(T).
Moreover, (3.13) can be rewritten as

{ (Vs (T) — V(7)) Ty < 0, VseI®)\{i},
[(Vips(T)) — Vo(T)) — 0]Ty <0, VseI(T).

Similarly to the above argument, it can be obtained that V() = Vi;(T) — VO €
Oc1H (Z). This completes the proof of the theorem. O
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Let S be a closed convex set in R™. By the definition in [7], we say « € S is an

k

extreme point, if there exists no convex combination z = > \;z;, where z; € S,
i=1

k

> A =1, >0, other than 21 = ... =z, = z.

i=1

Proposition 3.2. Let S = conv{a; | i € I}, a; € R, and let I be a finite index
set. Without loss of generality, suppose as # as, Vs,t € I,s # t. Given an index
i € 1, a; is an extreme point of S if and only if the following system is consistent:

(3.14) (ar, —a))Ty <0, yeR", Vkel\{i}

Proof. Suppose that the system (3.14) is consistent. Let § € R™ be a solution
of (3.14). Any xz € S, x # a;, can be expressed as x = > Apag, Y. A\p =1, A =0,
kel kel
with at least one index k € T\ {i} satisfying A\; # 0. This leads to

(3.15) Ty = Z \eaiy < Z \ealy = aly.
kel kel

m

Suppose a; is expressed as a convex combination, i.e., a; = lsTs, Where T4 € S,
s=1

m m

21 ps = 1, ps > 0. It follows that aly = 21 pszly. This yields x5 = a; since

S= 5=

(3.15) implies 277 < aly whenever x, # a;. By definition, a; is an extreme point of
the set S.
Conversely, suppose a; is an extreme point of S. Then a; & conv{ay | k € I'\{i}},

otherwise a; = > Agax, Y. Mg =1, \x > 0, which contradicts the fact that
keI\{i} keI\{i}
a; is an extreme point. Applying the separation theorem (see [7]) to sets {a;} and

conv{as | s € I'\ {i}}, we obtain that there exists y; € R™ such that
max{u’y; | u € conv{a, | s € I\ {i}}} < aly.

Moreover,

(as — ai)Tyl <0, Vsel\({i},

i.e., (3.14) is consistent. We have thus completed the proof of the proposition. O

124



Corollary 3.1. Let S be given as in Proposition 3.2. Suppose that an indexi € I

satisfies
lai]l = max [[al],
sel
where || - || refers to the Euclidean norm. Then a; is an extreme point of the set S.
Proof. It is easy to see that
(3.16) (as —ai)Ta; <0, Vsel\{i},

which is to say the system (3.14) is consistent. By virtue of Proposition 3.2, a; is an
extreme point of the set S. O

Proposition 3.3. Let f: R® — R be locally Lipschitzian. If u is an extreme
point of Ocy f(x), then u € Op f(x).

Proof. From the relation between the Clarke generalized gradient and the
B-differential, it follows that u can be expressed as a convex combination u =

k

> Aiui, where u; € Opf(x) C daf(x) Z Xi = 1, \; > 0. The definition of
i=1

extreme point implies u; = ... = ug = u. Therefore u € Opf(x). O

The following theorem is devoted to the B-differential of the function
mln{uiv 12235571 fS (LL') - fl(w)}a

which appears on the left-hand side of (2.4). We hereafter take (u,v,w,z) €
R™+n+P+d a5 the variable, denote by e; the unit vector in R™ whose ith component
is 1, and by 0s null vector in R*.

Theorem 3.2. Let x be a point in R" and u; a point in R satisfying

u; = max fs(z) — fi(x).

1<s<m

Then (e] 0%, ,,,)" belongs to the B-differential of the function

min{ui,lrgnag( fs(@) = fi(z)}.

s<m

Let
={ke{l,...,m}| fu(z) = max. fs(@)},
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and let the index ig € I1(z) be such that

(3.17) Vi@l = max [9£.()].

Then (0%, 1.,V fio ()" =V fi(x)")T is contained in the B-differential of the function
min{u;,  max fs(x) — fi(z)}.

Proof. Let

Fi(u,v,w,z) = min{u; + fi(z), , max. fs(@)}.

Noting that
min{uiv 12235(”” fs(l') - fl(w)} = Fi(U,'U,’U}, (E) - fi(x)v
one has
OB (min{ui, max fs(x) — fl(x)}) = 0pF;(u,v,w,x) — (Ofﬁmq, Vfi(x)T)T.

Hence, it is sufficient to show that (el,07, .,V fi(z)")" and (0F ., Vfi,(x)")"
are contained in the B-differential of the function F; at (u v,w,z). Let y1 =
(0Fsprgr Viig(2)™)T. We know that V(u; + fi(x)) = (ef,05,,,Vfi(z)")" and
Vfs(x) = (051> Vs(@)™)T. By virtue of (3.16 ) and (3.17), we have

(Ot ptqr VIs(@)T) = (07,4 py g0 Viio (@) )]n

= (Vfs(x) = Vi (2))TV fin(x) <0, Vs e Li(z)\ {io}
(el 001, Vi()T) = (0F 4 piqr Viio ()70

= (Vfi(x) = Vi, (2))TV fiy (x) < 0.

From Theorem 3.1, in particular (3.10), it follows that (], 07, ., V fi(x)")" = V(u;+

fi(x)) € dc1Fi(u,v,w,x). On the other hand, notice that y = (ef,0L, )7 is a

(3.18)

solution of the system

[(Opupgs Vs (@)T) = (e, 034, Vil@) )Ty <0, Vs € L) \ {i}.

Based on Proposition 3.2, this yields the assertion that (e] p+q, Vfi(x)T)T is an ex-
treme point of the set conv{(el,07, .,V fi(2)")T, (0} 11> VIs(@)T)T | s € Ii(x)}.
By the calculus of the Clarke generalized gradient, we obtain

(3.19) Oa1Fi(u,v,w,x)
< conv{(ej’, 0y g, Vi) "), (054 g VIs(@)) |5 € Ii(2)}.
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Hence, (eiT,O;ﬂ,Vfi(x)T)T is also an extreme point of the set dc1 F;(u, v, w, x).

By virtue of Proposition 3.3, (el O£+q, Vi)t € 0pFi(u,v,w, ).

Let yo = (Me] 0L,V fi,(z)")" and let M be a large number such that

(3.20) { (Ot s VIs(@)T) = (0f s Vi io(@)T)]Ty2 <0, Vs € Li(x) \ {io}
. [(Ozﬁpﬂ’ V fiy (x)T) - (eiTvOgﬂz? Vfi(I)T]T?h < 0.

According to Theorem 3.1, in particular (3.11), one has that (07,

m—+p+q? vflo (‘T)T)T €
da1Fi(u, v, w, z). Notice that y = (0], ., Vfi,(x)")T is a solution of the system

(3 21) { [(Oﬁ-i-p-‘rq’ va(I)T) - (Oﬁ-i-p-‘rq’ vfio (x)T)]Ty < 0, Vse 11(:17) \ {’Lo}
. [(elT, 05—1—«1’ Vfi(x)T) - (Oﬁ-i-p-&-q’ vfio (CC)T)]y < 0.

From (3.19), (3.21), Proposition 3.3 and (07, ,,,,, V.fi,(z)")" € dc1F;(u,v,w,z), it
follows that (07,4, Vfi,(z)")" € OpF;(u,v,w,x). This completes the proof of the
theorem. 0

Theorem 3.2 enables us to obtain two elements of the B-differential (e!’, 07 ot q)T
and (0% .. V/io(2)" — Vfi(x)")T, where i satisfies (3.17) for the function
min{u;,  max fs(x) — fi(z)} at the point z when u; =  max, fs(x) = fi(z). Evi-

dently, these two elements can be calculated. In particular, it should be mentioned

that (07,414, Vi ()T =V fi(2)T)" can be calculated by determining the maximum
of |[Vfi(z)]| fori=1,...,m.
Evidently, min{u;,  max fs(x) — fi(x)} is differentiable and (], 07, ,, )7 is its

gradient in the case u; <  ax fs(x) — fi(z). If u; >  max fs(x) — fi(z), then

IsSsm

(3.22) OB (min{ui,lrgnsagx fs(@) — fi(x)}) = 0( max fi(z) — fi(z)).

m 1<s<m

It is easy to see that (07, ,,,, Vfi,(z)" — Vfi(x)")", where iq satisfies (3.17), is

an element of the set on the right-hand side of (3.22), so it is an element of the
B-differential of the function min{u;, max fs(@)—fi(x)} ifu; >  nax fs(x)—fi(z).

To sum up, we give a formula for the element of the B-differential for the function
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min{u;, max fs(z) — fi(x)} as follows:

T AT
(€3 Ongpiq

(Oﬁ—kp-&-q’ V fio (x)T - Vfi (x)T)T

(if u; =  max fs(@) — fi(x))

)T

)

(323) (e,z'T? OZ—i—p-&-q

(if u; < max fs(z) — fi(x))

1<s<m
(077;1+p+q7 vflo (I’)T - vfl (I’)T)T
(fwi > max f,(@) — fi(2)

)" € Opmin{u;, max fy(z) ~ fi(x)},

1<s<m

where ig satisfies (3.17). From (3.23), it is seen that computing an element of the
B-differential for the function min{u;,  max fs(z) — fi(z)} can be performed by

finding an index ig in (3.17). This work is very cheap. By [15], elements of the
B-differential of the function min{v;, —g;(z)} are determined by

T T 0T
(Om’ €j ’Oq-‘rn
(if v; < —g;(z))
(Ofm+p+q7 7ng (I)T)T
(if v; > —g;(x))
(Ofw e?’ Og+n)T’ (0177;+p+q’ _VQj (*T)T)T

(if v = —g;(2))

Finally, each function hj and the first component of the function on the left-hand side

)T

€ 9p(min{vj, —g;(x)}).

of (2.4) are continuously differentiable. So, their B-differentials are the gradients.
Up to now, we can calculate an element of the B-differential for each component
of the function on the left-hand side of (2.4) at a point. That is, an element of
the b-differential of this function at a point can be calculated. Hence, the Newton
method from [15] for solving the nonsmooth equations (2.4) can be applied.

4. NUMERICAL EXAMPLES

In this section, we present the result of a numerical test for four examples which
come from [16]. A comparison between our nonsmooth equations (NE) method and
the SQP method is given. They are implemented in Fortran with single precision on
a microcomputer. The termination accuracy is fixed at e < 10720,

128



Example 1. Let fi(z) = =221 + 323, fo(z) = 21, f3(x) = 21 — 23, hi(z) =
x1 — 3. The solution is 2* = (0,0), f* = 0. The initial points for the SQP method
are (a) zo = (—1,3), (b) o = (5, —2), (¢) o = (10, —50). Applying our nonsmooth
equations method, Example 1 is transformed to a system of nonsmooth equations
with 7 variables. The solution is (z*, u* ,v*)=(0,0,0,1,0,0,2). The initial points are
given as (a) (xo,ug,v0) = (—1,3,9, 1 3 3, 3,O) (b) (xo,uo,v0) = (5,—-2,12, §, §, é,O)

(c) (xo,uo,vo) = (10, —50, 7000,§,3,3,0)

Example 2. Let fi(z) = —21+10(23+23 1), fa(z) = —22 -1, f3(2) = 232,
hi(x) = 2% + 2% — 1. The solution is z* = (1,0), f* = —1. The initial points for the
SQP method are given by (a) zo = (—1,1), (b) xo = (5, —2), (¢) zo = (10, —50). Us-
ing the nonsmooth equations method, Example 2 is transformed to a system of non-
smooth equations with 7 variables, the solution is (z*, u*, v*)* = (1 0,-1,1,0,0,9.5).

The initial points are given as (a) (zo, ug,vo) = (—1,1, 11 £.%.2,9.5), (b) (o, uo,
vg) = (0.8,0.6,—1, %, %, %,0), (c) (zo,u0,v0) = (8,6,80,3,3,3,0).

Example 3. Let fi(z) = 10(z2 — 32%), fo(z) = —fi(2), fa3(z) = 1 — 21,
fa(z) = —f3(z), g1(x) = 100(z} + 22 — 101), go(z) = 80(a} — 25 — 79). The

solution is z* = (1.0,1.0), f* = 0. The initial points for the SQP method are
given by (a) zg = (—1.2,1.0), (b) 2o = (2,—20). Applying the nonsmooth equa-
tions method, Example 3 is reformulated as a system of nonsmooth equations with
9 variables, whose solution is (z*,u*,v*) = (1.0, 1.0,0,0,0,0.5,0.5,0,0). The initial
points are given as (a) (zo,uo,v0) = (—1.2,1.0,4.4,%,1,1,1,0,0), (b) (20, uo,v0) =
(2,-20,0,0,0,1,0,0,0).

Example 4. Let fi(z) = (23 + 23 + 223 + 25 — 5y — bag — 21lag + Tay),
f2(2) = fi(@) +10g1(2), fs(x) = fi(x) + 10g2(2), fa(z) = fi(z) + 10g5(x), g1(z) =
(#3423 + 23+ 23+ 21— 2o+ 23— 24 —8), g2(2) = (23 + 223 + 23 + 227 — 21 — 24 — 10),
g3(z) = (22 + 23 + 2% + 221 — 29 — 24 — 5). The solution is z* = (0,1,2,—1), f* =
—44. The initial points are (a) 2o = (0,1,1,0). Applying the proposed nonsmooth
equations method, Example 4 can be changed to a system of nonsmooth equations

with 12 variables, the solution is z* = (0,1,2,—1,—44,0.7,0.1,0,0.2,0,0,0). The
initial points are given by (a) xo = (0,1,1,0, —27, i, 1,1,2,0,0,0).

Tab. 1 is a comparison of the iterations of the examples applying the SQP method
from [16] and the nonsmooth equations (NE) method proposed in this paper.

iterations | El(a) | E1(b) | E1l(c) |E2(a) | E2(b) | E2(c) | E3(a) | E3(b) | E4(a)
SQP 13 10 15 11 8 - 6 - 10
NE 3 3 6 16 8 8 3 2 10

Table 1. Results for Examples 1-4.
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From Tab. 1 we observe that the NE method practically converges after much less
iterations than the SQP method. However, its shortcoming is that we cannot ensure

convergence theoretically. Now proving its convergence is underway.
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