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Abstract. For convection-diffusion problems with exponential layers, optimal error esti-
mates for linear finite elements on Shishkin-type meshes are known. We present the first
optimal convergence result in an energy norm for a Bakhvalov-type mesh.
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1. INTRODUCTION
Let us consider the boundary value problem
(1.1) Lu = —eu” — b(z)u' + c(x)u = f(x) in (0,1), u(0) =u(l) =0
under the conditions 0 < ¢ < 1 and
(1.2) bz) > B with 8>1, c+ 30 >~v>0.

The latter condition ensures that the bilinear form in the variational formulation of
the given problem is coercive. Assuming b, ¢ and f to be sufficiently smooth, the
boundary value problem has a unique solution with a boundary layer at x = 0.

We discretize the problem with linear conforming finite elements and are interested
N

a priori to construct such meshes that for the finite element approximation u*' using

N subintervals for the mesh we can prove

(1.3) lu —uN|. < ON"1g(N).

63



Here, C is a constant independent of ¢ and || - || denotes the e-weighted H!-norm:
o2 = elvlf + |vlz.

We call the method almost optimal uniformly convergent with respect to the || - || -
norm if g(N) = o(N™) for every m > 0. In the case g = O(1) we have an optimal
method.

In 1997 Stynes and O’Riordan [8] proved for a Shishkin mesh (see Section 2) the
almost optimal estimate

(1.4) |lu—uN||. <CN"'InN.

Two years later the class of S-type meshes (see Section 2) was introduced in [5]. For
that class one has

(1.5) lu—uN|. < ON~!max|¢/|.

For some well-known meshes, the mesh characterizing function ¥ has the desired
property max |¢'| < C leading to optimal error estimates.

In a survey paper on layer adapted meshes Linss [2] stated recently: “We are not
aware of any uniform convergence results for the Galerkin method on Bakhvalov-
type meshes.” Further, in the recent book [7] the authors announce an optimal error
estimate for a B-mesh, but the proof is incomplete. The aim of this paper is to prove
an optimal uniform convergence result on a Bachvalov-type mesh. Surprisingly, our
proof uses ingredients never used so far in similar proofs for singularly perturbed
problems, the so-called quasi-interpolants. In fact our efforts to work with standard
interpolants were not successful.

A remark that although we work in 1D, it should be possible to generalize the
results to 2D-problems with exponential layers on tensor-product meshes of the type
considered here. But our use of quasi-interpolants requires a more sophisticated
study as usual.

2. LAYER-ADAPTED MESHES AND THE ANALYSIS FOR
AN S-MESH OF STYNES AND O’RIORDAN

Because a boundary layer of the type e=%/¢ is located at x = 0, we want to use
a fine mesh in the subinterval [0, A\] and a uniform mesh in [A, 1]. Therefore, we define
the following class of layer adapted meshes:

N\ wi . L 1
(2.1) 2 — {crscp(tl) with ¢; =i/N for i =0,1,...,5N,

1—(1—=zysp) 2(N—4)/N fori=iN+1,...,N.
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The mesh generating function ¢ is supposed to be monotone increasing and to satisfy
©(0) =0, ¢(3) = A/(oz). The mesh characterizing function mentioned in Section 1
is defined by ¢ = —In.

For the transition point of the fine to the rough part of the mesh we assume with

some parameter o
1

(2.2) Tyjp = A=oeln— (B-type mesh).
5

Then, exp(—xx/2/€) = €7 and the parameter o is chosen in such a way that 7 is as
small as we want.

Note that an S-type mesh is characterized by
Tnjp =0clnN, thus exp(—xy/2/e)=N"°.
We want to compare linear finite elements on a Shishkin-mesh, characterized by
(2.3) o(t) =2(In N)t

(that means, the mesh is equidistant in [0, A] as well as in [A, 1] with A = oeln N)
and on a Bakhvalov-type mesh with the transition point (2.2) and

(2.4) o(t) = —In[l1 — 2(1 — e)t].

We call the mesh Bakhvalov-type mesh, because in the original B-mesh the mesh
generating function is continuously differentiable and the transition point is only
implicitly given, but of the same order as in (2.2).

We shall assume throughout the paper that

e<CON™!

as is generally the case for discretizations of convection-dominated problems.

Next, we sketch the analysis of Stynes and O’Riordan for an S-mesh with o = 2
assuming that the reader knows interpolation error estimates for such meshes (see [2],
for instance). Let us introduce (v, w) for the Lo-scalar product and define the bilinear

form of the variational formulation:
a(v,w) :== e, w') + (bv,w') + ((c + b )v, w).

Further, we denote by ! the linear interpolant of v and introduce

n=ul —u, x=ul —u".
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N

Since u — u’Y = x — 1, we estimate x instead of u — u: With a = min(1,v) we

obtain

alxlI2 < alx, x) = aln, x) =’,x") + (bn, x) + ((c+ b )n, x).

To estimate the first and the third term we simply use the Cauchy-Schwarz inequality.
For the crucial convective term Stynes and O’Riordan use the following tricks:
(i) Apply the inverse inequality—the mesh is uniform—on [\, 1]:

|(b77a X/)(A,1)| < CN||77||0,(>\,1) ||X||0,(>\,1)-

This is sufficient, because ||][o,(x,1) < CN 2.
(ii) Apply an L, /L; estimate combined with the Cauchy-Schwarz inequality on
[0, AJ:

)\1/2
169, X 0.3 < Cllnllos, 0,3 Xl 2y < Cllnlloc, 0,3 XNl 7z

For a Shishkin mesh we have

_ /\1/2
[7llso,00) < C(N"'InN)?  and = O((In N)/?).

o1/2
But for a B-type mesh the application of (ii) yields the factor (In1/e)'/? in the
error estimate. Practically, it may not be important, but it is interesting from the
theoretical point of view: Is it possible to avoid this dependence on 7

3. A MODIFICATION OF THE PROOF AND A NEGATIVE RESULT

It is well known [2] that the solution of problem (1.1) can be decomposed into
a smooth part S and a layer part E with « = S 4+ F and (for every given positive
integer 1)

(3.1) |E®) (2)| < Ce ke /¢ for k=0,1,...,1.

7

Here S satisfies LS = f, whereas LE = 0. This allows us to estimate S — S and
E — EV separately.

On the Shishkin mesh we can now estimate the crucial convective part as follows.
For the smooth part S we use

|(S - SI?X/)(zi—laxi) < ChiHXHO,(fﬂi—l»wi)'
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For the layer part E on [\, 1] we use the smallness of E. More precisely: Assuming
o > 2, we have | E||.o < CN~2on [\ 1]. As a consequence, it holds for ng = F — E!

|2, X)) < Clnellss,on N Ixllo,(n1)-

On (0, \), however, we estimate

(e X0y < €2 melloone"? 1Xlo.0.5)-
Since |E|, < Ce3/2, we get for the Ly norm of the interpolation error
50,00 < Ch?|Elz, 0.0 < CeV/*(N"MIn N).

The additional factor !/2 allows to complete the proof of (1.4).

Therefore, we ask the following question: what optimal error estimates can be
proved for the layer part E in the layer region [0, A] of a Bakhvalov-type mesh? Do
we have

(3.2) Inello.0.x < Ce/2N2?

Unfortunately, it turns out that in general we do not have (3.2) for a Bakhvalov-type

mesh.
To see this fact we compute ;}:’/ /2271 n% explicitly for E = exp(—z/e). We have
(3.3) h 1(1+21*5)
. =N/ — XTn/2_1 =0€ln
N/2 N/2 — TN/2-1 N

and for the interpolation error 7; on (x;—1, ;)

€T — Tj—1

. D, +e %/ _ e ®i-1/f with D, =e ®i-1/c _ g %i/e,

i

A direct computation yields

o 2 h; 2 e 2 —(zi—1+z;) /e 3 —2xi_1/e —2x; /e
ni :—D*+2_D*+hle i—1 i 7_5(6 i—1 —e i )
_— 3 h; 2
We want to extract the factor e. With some terms we have no difficulties but the first
term with the factor h; causes troubles, mostly on the interval (zy/2—1,2n/2). The
mesh size hy /> contains the factor In(1+ 2(1 —¢)/eN) which grows logarithmically
as ¢ — 0. This factor cannot be compensated by e~ #~/2-1/¢ because

e TN/2-1/E = (4 2(1 — )N 717
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is not uniformly small with respect to €. Thus, we do not have for a Bakhvalov-type
mesh

1nEllo,0.0) < Ce'/2g(N)

with C independent of &.
To prove
Ju—uV]. < CN7!

for a Bakhvalov-type mesh, we propose to use a quasi-interpolant instead of the usual
interpolant in the next section.

4. THE OPTIMAL ENERGY NORM ESTIMATE ON
A BAKHVALOV-TYPE MESH

Let us start to fix some more or less known properties of a B-mesh which we want
to use. It is obvious that the mesh sizes

—2(1—¢)(i—1)N~?
1-2(1—¢e)iN-t

1
h; = oeln i:l,...,%N,

form an increasing sequence. We have

(4.1) ehi/e<C, hy <CNT!, and

hi .
s gC’forzg%Nfl,

the final mesh size hy /o of the fine mesh plays an exceptional role. Note that the
middle inequality is also valid for ¢ = %N .
Due to (3.1) the layer function E satisfies

(42) |E(I‘N/2)| < Ce?  and |E(ZL'N/2_1)| < C(E + Nﬁl)d.

In the following, we shall estimate S — SV and E — EV separately. For the smooth
part S the diffusion and the reaction part are no problem at all. The convective term
is estimated as follows:

1
\ / nsx" < Inslo Ixllo-
0

Application of the estimate for the Lo-error of the standard linear interpolation and
the inverse estimate result in

1
/ nsx" <Nl
0
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Therefore, it follows that
IS —SN|. <CNL

To estimate F — EVV we recall that F satisfies
LE=0, E(0)=ey, E(1)=e; with |e;] <Ce /5.

Instead of the usual interpolation operator in the finite element space we use a quasi-
interpolant with improved stability properties. Such a quasi-interpolant is often used
in a posteriori error analysis, since there one needs an interpolant which is defined for
H'-functions (and not only for continuous functions). Let us sketch the construction
of that interpolant and note its basic properties, following [3], page 37.

For every mesh point x; we denote by A; the macroelement (z;—1,x;y1). Let
P1(A;) be the space of linear polynomials on A;. To a given function v € Ly we
define the local Lo-projection p; € Pi(4;) by

/ DiT :/ vr for all r € Pi(4;).

Denoting the usual nodal basis of V¥ by {¢;}, our projection operator is defined by
(4.3) V(@) =Y pila)p().

Let e be an element, that means some interval (x;_1,z;). We denote by A the
union of the two corresponding macroelements A;_; and A; and by H the diameter
of A. Then, in contrast to the usual interpolation operator now we have the stability

property
(4.4) ||U7‘-HLQ(€) < CH'UHL‘?(A) for 1 < q < 0.

Denoting by D the operator of differentiation, the approximation error can be esti-
mated by

(4.5) [v—v"||pa(e) < CH'||D"||paay for 1=1,2 and 1< ¢ < cc.

Estimates for Dv™ and D(v—v™) in some norm depend more sensitively on the mesh
used. Therefore, we shall later present such estimates only in a special situation
necessary for our proof.

In principle, now we want to apply the technique of Section 2. Therefore we need
estimates for £ — E™ on our Bakhvalov mesh. We start with the Lq-error.
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Let e = (x;—1,x;) be some subinterval of the fine mesh. Using first the trian-
gle inequality and (4.4), then (4.5), both with ¢ = 2, and combining the resulting

estimates we obtain

hi
1E = E™|[5,. <Csmin[< ) ] ~2wia/e.
N-

Using e"i/¢ < C twice, see (4.1), we obtain for i < 1

1
X2
RN
IE - E™|2, < CEmin{(E) ,1]9,2%/6.
’ €
Because for o > 1/~
min {(E>, 1] e Vwi-1/e <CON-!
€
(see [4], proof of Corollary 2), we obtain for o > 5/2

> IE- B, <CeNT
i<N/2—1

On the other hand, the stability estimate (4.4) for ¢ = 2 yields
1B~ B73, < Cee2m2/e)

Thus for ¢ > 1N every term has the order O(eN~27). Summation gives us the
desired estimate:

(4.6) |E— E™|o < Ce'/2N—2,

Remark 1. For the standard interpolation operator in the next step it would
be useful to prove approximation error estimates in the L..-norm, because then we

1/2|

obtain automatically estimates in £'/2| - |; as well. But for the quasi-interpolant this

is not so easy, since (v — v™)(z;) # 0, in general.

Therefore, we just mention that similarly as above we could prove for o > 2
|E—E™||oo <CN2

In the next step we estimate the interpolation error in the weighted H!-seminorm
explicitly. Again we choose some subinterval of the fine mesh e = (2;-1,2;) but
assume 7 < 1N 2. Then, the boundedness of h;11/h; allows the stability estimate

|E™]1,e < C|E[1,a

70



and the approximation error estimate
|E—E"1,. < CH|E|2,A.

The combination of both estimates results in

L \3
|E - Eﬂ'%,e < Ce ' min {(%) , 1:| 6*211'72/6.

Summation gives similarly as above

> |E-E"[},<Ce'N2
i<N/2—2

For the remaining subintervals the smallness of F is used. First the triangle inequality

and an inverse inequality result in
s 1 s
|E —-E |17(wi—17$i) < |E|17(Ii71736i) + h_|E |07(wi—17$i)'
3

For ¢ > %N — 1 we have h; > Ce, further we use the Lo-stability of the projection

operator:

) c .
|E ) |1,($i—17$i) < |E|1,($i—1715i) + me 172/6'

Summation over all subintervals finally results in
(4.7) eV2|E - E™|; <CNL.

As mentioned in Remark 1 the interpolant E™ does not satisfies the boundary con-
ditions for E. Therefore, a small modification in the estimation of ||[E — EV||. in
comparison to Section 3 is necessary. We start from

al|E—-EN|2<a(E-EN,E-EY)=0a(E-EN,E—E™ +x").

N

Here " is piecewise linear on the given mesh and corrects the boundary conditions:

—(F—FE™) for i=0,N,
N (zs) = ( )
0 otherwise.
Now we estimate a(E — EV, E — E™ + k™) as in Section 3 using the smallness of E
and E™ on [\, 1] and estimates (4.6) and (4.7). In addition, we need similar estimates

for the correction term x*.
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The correction x% lives only on [0, 1] and [xy_1, 1] and is exponentially small on
the last subinterval. On the first subinterval we get

1 1/2
(/ (KJN)2) < CN_2(€N_1)1/2 _ CEl/2N_5/2.
0
An inverse estimate then results in
1 1/2
(/ ((KN)/)2) < 051/2N*5/2/(5N*1) — Ce~V2N-3/2,
0

Thus we have all ingredients to conclude that ||E — EV||. < CN~L. Together with
the estimate for the smooth part .S this gives our main result:

Theorem 1. The error of the finite element method with linear elements on
a Bakhvalov-type mesh with o > 5/2 satisfies

|u—u™|. <ONTL
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