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Abstract. The procedures for constructing a fuzzy number and a fuzzy-valued function
from a family of closed intervals and two families of real-valued functions, respectively,
are proposed in this paper. The constructive methodology follows from the form of the
well-known “Resolution Identity” (decomposition theorem) in fuzzy sets theory. The fuzzy-
valued measure is also proposed by introducing the notion of convergence for a sequence
of fuzzy numbers. Under this setting, we develop the fuzzy-valued integral of fuzzy-valued
function with respect to fuzzy-valued measure. Finally, we provide a Dominated Conver-
gence Theorem for fuzzy-valued integrals.
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1. INTRODUCTION

The concept of fuzzy integrals was first introduced by Sugeno [14]. After that,
many subsequent formulations for fuzzy integrals have also been developed. Sim
and Wang [11] gave a good review in the subject of fuzzy integrals. Some other
interesting approaches are the fuzzy measures assuming values in the set of all fuzzy
numbers by Klement [4] and Stojakovi¢ [12], the integration of fuzzy-valued functions
by Klement [5] and Puri & Ralescu [8], and the fuzzy integrals on product spaces
by Suérez-Diaz and Suarez-Garcia [13]. In this paper, we are concerned with a more
general setting, the fuzzy-valued integrals of fuzzy-valued measurable functions with
respect to fuzzy-valued measures.

We propose a constructive methodology to obtain a fuzzy-valued function from
two families of real-valued functions based on a well-known “Resolution Identity”
in fuzzy sets theory. In order to propose the fuzzy-valued measures, we invoke the
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Hausdorff metric which was proposed by Puri and Ralescu [8] to come up with
the convergence of a sequence of fuzzy numbers. Under the settings of fuzzy-valued
measures and fuzzy-valued functions, we are able to discuss the integrations of fuzzy-
valued measurable functions with respect to fuzzy-valued measures.

In Sections 2 and 3, we first propose the methodology for constructing a fuzzy
number from a family of closed intervals, and then we extend the methodology to
construct a fuzzy-valued function from two families of real-valued functions. In
Section 4, we introduce the notion of limit for a sequence of fuzzy numbers by
invoking the Hausdorff metric in order to propose the fuzzy-valued measures. In
Section 5, we are concerned with the integration of fuzzy-valued measurable function
with respect to fuzzy-valued measure, where the fuzzy-valued measurable function
is constructed from two families of real-valued measurable functions. In the final
Section 6, we derive the main theorem, the Dominated Convergence Theorem for
fuzzy-valued integrals.

2. CONSTRUCTION OF FUZZY NUMBERS

Let U be a topological vector space. The fuzzy subset a of U is defined by its
membership function &;: U — [0,1]. The a-level set of a, denoted by @, is defined
by Go = {z € U: &(x) > a} for all 0 < a < 1. The 0-level set ag is defined as
ap = cl({z € U: &(z) > 0}). Let a be a fuzzy subset of U. We say that a is
normal if there exists an « € U such that ;(z) = 1, and that a is convex if its
membership function &; is quasi-concave, i.e., & (Ax + (1 — A)y) = min{&;(x), & (v)}
for all A € [0,1].

We denote by F(U) the set of all fuzzy subsets @ of U with membership function &5
satisfying the following conditions:

(i) @ is normal and convex.
(i) & is upper semicontinuous, i.e., {x € U: &;(x) > a} is a closed subset of U for
all o € (0,1].
(iii) The O-level set ag is a compact subset of U.

Throughout this paper, the universal set U is assumed as the real number system R
which is endowed with the usual topology. The member a in F(R) is then called a
fuzzy number. It is not hard to see that if a is a fuzzy number then a, is a closed

interval in R for a € [0,1]. In this case, we write a, = [aZ,ay

|. The following easy
consequence will be used frequently in this paper.

Proposition 2.1. Let a be a fuzzy number. Then ag C a, fora < 3, i.e.,al < dé
and ay > &g for o < 3.
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Let @ be a fuzzy number. Then a is called a nonnegative fuzzy number if &5 () =0
for all z < 0, and called a nonpositive fuzzy number if £;(x) = 0 for all z > 0. We

say that a is a crisp number with value m if its membership function is given by

1 if r=m,
fa(f“)Z{

0 otherwise.

We also use the notation I{m} to represent the crisp number with value m. It is
easy to see that (1(,,))% = (I,,3)Y =m for all o € [0,1]. In other words, each real
number m can be regarded as a crisp number i{m}.
Let “®” be an addition between two fuzzy numbers @ and b. The membership
function of @ @ b is defined by
§awi(2) = sup min{&a (), & (y)}

T+y=z
using the extension principle in Zadeh [16]. Applying the results in Klir and Yuan [3,

Chapter 4], we can show the following useful result for further discussions.

Proposition 2.2. Let a and b be two fuzzy numbers. Then a & b is also a fuzzy

number. Furthermore, we have
(a®b)o = [ak + 0L a¥ + Y.

) o

Let a be a fuzzy number. We define the membership functions of ™ and @~ as

&(r) if r>0,
1 it r=0 and &(r) <1 forall >0,

bar(r) = &:(0) if » =0 and there exists an r > 0 such that &;(r) =1,
0 otherwise

and

&(r) if r <0,
1 if r=0 and &(r) <1 for all r <0,

a(r) = & (0) if » =0 and there exists an r < 0 such that &;(r) =1,
0 otherwise.

From Proposition 2.2, it is not hard to see that
(1) a=atoa .

We call @™ and @~ the positive part and negative part of a, respectively.
We rephrase the following well-known results for motivating the construction of a
fuzzy number from a family of closed intervals.



Proposition 2.3.

(i) (Zadeh [16]) (Resolution Identity) Let A be a fuzzy set with membership func-
tion £; and A, be the a-level set of A for o € [0,1]. Then the membership
function £ ; can be expressed as

£i(x) = sup Oé-lAa(I),
a€l0,1]

where 1 i, is the characteristic function of set /ia (note that the a-level set fla
is a usual set).
(ii) (Negoita and Ralescu [6]) Let A be a set and {A,: o« € [0,1]} be a family of
subsets of A such that the following conditions are satisfied:
(a) Ao =4;
(b) Ag C A, for a < 3;
(c) Aq = ﬁ A,, for a, T a.

n=1

Then the function £: A — [0, 1] defined by

£(x) = sup a-1la,(z)
ael0,1]

has the property that

Ay ={z € A: &(z) > a} for all a €]0,1].

Let {Aq = [la,ua]: « € [0,1]} be a family of closed intervals in R. Then we can
induce a fuzzy subset a of R with membership function defined by

&a(r) = sup a-1a,(r)
ael0,1]

via the form of Resolution Identity in Proposition 2.3. Note that, in general, this
fuzzy subset a of R is not necessarily a fuzzy number. We say that {A,} is de-
creasing with respect to o if Ag C A, for @ < 8. Let us further regard I, and u,
as the functions of o and assume that [, and u, are left-continuous with respect
to a. Therefore if {A,} is decreasing with respect to «, thus we see that {A,} is
continuously decreasing with respect to «, since [, and u, are left-continuous with
respect to a. It also says that A, = ﬁ A,, for ay, T a. Using routine arguments,

n=1
we can show the following interesting result.



Proposition 2.4. Let {Ay = [la, ua]: @ € [0,1]} be a family of closed intervals.
Suppose that the following conditions are satisfied:

(i) Ar #0;
(ii) {Aa} is decreasing with respect to «;
(iii) I, and u, are left-continuous with respect to a.

Then {A,} induces a fuzzy number a with a, = A,.

Conversely, we also have the following results.

Proposition 2.5.
(i) Let Ay, ={x € R: &(z) > a}. Then [ Aa, = Aq for a, T a.
n=1
(ii) If a is a fuzzy number then dén T ak and dgn L a¥ for oy, T a, ie., a
are left-continuous with respect to «.

Let A = [a®,aV] and B = [b¥, bY] be two closed intervals in R. Then the addition
of two closed intervals is denoted and given by

A B={z2€R: z=x+y for € A and y € B} = [a” 4+ b",a¥ +bY].

Let A = [I,u] be a closed interval in R. If [ > 0 then A is called a nonnegative closed
interval, and if u < 0 then A is called a nonpositive closed interval. If [ < 0 and
u > 0 then we let AT = [0,u] and A~ = [I,0]. We call A" the positive part of A and
A~ the negative part of A. It is obvious that A = AT ®;,y A™.

Let the family of closed intervals {A, = [la, ua]: « € [0,1]} be decreasing with
respect to o and A; # (). Then we have A, = AY @i A for a € [0,1]. Now {A,},
{AF} and {A} can induce three respective fuzzy sets a, b and ¢ with membership
functions defined by

&(r)= sup a-1a,(r),
a€l0,1]

sup a-1,+(r) if r>0,

a€l0,1]
) 1 if 7=0 and A =0,
_(r) =
’ sup a-1,+(0) if r=0 and AT #0,
a€l0,1] *
0 if r<0



and

sup a-1,-(r) if r <0,

a€l0,1]
" 1 if r=0 and A7 =0,
o(r) =
sup a-1,-(0) if r=0 and AT #0,
a€l0,1] *
0 if r>0.

Now, for 7 > 0, 7 € A, if and only if r € AF. Thus &+ (r) = & (r) = &(r). From
the definition of the membership function of a¥, it is easy to see that {;+(0) = &/(0).
We conclude that at = b. Similarly, we can conclude that ¢~ = ¢. This shows the
following result.

Proposition 2.6. Let the family of closed intervals { Ay = [la, ua]: « € [0,1]} be
decreasing with respect to o and satisfy the conditions in Proposition 2.4. Let a be
a fuzzy number induced by {A,}. Then a* is a fuzzy number induced by { AL} and
a~ is a fuzzy number induced by {AJ}, where @ = a* ® a~ and A, = AT @iy A
for o € [0,1].

Proposition 2.7. Let the family of closed intervals {A, = [lo,us]: a € [0,1]}
and {A, = [la,a]: « € [0,1]} be decreasing with respect to  and satisfy the condi-
tions in Proposition 2.4. Suppose that {A,} and {A,} induce two fuzzy numbers a
and b, respectively, and that {Aq ®int Aa: « € [0,1]} induces a fuzzy number é.
Then é=a ® b.

Proof. Let ¢ be induced by {Aa = A, Bt Ao} and &, = a @ b. By definition,

the membership functions of ¢; and ¢s are given by

o (r) = sup a1, (r)

o

a€l0,1]
and
&, (r) = sup min{ sup «-1a,(r1), sup a-1g, (rg)}.
r=ri1+r2 a€l0,1] a€l0,1]
It is not hard to show that &;, (r) = &z, (r) for all r. O



3. CONSTRUCTION OF FUZZY-VALUED FUNCTIONS

In this section, we shall discuss the construction of fuzzy-valued functions from
two families of functions.

Let f be a function defined on X by f: X — F(R). Then we say that fisa
fuzzy-valued function. We also denote by fX(z) = (f(z))% and fY(z) = (f(z))¥ for
x € X. Therefore the fuzzy-valued function f induces the real-valued functions f(f
and fU for a € [0, 1].

Let L(z) = {lo(z): @ €0,1]} and U(x) = {ua(z): « € [0,1]} be two families of
functions, where [, and u, are real-valued functions defined on X for « € [0, 1]. Let

Ba(x) = [min{la(2), ua(2)}, max{la(z), ua(r)}]

for a € [0,1]. Then we can induce a function f which assumes values in the family
of all fuzzy subsets of R; that is to say, for any fixed z € X, f (x) is a fuzzy subset
of R with membership function defined by

(2) {jay(r) = sup a-1p ) (r)
a€l0,1]

via the form of Resolution Identity in Proposition 2.3. In the sequel, we are going to
construct a subset of X such that f (x) is a fuzzy number for each z in this subset
of X.

For o < 8 and a, 8 € [0, 1], we adopt the following notations

Ejap={xe X: lo(z) <lg(x)},
Epuap={r€X: ug(z) <ue(x)},
Epo={zx € X: la(z) <ua(z)}.

We assume FEj, 1 = {z € X: l1(z) < ui(z)} # 0. We also let

Ell = n Ell,a.ﬂ» Euu = ﬂ Euu,a,ﬁa Elu = ﬂ Elu,a
0<a<B<1 0<a<B<1 a€0,1]

and
Ery=EyNEy NE.

Then, for each © € Ery, we have a family of decreasing closed intervals {A,(z) =
[lo(2),ua(z)]: a € ]0,1]} induced from {L(x),U(x)}. Then the membership function
of f(z), for x € Epy, is given by

Eiy (1) = sup a-1a, ()(7)
@) ael0,1] (@)



from (2). Let us also adopt the following notations

(3) Fhy={ze€X: I, (x) = la(z) for a, T a},
Fg;A ={z € X: uq,(x) = un(z) for ay T a}.

Let Fyn = FOﬁA N Fg;A and Go;a = Foa N Ery. Then, for each x € Gg,a, we see
that A, (x) = ﬁ Ag, (x) for a,, T . Let Fg = () Fpaand Ga= [) Gaa.
n=1 agl0,1] R a€l0,1]
Then we see that G4 = FANEry. Now, from Proposition 2.4, f(z) is a fuzzy number
for z € G4, ie., f is a fuzzy-valued function defined on G4 and fu(z) = As(z) =
[lo(2),uq(x)] for € G4 and a € [0,1]. We call f the pseudo-fuzzy-valued function
induced by {£,U}. The reason why we call f the pseudo-fuzzy-valued funtion is that
f(z) is just a fuzzy subset of R, not a fuzzy number, for z € X \ G 4. The following
proposition is useful for defining the fuzzy-valued integrals.

Proposition 3.1.
(i) If there exists a countable dense subset {ay,} of [0,1] such that Ej, o, C Fa for
all n, then Ey, can be expressed as countable intersections.
(ii) If there exists a countable dense subset {0} of [0, 1], such that Ey .5, C Fa
and Eyyap, C Fa for all « € [0,0,) and all n, then Ey and E,, can be
expressed as countable intersections.

Proof. It will be enough to just prove case E;;. We now have

(4) Ei= () N Buap= ()| Hp< () Hs,,

{8: 0<B<1} {a: 0<a<pL1} {B: 0<B<1} n=1

where Hg = N Ei.o.5. Given any 8 € [0,1], there exists a subsequence
{a: 0<a<pL1}
{Bni} € {Bn} such that B,, T 8. If a < B then we have lo(z) < g, () for some

K >0, a < f,, and k > K. Therefore, we have [, (x) < lg(x) for o < 3 by taking

limit, i.e, v € () Hg. Thus Ey = () Hg,. For fixed B,, let {al}°_, be any
0<B<1 n=1
countable dense subset of [0, 3,,]. Similarly, we can show that

o0

(5) Hg, = ﬂ Eiap, = ﬂ Bital g

{a: 0<a< <1} m=1,al <g,

This completes the proof. (Il
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Let f and § be two pseudo-fuzzy-valued functions induced by {£,U} and {L,U},
respectively. At the same time, we also have two corresponding families of decreasing
closed intervals

{Ay(z) = [lo(2),ua(z)]: a€]0,1] and = € Ery}

and
{A,(2) = [lo(2), U0 (x)]: a€]0,1] and z € Ez7}

from {£,U} and {L,U}, respectively. Let

~ ~ —

L(z) ={lo(z) =lo(z) + lo(x): a€[0,1]}

and
Ux) = {ia(z) = ua (@) + Galz): o< 0,1]}.

We denote by L=7"L Dot L and U=u @¢et U. Then we also have a family of
decreasing closed intervals

{Aa(z) = [la(x),ta(x)]: @ €[0,1] and = € Egyt

from {L,U}. Therefore {£,U} can induce a pseudo-fuzzy-valued function h such
that A is a fuzzy-valued function on G ;. Now, we see that € Eyap N Ep, 3
implies [y (z) = lo(z) + la(z) < lg(x) + lg(z) = lg(z) for o < B, ie., (Eyap N
B o) C Ejj o 5 Similarly, we also have (Eyy 0,8 N Eaa,0.8) C Faa,a,p and (Epy,e N
Eo) C Ejy o for o < . Suppose that = € FoﬁA N FoﬁA' Then, for o, T a,
we have nh_)n;o lo, (2) = lo(z), ie., (FL N FoﬁA) C FaL;g. Similarly, we also have
(Faa N FJ;) € FY 1. Therefore we write ha f&§if (Bues N Efag) = Ejag
(Euu,a)g N Eﬂﬂ_’amﬁ) = Em}_’aﬁ, (Elu,a N Efa,a) = E[ﬂ,a’ (FoﬁA N Foﬁﬁ) = Fal“;g and
(FY 0 FaU;A) = Fg;g for @ < . In this case, we conclude that (Ecy N Esz) = Bz
and (Fa N Fj) = Fy, ie, (GaNGy) = G;. From Propositions 2.1, 2.5 (ii) and
2.3 (ii), we can show the following results for later use.

Proposition 3.2.

(i) Let f be a fuzzy-valued function defined on X. We consider the families £(x) =
{fE(z): a € [0,1]} and U(x) = {fY(x): o € [0,1]}. Then {L£,U} induces f
andEgu = FA = X, i.e., GA = X.

(ii) Let f and § be two fuzzy-valued functions defined on the same set X. Let
L) = {H@)} L) = (@)} Uw) = (@)} and H() = {50().
Suppose that fy and go are induced by {L,U} and {L,U}, respectively, and h is
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induced by {E: L Dt E_,Z/AI = u@fcta}. Then h ~ foeago, fo = f, Jo = g and
h(z) = f(z) ® §(z) for all z € X, i.e., ho(2) = fo(x) Pint Jo(z) for all z € X.
Definition 3.1. Let L(z) = {lo(2): a € [0,1]} and U(z) = {ua(zr): o € [0,1]}
be two families of real-valued functions defined on X. We say that {£,U} is a
standard family if Ej, o C Fa, Ejja,3 € Fa and Eyya,8 C Fa for all o < § and
a, B €0,1].

Proposition 3.3. Let f be a pseudo-fuzzy-valued function induced by a standard
family {L,U}. Then G4 = Ery, and G 4 can be expressed as countable intersections.

Proof. By the definition of standard family, we see that E;y C F4. This
means that G4 = Ery since G4 = Ery N Fa. The countable intersections of G 4
follow from Proposition 3.1 immediately. 0

4. THE FUZZY-VALUED MEASURES

In order to define the fuzzy-valued measure, we need to consider the limit of a
sequence of fuzzy numbers. Thus we first introduce a metric on the set of all fuzzy
numbers F(R).

Let A C R® and B C R™. The Hausdorff metric is defined as

dy (A, B) = max{ggg in lla — ], sup inf fla - bl }.

According to Puri and Ralescu [8], we define the metric dx in F(R) as

dr(a,b) = sup di(da,ba),
agl0,1]
since @, and b, are bounded closed intervals for all o € [0,1]. We can see that
(F(R),dr) is a complete metric space. The following result is obvious.

Proposition 4.1. Let @ and b be two fuzzy numbers. Then we have

Qi1 (s Ba) = maxc{[aX — 5|, [a¥ — U}

Definition 4.1. Let {a,} be a sequence of fuzzy numbers. Then {a,,} is said to
converge if there is a fuzzy number a with the following property: Ve > 0, 3N > 0
such that dz(an,a) < e for n > N. In this case, we also say that the sequence {a,}
converges to a, and it is denoted by

lim a, = a.
n—oo

If there is no such a, the sequence {a, } is said to diverge.
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Proposition 4.2. Let {a,} be a sequence of fuzzy numbers. If the limit of the
sequence {ay} exists, then it is unique and

( lim dn)

n—oo

= [ lim (a,)%, lim (@n)Y]

@ n—00

for all a € [0,1]. Moreover, {(a,)%} and {(a,){} converge uniformly with respect
to « on [0,1].

Proof. The result follows from Proposition 4.1 immediately. g

n
Definition 4.2. Let {a,} be a sequence of fuzzy numbers. Let 5, = @ a; be
i=1

the partial sum of the sequence {a,}. If the limit of the sequence {3, } exisgs7 then
the infinite (fuzzy) sum of the sequence {a, } is said to converge, and we also write

oo n

@an = lim §, = lim @ai,
n—oo n—oo

n=1 =1

otherwise the infinite (fuzzy) sum of the sequence {a,} is said to diverge.

Proposition 4.3. If {a,} is a sequence of fuzzy numbers, and the infinite sum of
the sequence {a,} exists, then we have

(Ba) - [k S @]

n=1 n=1 n=1

Proof. The result follows from Propositions 4.2 and 2.2 immediately. (]

We denote by 0 a crisp number with value 0. Then we are in a position to consider
the fuzzy-valued measures.

Definition 4.3. By a fuzzy-valued measure i on a measurable space (X, M),
we mean a nonnegative fuzzy-valued set function defined on all sets in M which
satisfies the following two conditions:

(i) f(0) = 0;
(ii) [L( U El> = é i(E;) for any sequence {F;} of disjoint measurable sets.
i=1 i=1

Let i be a fuzzy-valued measure on a measurable space (X, M). Then i(E) is
a fuzzy number for E € M. Therefore, we can define the set functions il (E) =
(W(E)E and gY(E) = (i(E))Y on (X, M) for each a € [0,1]. Then, from Proposi-
tion 4.3, we see that if /i is a fuzzy-valued measure on a measurable space (X, M),
then % and Y are the traditional measures on the same measurable space (X, M).

Let p1 and pg be two measures on the same measurable space (X, M). Recall that
11 is absolutely continuous with respect to po, denoted as p; < pa, if p2(E) =0

implies p1(E) = 0 for each set E.
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Definition 4.4. Let i be a fuzzy-valued measure on a measurable space (X, M).
Then % and ¥ are the traditional measures on (X, M) for all a € [0,1]. We say
that [ is a canonical fuzzy-valued measure if the conditions ﬁé <k p¥ < [Lg and
aY < pl are satisfied for all a < 8 and «, 3 € [0, 1].

Let v and u be two measures on the same measurable space (X, M). Recall that p
and v are equivalent measures if < v and v < u. Let i be a fuzzy-valued measure
on a measurable space (X, M). We denote by = = {iL, i¥: o € [0,1]} a family of
measures which are all on the same measurable space (X, M).

Proposition 4.4. If fi is a canonical fuzzy-valued measure on a measurable
space (X, M), then all measures in = are equivalent.

Proof. The result follows from Proposition 2.1 and the definition of canonical
fuzzy-valued measure immediately. ]

5. THE FUZZY-VALUED INTEGRALS

In this section, we shall discuss the fuzzy-valued integral of fuzzy-valued measur-
able function which is constructed from two families of measurable functions.

Definition 5.1. Let (X, M) be a measurable space. Let L(z) = {lo(2): a €
[0,1]} and U(x) = {un(x): « € [0, 1]} be two families of real-valued functions defined
on X. Let f be a pseudo-fuzzy-valued function induced by {L,U}. If I, and u, are
measurable functions for all a € [0, 1], then we say that f is measurable.

We denote by F the family of all fuzzy subsets of R. Recall that F(R) denotes
the set of all fuzzy numbers. Let i be a fuzzy-valued measure on a measurable
space (X, M) and p be a traditional measure on a measurable space (X, M). We
consider a function f: X — F which assumes values in F, not in F (R). Then we
say that f is a fuzzy-valued function a.e. [y] if the set Z = {z € X: f(z) € F(R)}
satisfies 1(Z°) = 0, and that f is a fuzzy-valued function a.e. [f] if (Z¢) = 0,
ie., iL(z¢)=0=pY(Z°) for all a € [0, 1].

Definition 5.2. Let i be a fuzzy-valued measure on a measurable space (X, M).
Let L(z) = {la(x): a € [0,1]} and U(z) = {ua(z): a € [0,1]} be two families of
real-valued measurable functions defined on X. Then {£,U} is said to be a canonical
family with respect to i if {£,U} is a standard family and there exists a measure
1 € Z such that the following conditions are satisfied:

(i) lo < g ae. [u], ug < uq ae. [p] and I, < uqy ace. [y for all @ < @ and
a, B €10,1].
(ii) la, Tlo ae. [u] and uq, | uq a.e. [u] for ay, T a.
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Proposition 5.1. Let £(z) = {lo(z): o € [0,1]} and U(z) = {ua(x): a €]0,1]}
be two families of real-valued measurable functions defined on X . Let f be a pseudo-
fuzzy-valued measurable function induced by {L£,U}. Then the following statements
hold true.

(i) Suppose that {L,U} is a standard family. If ;1 is a measure on a measurable
space (X, M) such that conditions (i) and (ii) in Definition 5.2 are satisfied, then
w(GS) = 0. That is to say, f is a fuzzy-valued measurable function a.e. [1].

(ii) Suppose that {L,U} is a canonical family with respect to fi, where [i is a canon-
ical fuzzy-valued measure on a measurable space (X, M). Then ji(GS) =0,
ie., f is a fuzzy-valued measurable function a.e. [].

Proof. From condition (i) in Definition 5.2, Egs. (4) and (5) in the proof of
Proposition 3.1, we see that

n(Ep) < Z Z am g ) = =0.

Similarly, we also have u(ES,) = 0 = p(Ef,). Thus we conclude that u(Eg,) = 0.
From Proposition 3.3, we also see that x(G4) = 0. Since f(z) € F(R) for z €
Ga, [ is a fuzzy-valued measurable function a.e. [¢]. Now, if p € Z, then, from
Proposition 4.4, we have i2(G4) = 0 = aY(G4) for all a € [0,1]. It follows that
f(G%) = 0. This completes the proof. O

Definition 5.3. Let i be a fuzzy-valued measure on a measurable space (X, M).
Let L(x) = {la(z): a € [0,1]} andU(z) = {ua(z): a € [0,1]} be two families of real-
valued functions defined on X. We say that { £, } is nonnegative (resp. nonpositive)
a.e. [fi] if I, > 0 (resp. < 0) a.e. [aY] and u, > 0 (resp. < 0) a.e. [aY].

Definition 5.4. Let i be a canonical fuzzy-valued measure on a measurable
space (X, M). Let L(z) = {lo(z): a € [0,1]} and U(x) = {ua(z): a € [0,1]}
be two families of real-valued measurable functions defined on X, and {L,U} be
a canonical family with respect to fi. Let f be a pseudo-fuzzy-valued measurable
function induced by {L,U}. Suppose that I, € L'(jiL) (i.e., Lebesgue integrable
with respect to i) and u, € L'(iaY) (i.e., Lebesgue integrable with respect to iY)
for all a € [0,1]. Then we consider the following two cases.

(i) If {£,U} is nonnegative a.e. [fi], then, from Proposition 4.4 and condition (i)

in Definition 5.2, we have [}, lodil < [puadpl < [Luadil since Iy < uq
a.e. [aL] and al < Y. Therefore we consider the closed interval C,, as

Co = [/ ladﬂé,/uadﬂg}
E E
for a € [0, 1].

13



(i) If {£,U} is nonpositive a.e. [i] then, similarly, we consider the closed interval C,

C, = [/ lodill, [ uadﬂé}
E E

for a € [0,1]. The membership function of the fuzzy-valued integral | 5 fdiis
defined by

as

Er 7a-(r)= sup a-1lg,(r)

Je J9E e
via the form of Resolution Identity in Proposition 2.3, and we say that f is
integrable with respect to i on F.

Now we want to explain that Definition 5.4 is well-defined. It will be enough
to just justify the nonnegative case. Let f be a pseudo-fuzzy-valued measurable
function induced by a canonical family {£,U}. Suppose that f is also induced by
another canonical family {£’,U'}. Then we can induce decreasing closed intervals
{An(2): a€]0,1]} from {L,U} for © € Ery and decreasing closed intervals { A’ (z):
a € [0,1]} from {L',U’'} for « € Erny. Since {Ay(z): a €[0,1]} and {AL(2): a €
[0,1]} induce the same fuzzy number f(x) for © € Ery N Epqg, it is not hard to
see that Ay (x) = Al () for x € Ery N Epye and all o € [0,1]. It follows that
lo(z) = U (z) and u,(x) = v/ (z) for © € Ery N Epge and all a € [0,1]. Using
Proposition 4.4 and similar arguments as in the proof of Proposition 5.1, we see that
pL(ES,,) = ik (ES,,) = 1Y (ES,) = 1Y (E%,,) = 0 for all a € [0,1]. It follows that
lo =1, ae. [iL] and u, = v/, a.e. [aY] for all o € [0, 1], i.e., for the nonnegative case

/ladﬂgz/ I, dak  and /uad/lg:/u’adﬂg
E E E E

for all @ € [0, 1]. This means that Definition 5.4 is well-defined.
In order to make the fuzzy-valued integrals more tractable mathematically, we
need the following results.

Proposition 5.2. Let {f,} be a sequence of nonnegative measurable functions
on (X, M) and {u,} be a sequence of measures on (X, M).
(i) If f 1 f a.e. [u] and py, T p then

[ pan=tm [ f.du.
X n—oo X

(ii) If fn | f a.e. [u1] and p,, | p with f; € L*(p1) and p1(X) < oo then

/fdu= lim / Fdpin.
X n—oo Jx
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Proof. Using the routine arguments in real analysis, the results follow from
the Generalized Fatou’s Lemma and Generalized Dominated Convergence Theorem
in Royden [9]. O

Let fi be a fuzzy-valued measure on a measurable space (X, M). We write ji(E) <
oo if and only if iZ(FE) < oo and i (E) < oo for E € M and all « € [0, 1].

Theorem 5.1. Let i be a canonical fuzzy-valued measure on a measurable
space (X, M). Let L(z) = {lo(z): a € [0,1]} and U(x) = {ua(z): a € [0,1]}
be two families of real-valued functions defined on X, and {£,U} be also a canonical
family with respect to ji. Let f be induced by {£,U}. If f is integrable on E and
f(E) < oo, then we have the following results.

(i) If {L,U} is nonnegative a.e. [fi] then

E % E E

(i) If {L£,U} is nonpositive a.e. [fi] then

() - [ ]

for all € [0,1]. Furthermore, the fuzzy-valued integral | 5 fdji is a fuzzy
number.

Proof. Let C, be the closed interval given in Definition 5.4. From conditions
in Definition 5.2, Propositions 4.4 and 5.2, we see that the family of closed inter-
vals {C, } is continuously decreasing with respect to . That is to say, {C, } satisfies
all conditions in Proposition 2.3 (ii). Therefore, using Proposition 2.3 (ii), we have
([ f djr),, = Ca. It is also not hard to show that the fuzzy-valued integral [, fda
is a fuzzy number. O

Theorem 5.2. Let ji be a canonical fuzzy-valued measure on a measurable
space (X, M), and f be a nonnegative or nonpositive fuzzy-valued function defined
on X. Suppose that fX e L'(i%) and fU € L'(iV) for all « € [0,1]. Then f is
integrable on E. We also have that

(i) if f is nonnegative then

F 1~ _ rL 1~L U 1~U
([Efdu)a— Mf dua,[Efa dua]
for all o € [0, 1];
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(i) if f is nonpositive then

(f fdﬂ)a [ rant, [ 72 ant]

for all a € [0,1]. Furthermore, the fuzzy-valued integral [, fdp is a fuzzy

number.

Proof. We consider the families £(z) = {fE(z): a € [0,1]} and U(z) =
{fY(x): a € [0,1]}. By Proposition 3.2(i), f is induced by {£,U} on the whole
domain X. Since f&Ln T foe, fgﬂ l fg, ﬁén T ik and ﬁgﬂ | @Yy for a,, T a from
Proposition 5.2 (ii), the result follows from Propositions 5.2 and 2.3 (ii) using similar
arguments as in the proof of Theorem 5.1. 0

Proposition 5.3. Let i be a canonical fuzzy-valued measure on a measurable
space (X, M). Let f and g be pseudo-fuzzy-valued measurable functions induced by
two canonical families {L£,U} and {L,U} with respect to fi, respectively. Suppose
that {£,U} and {L,U} are nonnegative or nonpositive a.e. [ji] simultaneously, and
that h ~ f @& §. If f and § are integrable on E and ji(E) < oo, then h is also

integrable on E, and
/ﬁ@:/f@@/g@.
E E E

Proof. Now L = L Dot L and U=u @t U. From Proposition 4.4 and the
similar arguments in the proof of Proposition 5.1, it is not hard to show that { E, u }is
a canonical family with respect to j which induces h. Since f and § are integrable
on F, using Theorem 5.1 and Proposition 2.2, we see that h is integrable on F and

() = )
E « E E [e%
for all « € [0,1]. Similarly for the nonpositive case. This completes the proof. (I

Proposition 5.4. Let i be a canonical fuzzy-valued measure on a measurable
space (X, M). Let f and g be nonnegative or nonpositive fuzzy-valued functions
simultaneously. If f and § are integrable on E, then h = f & § is also integrable

/ﬁ@:/f@@/gm.
E E E

Proof. The result follows by using similar arguments as in the proofs of Theo-

on F and

rem 5.2 and Proposition 5.3. (]
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In the sequel, we shall introduce the fuzzy-valued intergal of the general case,
i.e., the fuzzy-valued function f is not restricted to nonnegative or nonpositive
case. Let A(x) = [l(z),u(z)], where | and u are real-valued functions defined
on X with I < u. We define A" (z) = [IT(x),u™(x)] and A~ (z) = [I”(z),u" ()],
where (1 (z) = max{l(z),0}, uT(z) = max{u(x),0}, I7(z) = min{0,I(z)} and
u” () = min{0, u(x)}. Then we have [(z) = [T (2)+I] (x) and u(z) = u*(z)+u" ().
Thus A(z) = A" (2) By A~ (2).

Let £(z) = {la(z): a € [0,1]} and U(z) = {ua(z): a € [0,1]} be two families
of real-valued functions defined on X. We have a family of decreasing closed in-
tervals {A,(x)} from {L,U}. Let LT (x) = {if(x)}, L™ (x) = {I,(2)}, Ut (z) =
{uf(z)} and U~ (z) = {u;(x)}. Then we have the corresponding families of de-
creasing closed intervals {A} (z)} and {A; (z)} from {LT,UT} and {L~, U™}, re-
spectively. We can see that A,(z) = AL (z) @i A (x) for © € Ery. Let f,
ft*t and f~= be induced by {£,U}, {LT,UT} and {£L~,U~}, respectively, where
L=LT D LT andU =UT Dt U™

Remark 5.1. Since f(:c) is a fuzzy number for any fixed z € X, we see that
f*(:z:) and f*(x) are the positive and negative parts of f(:c), respectively, and f(:c) =
ft(x) ® f~ () for any fixed z € X by looking at (1). Therefore, f can induce two
fuzzy-valued functions f+ and f ~ such that f = f"’ @ f‘. From Proposition 2.6,
FrH(@) = FH@) and f(2) = F~(2) for @ € Egu, e, f(z) = fH(@) & f (o)
for x € Ery.

Definition 5.5. Let & be a canonical fuzzy-valued measure on a measurable
space (X, M). Let L(z) = {lo(z): a € [0,1]} and U(z) = {ua(x): o €]0,1]} be two
families of real-valued functions defined on X such that {£*,U*} and {£L~, U~} are
two canonical families with respect to fi, where {£T,U/T} is nonnegative a.e. [fi]
and {£,U~} is nonpositive a.e. [i]. Let f, ftT and f~~ be induced by {£,U},
{£*,U*} and {L£L~,U}, respectively. If f++ and f~~ are integrable on E, then we
say that f is integrable on F, and the fuzzy-valued integral f B f dji is defined by

/Efdﬂ:/Ef++dﬂea/Ef"dﬂ.

Remark 5.2. From Theorem 5.1 and Proposition 2.2, fE fdﬂ is a fuzzy number

(/ fdﬂ) - [/ l$dﬂ5+/ladﬁz,/uzdﬂ%/uadﬁé]
E « E E E E

and
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Theorem 5.3. Let i be a canonical fuzzy-valued measure on a measurable
space (X, M). Let f be a fuzzy-valued function defined on X. If f* and f~ are
integrable on E, then f is also integrable on E and

/Efdﬂ:/EFdﬂ@/Ef*dﬂ.

Proof. We consider the families £(z) = {fL(z): a € [0,1]} and U(z) =
{fY(x): a €[0,1]}. Then Ezyy = X (the whole domain) from Proposition 3.2. From
Remark 5.1, we see that ft+(z) = f+(z) and f~(z) = f~(2) for z € Epy = X.
The result follows from Remark 5.2 and Theorem 5.2 immediately. (]

Proposition 5.5. Let i be a canonical fuzzy-valued measure on a measurable
space (X, M). Let f and § be induced by two families {L,U} and {L,U}, respec-
tively. Suppose that {L*,UT}, {L*, U}, {L~, U~} and {L~,U~} are canonical
families with respect to fi. We further assume that l,(z) and l,(x) have the same
sign for each x (i.e., lo(x) - lo(z) = 0) and for all a € [0,1], and uq(z) and tiq(z)
also have the same sign for each x and for all « € [0,1]. Suppose that haf@g If
f and ¢ are integrable on E, then h is also integrable on E and

/ﬁdﬂ:/fdﬁ@/gdﬁ.
FE FE E

Proof. Let LT = Lt @ LT, UT = UT B UT, L= = L~ By L~ and
U =U S U Using similar arguments as in the proof of Proposition 5.3, we
can see that {£T U} and {£~,U~} are two canonical families with respect to fi.
We also have Iy = lo + lo and Gy = tg + tia. Thus [} + 15 = I3 +15 + 11 +1; and
of +4a; = ul +uy +ul +a;. Since l,(z) and I, (x) have the same sign for each z,
we have I = It + It and [ = I + . Similarly, we also have 4 = u} + @} and

U, = U, + U, . Now, from Remark 5.2 and Proposition 2.2, we have
() (e )
E o E E o
for all a € [0,1]. This completes the proof. O
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6. DOMINATED CONVERGENCE THEOREMS

We shall discuss the Dominated Convergence Theorem for the fuzzy-valued inte-
grals with respect to fuzzy-valued measures.

Definition 6.1. Let a be a fuzzy number. We call a a canonical fuzzy number
if aL and a¥ are continuous with respect to a on [0, 1].

We also need the following results for canonical fuzzy numbers.

Proposition 6.1. Let d and b be two canonical fuzzy numbers. Then dg(a, l;) <e
if and only if |a% — b%| < ¢ and |a¥ — bY| < ¢ for all o € [0, 1].

Proof. For a compact set S in R", from Bazaraa et al. [2], if f is upper semi-
continuous on S then f assumes maximum over S, and if f is lower semicontinuous
on S then f assumes minimum over S. Therefore the result follows from Proposi-
tions 4.1 immediately. O

We denote by F.(R) the set of all canonical fuzzy numbers. If a function fis
givenby f: X — Fe(R), then f is called a canonical fuzzy-valued function. Next we
are going to discuss the Dominated Convergence Theorem for canonical fuzzy-valued
functions.

From Eq. (3), if FL, and FZ, are re-defined as follows
Fly={zeX: l,(2) = la(z) for oy, — a}

and
F(EJ;A ={r € X: uq, (x) = un(z) for ay, — a}

(the difference is considering «,, — «, not a,, 1 «), then, from Proposition 2.4 (note
that this proposition still holds true for canonical fuzzy number if condition (iii) is
replaced by continuity instead of left-continuity), f (z) is a canonical fuzzy number
for each € G 4. In this case, we also call f a canonical pseudo-fuzzy-valued function

induced by {£,U}.

Theorem 6.1 (Dominated Convergence Theorem). Let i be a canonical fuzzy-
valued measure on a measurable space (X, M) with fi(X) < oco. Foreachn =1,2,...,
let L,(z) = (I (x): a € [0,1]} and Uy (z) = {u{”(2): a € [0,1]} be two families
of real-valued functions defined on X, and {L,,U,} be two canonical families with
respect to fi. Let f,, be a canonical pseudo-fuzzy-valued function induced by {Ln, U}
for eachn =1,2,.... We assume that the following conditions are satisfied:

(i) each f, is integrable on E forn =1,2,..;
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(i) for n — oo, (I (2) — I*(z), ()~ (2) — I (2), (W) *(2) — u*(z) and
(u&"))’(:zz) — u~ (x) uniformly with respect to o on [0, 1] for any fixed x € X;

(iii) there exist nonnegative functions g € L'(jik) and gV € L*(i¥) for all o € [0, 1]
such that g& > max{(1{")*, |(wS) |} and ¢V > max{(u{)*,|(15)~|} for
eachn =1,2,... and all « € [0,1].

Then the canonical pseudo-fuzzy-valued function f induced by the families L(x) =
{lo(z) =1T(x) +1" (z): a €]0,1]} and U(z) = {un(z) = ut(z) +u (z): a€[0,1]}
is integrable on E and we also have

lim fndﬂ:/fd/l.

Proof. From condition (ii), we see that l,(xn)(x) — l(x) and ul” () — u(x)
uniformly with respect to o on [0, 1] for any fixed z. Since (15)* < (I{"™)* a.e. [it],
we have the inequality fE(l&n))"‘ diat < fE(lgn))“‘ dif. This shows that (I{V)* €
LY(jib), since f, is integrable, ie., (I")* € LY(iF). Similarly, since (ul”)~ €
LY(ak), @)t e LYEy), 1)~ € L1(~a) (note that (I5”)~ and ( <”>) are
nonpositive) and [}, (u (n) diat < fE —dpk, [p(u ) )T dad < fE ug” +dﬂ0U,
I ( 5= dpd < Ju( l((y" —diaY, we have (u((l "= e LY(iF) and (ui)*, 157 €
LY(ad) for each n =1,2,... and all « € [0, 1]. Since the convergence is independent
of a in condition (i), (I{")* € L(iF) and (1Y)~ € LY(¥), from condition (iii)
and using the Lebesgue Dominated Convergence Theorem, we have

/ (1) djit — / I+ djit / (1) ap¥ — / I dil
E E E E

for all @ € [0,1] (i.e., independent of «) for n sufficiently large. From Remark 5.2

and

(6)

L€ <<
2 2

and (6), we can show that

(7o), - (f 7o)

for n sufficiently large and all a € [0, 1]. Similarly, we also have

(), - (, 797)

for n sufficiently large and all « € [0, 1]. Thus the result follows from Proposition 6.1

<e

<e

immediately. (]
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In the sequel, we are going to discuss the Dominated Convergence Theorem for
fuzzy-valued functions. Let { fn} be a sequence of fuzzy-valued functions that are
integrable on F and dominated by a nonnegative integrable fuzzy-valued function
such that the limit function of { fn} exists. Then we are going to show that

tw [ fadi= [ Fap
n—JE E
where [t is a canonical fuzzy-valued measure.

Now we are going to fuzzify a nonfuzzy-valued function. Recall that F denotes the
set of all fuzzy subsets of R. Let f: R™ — R be a nonfuzzy-valued function (i.e., a
real-valued function defined on R™) and Ay, As, ..., A, be n fuzzy subsets of R.
By the extension principle in Zadeh [16] and Nguyen [7], we can induce a function
f: F* — F from the nonfuzzy-valued function f. That is to say, f(fll, As, ... Ay)
is a fuzzy subset of R. The membership function of f (Al, Ay, ..., fln) is defined by

(M) &5 s, A (1) = sup min{&; (v1),...,84 (¥n)}
{(z1,..., Tn): r=f(x1,..., Tn)}

Now we can define the meaning of the absolute value of a fuzzy number. Let a be a

fuzzy number and f(x) = |z|. Then we can consider the fuzzy subset |a| induced by

the real-valued function f(z) = |z| using Eq. (7). It is not hard to show that |a| is

a fuzzy number and
(8) |alo ={lIr|: v € da}

for all o € [0,1]. Let @ and b be two fuzzy numbers. We write @ > b if and only if
al > bL and a¥ > Y for all a € [0,1]. Then “>-” is a partial ordering on F(R). The
following results are not hard to prove by using routine arguments.

Proposition 6.2. Let {a,} be a sequence of fuzzy numbers. Then

lim a, =a ifandonlyif lim &} =a' and lim a, =a .
n—o00 n—oo n—oo

Proposition 6.3. Let @ and b be two fuzzy numbers. If @ = \l~7|, then we have
(i) al = ("L and al > |(b7)Y] for all o € [0,1];
(i) a¥ > (b")Y and a¥ > |(b™)L| for all o € [0, 1].
We are going to apply Theorems 5.2 and 5.3 to deduce the following Dominated
Convergence Theorem.
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Theorem 6.2 (Dominated Convergence Theorem). Let ji be a canonical fuzzy-
valued measure on a measurable space (X, M) with ji(X) < co and {f,} be a
sequence of integrable fuzzy-valued functions with respect to i on E such that the
limit function nlLII;O fulz) = f(x) exists. If there exists a nonnegative integrable

fuzzy-valued function §(z) with respect to fi on E such that j(z) = |fn(z)| for all
n=1,2,..., then

lim fndu / fdi.
E

n—oo

Proof. Since § is integrable, we have g& € L!(iiL) and g € L'(i ) for
all @ € [0,1]. From Propositions 6.3 and 2.1, we have gF > g& > (f)E
9t = g5 = |(f7)d] for all a € [0,1], and g§’ > g5 > (f)g and g5 > g5 > [( n)a'

for all a € [0,1] (i.e., independent of «). Now we consider the following inequality
) [ dnkant < [ (it aat.

Since f; is integrable, i.e., (f;")E € L' (k) for all o € [0, 1], it follows that (f;)E

LA rom (9, Simiarl, snco ()2 € LG, (0K € L GE). (F € L0 (3)
(note that (fi)E and (f;)Y are nonpositive) and [, (f7)Y dif < [, (fi)Y dik,

[e3%

fE Ldﬂ < fE Ldﬂaa fE f+UdM0 fE fijd/LOv we have (fn)g €
Ll(ul) and (f;)L, (f*) € LY(iy) for each n = 1,2,... and all « € [0,1]. Since
(fHE e LY (aF) and (f;)E € L' (aY) for each n = 1,2,... and all a € [0, 1], using
Propositions 4.2, 6.2 and the Lebesgue’s Dominated Convergence Theorem, we have

| @Dkt - [ (7t |Gk~ [k aig

for n sufficiently large and all a € [0, 1] (i.e., independent of «). From Theorems 5.2

<

e <<
2 2

and 5.3, we can show that

() - ([ 79)

for n sufficiently large and all « € [0,1]. Similarly, we also have

()~ (. 9),

for n sufficiently large and all « € [0,1]. The result follows from Proposition 6.1

<e

<e

immediately. (]
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