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KYBERNETIKA — VOLUME 36 (2000), NUMBER 3, PAGES 379-388

T-LAW OF LARGE NUMBERS FOR FUZZY NUMBERS!

ANDREA MARKOVA — STUPNANOVA

The notions of a t-norm and of a fuzzy number are recalled. The law of large numbers
for fuzzy numbers is defined. The fuzzy numbers, for which the law of large numbers holds,
are investigated. The case when the law of large numbers is violated is studied.

1. DEFINITIONS

1.1. Triangular norms, T-addition of fuzzy quantities

Since the law of large numbers for fuzzy numbers is based on the T-sum of fuzzy
quantities, we recall some important results concerning t-norms.

Definition 1. A triangular norm (shortly t-norm) T is a non-decreasing, associa-
tive and commutative [0, 1] — [0, 1] mapping that satisfies the boundary condition
Yz €(0,1], T(z,1) = z.

Definition 2. A continuous t-norm T is called Archimedean if

Vz €]0,1], T(z,z)< z.

Note some well-known ¢-norms. The strongest t-norm is minimum T (z,y) =
min(z,y). On the other hand, the weakest t-norm is drastic product Tp defined as
follows
min(z,y) if max(z,y) =1,

TD(z)y) = {

0 elsewhere.

Continuous Archimedean t-norms can be divided into two classes: strict and nilpo-
tent. An example of a strict (i.e. continuous, strictly increasing on ]0, 1]?) ¢-norm
is the algebraic product T, and an example of a nilpotent ¢t-norm (Archimedean,
continuous, not strict) is the Lukasiewicz t-norm Tr(z,y) = max(0,z +y — 1).

1 This research was supported by the grants VEGA 1/4064/97 and VEGA 2/6087/99.
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We recall that fuzzy quantity A is a fuzzy subset of the real line. The addition of
fuzzy quantities is based on a given ¢t-norm T, following Zadeh’s extension principle,
by

Adr B(z) = sup (T(A(z), B(y))), z2€R
THy=2

where A, B are given fuzzy quantities. If T' is an Archimedean continuous t-norm
with additive generator f then the addition of fuzzy quantities can be expressed as
follows

A®r B(z) = fU (xi’ifm(f oA(z)+ fo B(y))) , ZER,
where F(=1) is the pseudoinverse of f, defined by
f('l)(z) = f~! (min(£(0), z)), =z € [0, +oo[.

Definition 3. Let A;,..., A, be fuzzy quantities, n € N. Then their T-arithmetic
mean M, 7 is defined as follows

My, 1(z) = % (AL &1 -+ &1 An) (z) := (A1 &7 - D1 An) (n2).

1.2. Fuzzy numbers

Definition 4. A fuzzy quantity A is called a fuzzy number if it is convex fuzzy
subsets of R with one modal value only, i.e.

— Ve <y<z€R, A(y) > min(A(z), A(2)),
— V!la € R, A(a) = 1.

Any continuous fuzzy number can be written as a triple A = (a, F, G) where F'

and G are continuous decreasing functions from [0, 00[ to [0,1], such that F(z) =
G(z) = 1 if and only if ’
F(z—a) if z<a

z=0 and A=
G(x—a) if z>a.

The functions F' and G will be called the shape functions.
A special case of a continuous fuzzy number is a L R-fuzzy number, i.e., contin-
uous fuzzy number with bounded support.

Definition 5. A fuzzy quantity A is a so called LR-fuzzy number A = (a,a,)Lr
if the corresponding membership function satisfies for all z € R

L(%2), fora—a<z<aq,

8

0 else,

A(z) = R(u), fora<z<a+p,
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where a is the peak (modal value) of A, @ > 0 and B > 0 is the left and the right
spread, respectively, and L and R are decreasing continuous functions from [0, 1] to
[0,1] such that L(z) = R(z) =1 iff =0 and L(z) = R(z) =0 iff z = 1.

Note that, if shape functions L and R are linear, i.e., L(z) = R(z) = 1 — =, we
will speak about triangular, or linearly fuzzy number A = (4, a, B).

1.3. The law of large numbers for fuzzy numbers

Definition 6. [2] Let A be a given fuzzy number. Let D be a subset of R and
D be the complement of D. The grade of possibility of statement “D contains the
value of A” is defined by
7(D) = sup A(z).
z€eD

The grade of necessity of the statement “D contains the value of A” is defined by
N(D) =1- F(B)

Fullér [2] introduced the law of large numbers for special LR-fuzzy numbers and
t-norms bounded by the Hamacher product ¢-norm.

Theorem 1. (The law of large numbers, [2]) Let A, = (an,@,@), n € N be
symmetric triangular fuzzy numbers and let T' < Ty,, where Th,(z,y) = ; +;_zy
(whenever (z,y) # (0,0)) is the Hamacher product. If a = limp .0 9—*—’%—*—““ exists,
then for any € > 0

lim N (a(") —e<M,7< a™ 4 e) =1,

n— 00

A (i Mz =) =1, ;

where a(®) = 913';11

‘However, note that Fullér’s law of large numbers is not defined correctly. He re-
quires (in his proof) that conditions (1) are equivalent to condition lim, o Mn 7(2)
= Xa(2), what is not true. See the following example.

Example 1. Let A; be crisp fuzzy numbers A, = xq,, @0 = (%)", n € N. The
limit of the arithmetic means of peaks a; is equal to zero, lim,_, a™ = 0 and
the T-arithmetic mean of fuzzy numbers A;, i = 1,...,n, is for arbitrary t-norm T
defined by My, 7(z) = Xa(n)(2). However lim;_.coc Mp1(2) = 0 # x0(2) whenever
z=0. :

Hence, we have to define the law of lafge numbers for fuzzy numbers as follows:
1 ifz=a,

1
lim — (A1 &7 --- &1 An) (2) = 2
niulgon( 1T ‘T )(2) {0 otherwise, @)
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where Ay, n € N are fuzzy numbers with peaks a; and a = lim a1t-tan

n—o00 n

In the same paper Fullér showed that for Tpr (Tam(z,y) = min(z,y)) the law of
large numbers is violated. Note that the law of large numbers (2) with respect to
Tam (and then for all t-norms) holds only for every special fuzzy LR-fuzzy numbers
A, = (a,an, Br) LR such that nli.rgo % Z?:l a; = 0 and the same for the right spreads.

On the other hand the class of sequences of fuzzy numbers such that the law
of large numbers holds with respect to the weakest t-norm Tp is very large. It
contains, e.g., all sequences {An, = (a,an,Pn)L.R., n € N} of LR-fuzzy numbers
with bounded spreads an, B, < C, as well as all sequences {A, = (a, F5,Gyr), n €
N} of fuzzy numbers with bounded shapes (F,,Gn < F, n € N, where F is shape
function) and unbounded support, etc.

2. T-LAW OF LARGE NUMBERS FOR FUZZY NUMBERS

Recently, Hong [4] has shown that to each shape function L : [0,1] — [0, 1] there
exists a concave shape function L* such that L* > L.

Lemma 1. For any additive generator f of a strict t-norm and for any shape
function F' there exist a shape function Fy such that F; > F and f o F} is convex.

Proof. Let f be a generator of a strict ¢-norm. Then f o F' is increasing con-
tinuous function. By the same arguments as used by Hong in [4], there exists a
convex function F* < Fo F. Put F; = f~1 o F*. Then F; > f~(fo F) = F and
foF; = F*is convex. m]

Lemma 2. For any nilpotent ¢-norm T} there exists a strict ¢-norm T3 such that
T1 S Tz.

The proof isobvious. If we realize that T, < Tp, it is enough to apply Mesiar’s
transformation principle [11]. m]

Theorem 2. (T-law of large numbers) Let A, = (a,an,Bn)Lr, n € N be LR-
fuzzy numbers with bounded spread sequences, i.e., ap, < ¢, fn < ¢, n € N, for
some ¢ > 0. Then the law of large numbers holds with respect to any continuous
Archimedean t-norm T, i.e.

1 ifz=a,

n—00

1
Im — (A1 ®7 - - D1 a,)(2) =
"( LT 7 an) () {0 otherwise.

Proof. Let T be a strict t-norm and let Ly > L, Ry < R be shapes such that
the composites f o Ly and f o R; are convex (existence of Ly, R; is ensured by
Lemma 1). Then A, < B, = (a,¢,¢)L,r,, n € N. It is obvious that

-};(AIGBT'--@TA,,)(a)zl for all n € N.
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Further, for z # a, say for z €]a, a + ], we have by [10, 11]

%(Al ®r - ®r An)(2) < %(Bl @T"'@TBn)(Z).

_ -1 fo zZ—a R
- P(eren(5)

Forz>a+c, L (A1 @7 ®r An)(2) = 0. The case when z < a is similar.

We have proved that the law of large numbers holds for arbitrary strict ¢-norm.
As far as it holds for any weaker ¢t-norm, by Lemma 2 it holds for any nilpotent
t-norm, too. (]

Theorem 2 can be easily generalized to the case of LR-fuzzy numbers A, =
(a¢,n,Bn)L.R, such that a, <e¢, fn <c¢, L, < Lj, Rn < Rsj,n€E€N.

The requirements of Theorem 2 are sufficient conditions only. In the following
example the spreads of incoming fuzzy numbers are unbounded.

Example 2. Let A, =(0,+/n,/n), n € N be linear fuzzy numbers. Consider the
Lukasiewicz t-norm T7,. Then

1 1 1 1 1
M",TL - ;(Al GBTl.‘ ”'QBTL A")" —(01\/7_1-)\/;) - ;A" - (0,%’—\/—7—3>

n

and _
lim My 1, = xo.

n—00
In the next example the shape functions are not bounded by any shape function.

Example 3. Let A, =(0,1,1),1,, n € N be LR-fuzzy numbers with the shape
functions Lp(z) =1—zV In(n+3) The limit function

L(z) = lim L,.=< Leel

n—00 0 1:1

is not a shape function. Consider the Lukasiewicz t-norm T7. Then
;11_(0’0’0) < %(Al ®r, - @1, An) < %(An ®r, - O, An)-
Hence for z # 0
% (An ®1, - &1, An) (z) = max (0, 1- n|;p|\/"‘("—+3)) ’

then )
lim My 1, = Xo,

n—00

1.e., the law of large numbers holds.

In the following example the spreads and the shape functions are unbounded.
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Example 4. Let A, = (0,In(n + 3),In(n + 3))L.L., » € N be LR-fuzzy numbers

with shape functions Ly, as in previous Example 3. L,(z) = 1—zV™("+3), Consider
the Lukasiewicz t-norm Tf. Then using the same way as in the previous example
we can show

lim Mn,TL = X0,
n—00

i.e., the law of large numbers holds.

For continuous fuzzy numbers A, = (a, F,G), n € N, with unbounded supports
the law of large numbers holds, too.

Theorem 3. Let A, = (a, F,G), n € N be fuzzy numbers with unbounded sup-
port, i.e., supp A, = (—00,00). Then the law of large numbers (2) holds with
respect to any continuous Archimedean ¢-norm T

Proof. Let T be a strict t-norm and let F; > F', Gy > G be shapes such that
the composites f o Fy and f o G; are convex. Then A, < B, = (a,F;,Gy), n € N.
By [12] for all z € R we have

~(Ar@r -1 An) () < = (Bi @1 -+ &1 Ba) (2)
= (o, F{V(n2), G(n2)) = (4,0,0),

where

FP@ = (n-rory (%))

for all £ > 0, similarly for G( ")
By the same arguments a.s in the prev1ous proof, the law of large numbers holds
for any nilpotent ¢-norm, too. . =]

The requirement of equal peaks is not a necessary condition, too. See the following
example.

Example 5. Consider the Gaussian fuzzy numbers

T—=pn 3

G(pn,03) ~ An(z)=€¢ 2 , neN,

we can be write as triples (,u,., F(o2), F(U:))), where F(z) = e, and the product
t-norm Tp. Then by [10]

1
M":Tp = n (A1 &, - &1, A")

= (M—Tﬂl, F(”g'*""a?‘)(n&'): F(af+'~'0:)(n:c)) ’



T-law of Large Numbers for Fuzzy Numbers 385

where 2.2
F(”?"'""’:)(n:c) A e

If exists )
p= lim Mt 4 im 2_"_2:00
n—o00 n n—»ooa’1+...+a'n
then the law of large numbers holds. As an example, take p,, = 51;, n € N and
2 2
01 = 0'2 = ...

Theorem 4. Let A, = (an,F,G), n € N, and let an Archimedean continuous
t-norm T with additive generator f, such that fo F and f oG are convex, be given.
Let

1
nlirrc}o;;a; =a € R,
n n
b= nl—lpgo (; a; — na) = nlLrgo ;(a; —a), |b| €]0,00[;
(foF)(0) if >0
Cc =
(foG)(0) if b<0O
Then the law of large numbers (2) holds.
Proof. Suppose that b > 0. Then there is some ny € N such that for all n > ny,
Y oi_, a; > na. Then by [12]

%.(Ale;T”-@TAn)(a):(m ®r - - &1 An) (na)
_ 4 (n.foF<'M)>-

tim foF ((E?ﬂla.- — na) /n) (o FY(0)-b —a=0

Now

and consequently

Jim D (n-foL ((Z - na) / )) = fD0) =1,
i=1

For z < a we get

%(A1 Or - ®r An) (2) = (A1 @ - - O An)(n2)

= f=D <n~foF(;1l-iz:l:a,-—z)) -0

and similarly for z > a. o

However, we cannot drop the requirement of the Archimedean 'property for T.



386 A. MARKOVA -STUPNANOVA

Theorem 5. Let A, = (a, a,B)Lr, n € N and let T be a continuous t-norm. We
denote

A(z) =sup(c € [0,1];¢ < Ai(2), T(c,c) =¢).
Then 1
lim ~ (A1 ®7 -+ - D1 An) (2) = A(2).

n—oo

Proof. Following [1], if T(c,¢) = ¢ and A;(z) = c, then LAi@r--®rAn)(z) =
¢ = A(z) for all n € N. If Ai(2) is not an idempotent element of T', then it is
contained in some interval Jag, Oi[ from the ordinal sum decomposition of T'. Then
by [1] and Theorem 2, lim;, o ,1-;(441 ®r - - Or An)(2) = ar = A(2). m]

Corollary 1. Let A, = (a,a,8)Lr, n € N and let T be a non-Archimedean
continuous t-norm. Then the law of large numbers does not hold.

3. SUFFICIENT CONDITIONS FOR THE T-LAW OF LARGE NUMBERS
IN SPECIFIC CASES

Let A, = (a,an,Bn)L R, Let T be an Archimedean t-norm with an additive gen-
erator f. Then the validity of the T-law of large numbers for (An)nen is equivalent
to the validity of the condition:

Tim n f* (A(”)) > £(0) forall z #0, (3)
where f* is some convex lower bound of an additive generator f of T, and A"
is the lowest concave upper bound of centralized fuzzy numbers A;,..., A,, we are
dealing with, i.e.,

A™)(z) > Ai(z —a;), Vz€R,Vie{l,...,n}.

Proposition 1. The sequence of linear fuzzy numbers (An)nen, An = (@, an, Bn),
n € N, obeys the Tp-law of large numbers whenever lim, % = 00, where ¢, =
max(ay,...,0n, B1,---,0n).

-

Proof. It is immediate that

)

n
I

A = 0, max(a1,...,an), max(f,...,

s W
an bn

Recall that f(z) = —logz is a (convex) additive generator of {-norm T;,. Then the
condition (3) is fulfilled whenever

oo = lim —nlog (ma.x (0, 1- i)) = lim —nlog (max (0, 1- i))
n—o00 a, n—o00 bn
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for any z > 0, i.e.,

lim —nlog <max (0, 1- i)) = +o0.
n—oo Cn

If {¢n}nen is bounded, then the latest equality is obvious (and then lim,_ L=
00). For ¢, — 00, it is

lim —nlog (max <0, 1- i)) =z lim — = 400
n—oo Cn n—00 Cp

(for all £ > 0) iff

.. n
lim — = 0. m]
n—00 cn
Remark. Note that lim 2 = oo if and only if lim 2 = lim 3 = oo.
n—oo °n ) n—oo %n n—oo Pn

We can generalize Proposition 1 in several directions. Firstly, let f* be a convex
lower bound of an additive generator f of a t-norm T (if f is itself convex, we can
take f* = f). Then the conclusions of Proposition 1 with respect to the T-law of
large numbers are valid whenever (f*)'(17) < 0. Recall that in the case of T' = T},
(—log17)" = —1. For the Hamacher product Ty,, f(z) = L — 1 and f/(17) = —1.

For the Yager ¢t-norm Tg’, p €]0,00[, fp(z) = (1 —z)?. Inthecase p< 1, fp
are concave and the corresponding f* is, e.g., f* = 1—z with (f*)(17) = -1. In
all these cases Proposition 1 can be applied. However, for p > 1, f;(17) = 0, and
Proposition 1 cannot be applied.

Proposition 2. The sequence of linear (triangular) fuzzy numbers (An)nen, An =

(a,an,Bn), n € N obeys the Tg’-law of large numbers for a given p > 1 whenever

lim, 0 77 = 00, where c;, is defined as in Proposition 1.
n

Proof. It is enough to deal with unbounded sequence {cp}nen. Then

) ' T P .on
limn{l-|max(0,1- — =z lim -, z>0
n— oo Cn n—00 Cﬁ

and n
z lim z >1=f,(0) forallz>0
is equivalent to
. n .
"131;10 z= 00. . ’ O

Note that Proposition 2 can be derived directly from results of Kolesarova [5, 6].
Indeed, following [5, 6], it is

%(AJ@T:' "'@T}}’ An) = (aa % (2&?) l/q) % (Xn:ﬂzq) l/q),

i=1
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where % + % = 1. Then the TI}/ -law of large numbers is equivalent to the equalities

1/q /g
nl_l_.r{.lo -~ (Za ) = nlir{:o - (Z ,Bq) =0. (4)

It is a matter of simple calculations to show that equalities (4) are fulfilled whenever

oP ) P
lim 2 = lim -2 =0,
n—oo n n—oo n
or equivalently
lim — = o0
n—o00 n

On the other hand, we can generalize also the shapes L and R. If L* and R* are the
corresponding concave upper bounds, the non-zero value of derivatives (f*oL*(0%))’
and (f* o R*(0%))’ allows to apply Proposition 1.

(Received October 8, 1999.)
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