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KYBERNETIKA — VOLUME 37 (2001), NUMBER 3, PAGES 325-343

CONTROL OF DISTRIBUTED DELAY SYSTEMS
WITH UNCERTAINTIES: A GENERALIZED
POPOV THEORY APPROACH

DAN IVANESCU, SILVIU-IULIAN NICULESCU, JEAN—-MICHEL DION AND
Luc DUGARD

The paper deals with the generalized Popov theory applied to uncertain systems with
distributed time delay. Sufficient conditions for stabilizing this class of delayed systems as
well as for y-attenuation achievement are given in terms of algebraic properties of a Popov
system via a Liapunov-Krasovskii functional. The considered approach is new in the con-
text of distributed linear time-delay systems and gives some interesting interpretations of
H® memoryless control problems in terms of Popov triplets and associated objects. The
approach is illustrated via numerical examples.

DEDICATED TO ACAD. VLAD IONESCU, IN MEMORIAM.

1. INTRODUCTION

In the last decade a lot of attention has been paid to the stability and stabiliza-
tion problems of uncertain systems with delayed state involving unknown constant
or time-varying delay (see, for instance, Kolmanovskii and Nosov [11], Hale and
Verduyn Lunel [4], Kojima et al [10]) and the references therein).

For the simplest case in which the delayed argument appears only in the state
variable, a Liapunov-Krasovskii approach or a Liapunov-Razumikhin like theory
was developed (Cheres et al [1], Xie and de Souza [18], Lee et al [12]).

Let us mention that some results have been reported about Ho, analysis and
control of delay systems. For example, memoryless H, control problem has been
investigated by Lee et al where a frequency domain approach is adopted for linear
constant delay systems without uncertainty. Niculescu et al [13] deal with robust
Hoo memoryless control problem for linear systems with time-varying state delay
and norm-bounded time-varying uncertainty which appears in the state matrices
and input matrix of the state equation.

Since real systems often have distributed parameters, it is of interest to study
such a class of systems. However few works have been done in this field (see for
example Dugard and Verriest [3] and the references therein).
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In this paper, we consider the control problem of a large class of distributed
time-delay systems using the generalized Popov theory (see Ionescu et al [7]). Our
objectives are to achieve simultaneously closed-loop stability and disturbance at-
tenuation for systems described in terms of linear retarded functional differential
equations. This paper provides a unified approach for the considered problems.
Further extensions (other types of control laws) can be achieved using the frame-
work of the generalized Popov theory. The development is essentially based on the
‘generalized’ Riccati theory pioneered by Prof. Ionescu and co-authors starting with
the eighties (see, e.g. Ionescu, OQara and Weiss [7], and the references therein).
This theory represents an extension of the famous Popov’s positivity theory to the
indefinite sign case, usually encountered in game-theory situations.

To be more specific, our results are based on the necessary and sufficient condition
for the existence of the stabilizing solution to an adequate Kalman—Yakubovich-
Popov system of indefinite sign. This approach, combined with the Krasovskii theory
for time-delay systems, leads to explicit representation formulae. The delay system
class considered includes discrete and distributed delay terms and can be seen as a
special case of infinite-dimensional systems described by distributional convolution
equations. Note that the results presented here extend previous results obtained by
some of the authors (Dion et al [2], Niculescu and Ionescu [14], Niculescu et al [16]).

The paper is organized as follows: one first presents, in Section 2 ans 3 the
problem statement and basic definitions and results of the generalized Popov theory
for linear non delayed systems. The main results are given in Section 4 and are used
in Section 5 for H*® control. Section 6 is devoted to the robust control problem.
Some worked examples are given in Sections 5 and 6. Concluding remarks end the

paper.

2. PROBLEM STATEMENT AND PRELIMINARY RESULTS

Consider the following state-delayed system including discrete and distributed de-
lays:

&(t) = Az(t) + Aizi(-71)
+ /0 * 45(0)z:(=6) A8 + Buua (t) + Byus(t) (1)
y1 = Ciz+ Dnur + Disug (2)

where z; represents the translation operator z;(6) = z(t+6), and A2(6) is a piecewise
continuous matrix function, z(t) € R" is the state, u;(t) € R™, uz(t) € R™2 are
the disturbance and control inputs, y; (t) € RP! is the controlled output, A, A;, B;,
Dy; i = 1,2 are constant matrices of appropriate dimensions.

We are first interested in finding a memoryless controller

uy(t) = Foz(t) 3)

that simultaneously stabilizes the system (1) and achieves the «-attenuation prop-
erty, i.e., ||Ty,u, || < v where Ty, is the L2-linear bounded input-output operator
defined by the closed-loop configuration obtained by coupling (1) and (3).
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Consider now the robust control problem for the same system with uncertainties:

z = (A+AA)z+ (A1 +AA)z(t—n)

T2
+ / A3(6) 72(—6) d6 + Bu. )
0
The uncertainty [AA AA,] satisfies the following norm-bounded conditions V¢ > to:
AA=DFQ®)E FT{t)F(t)<I, (5)
Al =Di\FR(NE F(OR(t) <, (6)

with known matrices D € R™*i| D; € R™*%. The matrices E and E; are given
weighting matrices.

For simplicity only the robust control problem is considered but the joint, robust
and vy-attenuation problem.

Unlike the techniques previously mentioned, our interest is directed towards the
tools offered by the generalized Popov theory. The interest of such approach is
twofold: first to extend the Popov theory developed in the linear case to delay
systems and second to provide some alternative to handle control problems for delay
case.

First,we define a general quadratic cost function which corresponds to the distur-
bance attenuation requirement. We show that the stabilization problem is solvable
if the corresponding Kalman-Popov—Yakubovich system has a stabilizing solution
and a stabilizing controller can be derived from the partition. If further conditions
related to the general quadratic cost function are satisfied, then the stabilizing con-
troller also achieves disturbance attenuation requirement.

We will use a Popov theory approach combined with the Liapunov-Krasovskii
stability theorem. The direct application of this theorem is not easy because it is
difficult to build such functionals. A general form for this functional is:

v(z;) = zT(t)Pz(t) +2z7(t) ’ Q)z(t +6)de )
+ / * 5Tt +O)RO)(t +0) (8)
+ /0 /0 zT(t+01)S(01,02) Z(t+02') d6,dés, (9)

where P, Q(6), R(6) and S(6:,6:) are weighting matrices. In the sequel, we will
drop the explicit time dependence of z(t), u1(t) and u2(t) on t for brevity.

3. SOME BASIC RESULTS ON THE GENERALIZED POPOV THEORY

In this section several basic notions and results concerning the general Riccati theory
are presented. The present development is essentially based on the theory exposed
in Ionescu and Weiss, [8] or in Ionescu et al [5].
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Definition 1. Call ¥ = (A, B; P) where A € R**"* B € R™**™ and

P= [ I?T é :l =PT € R(n+m)>((n+m)

a Popov triplet with Q € R"*™.

Frequently, we will use the extensive notation ¥ = (4, B;Q, L, R).
Let ¥ = (A, B; @, L, R) be a Popov triplet and let

J = [ _Im1 I ] , ™My +my=m (10)

be an arbitrary sign matrix. We associate with X the following objects:

(1) The Kalman-Popov-Yakubovich system in J form (KPYS(Z, J)) is the follow-
ing nonlinear system with unknown X, V, W:

R = VIJv
L+XB = wTjv (11)
Q+ATX+XA = wWTiw.
This system is usually denoted as KPYS(X, J).
(2) The extended Hamiltonian pencil EHP(X) AM — N where

( I, 0 0
M=|0 I, 0],

0 0 0
) A 0 B (12)
N=|-Q -AT -L |,
I BT R

M, Ne R(2n+m)x(2n+m).

\

Definition 2. Any triplet (X,V,W) for which (11) is fulfilled and in addition
X = X7, V is nonsingular and of lower-left block triangular form

Vi1 O
V_[Vn sz] (13)

partitioned in accordance with J in (10) and A + BF is exponentially stable for
F=-v-lw, (14)
called the stabilizing feedback gain, is called a stabilizing solution to the KPYS(X, J).

Recall that V is said to be a stable proper deflating subspace (see Oara [17]) of
an arbitrary matrix pencil AM — N if NV = MV S, MV is monic, S is Hurwitzian
and V = (V) (V is any basis matrix for V).
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Definition 3. The EHP(X) is said disconjugate if it has a stable proper deflating
subspace V of dimension n and, in addition, if

il n
V=1V n
V3 m

is any basis matrix for V(V = (V)), then V; is nonsingular.

A relevant result of the generalized Popov theory is:

Theorem 1. Let ¥ = (A4, B; @, L, R) be a Popov triplet and J any sign matrix as
in (10). Then the following statements are equivalent:

1. R is nonsingular and the KPYS(X, J) has a stabilizing solution (X, V,W);

2. The EHP(X) is regular and disconjugate and, in addition, if R is partitioned
in accordance with J in (10), i.e.,

Ryy Ry
R = 15
[ Rl, Ry ] (15)
then
Ros > 0, sgnR =J. (16)

If 2 is true, then (see Definition 3) X = V,V;~! and F = V3V, L.

4. MAIN RESULTS
In a first step, let us consider the following linear distributed time-delay system:
z = Az + A1zi(—71),
+ /0T2 A2(0) z¢(—6) db + Bu, 17)
z = ¢ on [-7,0]

where z € R"™ is the state, u € R™ is the input, A, A; € R™"** B € R®™*™ A,(6) is
a piecewise continuous function, 7 = max{r, 72} is the delay and ¢ is any continuous
n-valued function on [—7,0].

Let ¥ = (A, B;Q, L, R) be a Popov triplet where the entries A and B coincide
with A and B in (17). Consider the extended time-varying Popov triplet associated
with (17):

Ry 0 0
= (A, [A1 A2(-) B);Q,[0 0 L],[ 0 Rap() O :l) , (18)
0 0 R
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where Ry € R™*™ and Ry, is a continuous time-varying function with some sign
constraints. Such extended Popov triplet allows us to reduce the control problem of a
time-varying delay system to a time-varying system free of delay (here the retarded
terms are seen like a perturbation in the system). For the sake of simplicity we
shall not address such problem here. Note also that if A; is a constant matrix, one
recovers the time-invariant Popov triplet used in Niculescu et al [16], with R42 a
symmetric and strictly negative-definite matrix.
Consider also the extended time-invariant Popov triplet

Ry 0 0
v, = (A,[A1 M?%(r) BJ;Q,[0 0 L],[ 0 -I, 0 D (19)
0 0 R
where 2
M(ry) = / A>(0)Y1(8) 4,(6)7 8 (20)

for some Y'(-) continuous time-varying function (seen as a parameter). We shall see
in the proof given in the appendix how the considered control problem (2) for (17)
is solved if some algebraic properties of the extended triplet ¥, are satisfied. The
idea is to interpret such problem as a control problem of an appropriate system free
of delay. .

Consider also the following (extended) sign matrix

J, = [%] - [ = i . . ] , (21)

where (mj +mz = m), be considered. Let B, L and R be partitioned in accordance
with J in (21):

Ry R
B = [By BJL=[L LJR=| o |. (22)
Ri2 R

The basic result of this section is

Theorem 2. Assume that the KPYS(Z,, J;) given by (19) and (21) has a stabi-
lizing solution (X,V,,W,). Let the stabilizing feedback gain F, be partitioned in
accordance with J, in (21), that is,

Fy :
Fo=-V.'w.=| R |. (23)
F

Let also u be split in accordance with B in (22):

u m
u= 1 ! .
U ma2
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Let Y be a continuous time varying function. Assume further that

X>0 (24)
Ri1 <0 (25)
Raa(12) <0 (26)
Q+ LoFy + FFLT + FF Ry Fy + Ry + Ra2(0) > 0 (27)

where

]
R®) = Ro+ / Y(6)do, 6€[0,). (28)
0

Then the state feedback
Ug = F2.’L‘ (29)

stabilizes (17) for all 7 < 7, i. e,

i = Az + (=) + /0 " A5(0) z(~6) d8 )

z = ¢ on [-T,0]
defines an exponentially stable solution for all ¢. Here A=A+ ByF,.

The proof is given in the appendix and makes use of the following Liapunov-
Krasovskii functional:

V(z:) = zT(@)Xz(t)+ / tv zT(6)(—Ray) z(0) df

t—n

t
+ [ a"O)-Ral-0)a(0) 0, ()
' t—712
where X = X7 >0 and Ry1 = RY, < 0 are given before; the time-varying matrix
function Rga(-) is given in (28). Note that since the inequality (26) is satisfied, it
follows that —Rg42(§) is a symmetric and positive-definite matrix for each ¢ € [0, 72].
The idea is that one may see (31) as a quadratic index for an appropriate time-
invariant linear system free of delay, and, thus to apply the generalized Popov theory
to such system.

Remark 1. Since the Liapunov-Krasovskii functional (31) is very general, one
may construct various S—parametrizations (not only linear!) of the time-varying
matrix function Rgz(-), for which Theorem 2 is still true.

Thus, due to the particular form of the distributed delay, if, for example, Ry; is
a continuous increasing (decreasing) function, one needs “strong” conditions only in
2 points: 0 and T2, etc.

Remark 2. Using the results developed in Niculescu and Ionescu [14], it follows
that one may relax the condition R4; < 0 to Rg1 <0, and thus to use more general
forms for the corresponding J matrix. .
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Remark 3. It is easy to see that if 77 is a continuous time-varying function, with
bounded derivative:

then the theorem holds if one changes R4; to Rg41. Note that the correspond-

1-5
ing Liapunov-Krasovskii functional changes similarly. A similar technique can be
used if one assumes that 75 is a continuous time-varying function. For the sake of

simplicity, we shall not develop such extension here.

A natural consequence of this theorem is:

Corollary 1. If all the conditions in the statement of Theorem 2 hold, then
= fia: + Ajzi(—11)
+ /012 As(t — 0) :(—0) d6 + Byuy, (33)
z =0on [-7,0]

defines a linear bounded input-state operator from Li’"“ into Li’".

Proof. By Li” we mean the Hilbert space of norm square integrable C"-valued
functions defined on [0, 00). The proof is a trivial consequence of the exponentially
stable evolution defined by (30) (see also Hale and Verduyn Lunel [4]). Taking into
account Theorem 1, an equivalent form of Theorem 2 can be stated as follows:

Theorem 3. Assume that the EHP(X,) is disconjugate. Assume also that
Ry >0, sgnR=J, Rg <0. (34)

If
Rt >o0 (35)

and both (25) and (27) hold, then (29) stabilizes (17). Here

W n
Vs n
V3 n+m

is any basis matrix for the maximal stable proper deflating subspace of the EHP ()
and

Fe = ‘/3‘/1_1

partitioned as in (23). o
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Remark 4. Theorem 3 provides easy checkable sufficient conditions for the sta-
bilizability of the state-delayed system (17) in terms of algebraic properties of the
associated matrix pencil.

Let Q be any n X n symmetric matrix. Let ¥ = (A,B;Q,L, R) be the Popov
triplet constructed with @@ and with entries of .. Associate with ¥ the “usual”

Popov index: A
oo S A w

where (z,u) € L3™ x LY™ and z and u are linked via (17) for some ¢.

Then we have:

Proposition 1. Let us consider a symmetric matrix Q satisfying

Q L
[ T R; ] >0. (37)

Assume also that all the conditions in the statement of Theorem 2 hold except (27)
which is modified as A
Q + Ra1 + R42(0) > Q. (38)

If the controller (29) stabilizes the delay system (33), then there exists { > 0 such
that
J5(0,u1) <=(llu - Fiallf, VuweLy™ (39)

where

Jz(0,u1) := J=(0,u)| (40)

us=Fozx *

Proposition 2. Assume that all conditions in the statement of Theorem 2 hold.
Assume additionally that B
Q@ + Ra1 + R42(0) > 0 (41)

where
Q:=Q+LF+FTLT + FTRF.

Then

i=Az + Arzi(—7)
+ /(;Tz Az(0) z¢(—6) do + By (42)
n=-FRz+u
(with z = 0 on [—7,0]) defines a linear bounded invertible operator on L3™".

Using all the results presented before, we shall state and prove the main result of
this paper.
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Theorem 4. Let (17) together with the quadratic cost defined by the right-hand
side of (36) be given. For arbitrary m;, mq such that m; + my = m, let B, L and
R be partitioned as in (22).

Assume that there exists two n X n symmetric matrices @}, R4; and a positive
scalar € such that the KPYS(XZ,, J;), where X, and J, are defined by (19) and (21),
respectively, has a stabilizing solution (X, V., W,) and let the stabilizing feedback
F, be partitioned in accordance with (23).

Let us consider a symmetric matrix ) and assume also that the following condi-
tions all hold:

1. X>0 4. Ray(m2) <0
9 [Q L], 5. Q+ Ra1 + Ria(0) > Q
’ Lg' R22 - _
6. Q+ Ra +Rd2(0) >0
3. Ru <0
where
Q = Q+LF+FTLT + FTRF
/]
Rs2(0) = Ry + / Y(6)d8 6 € [0,7s).
0
Then

a) ugz = Fyz stabilizes (17) for all 7 < 7.
b) There exists ¢o > 0 such that
Jo(0,u) < —collusll} Vs € L2™

where Jx(0,u;) has been defined by (40), (36).

Proof. a) follows directly from Theorem 2 combined with 2. and 4. in the
statement (see the proof of Proposition 1).
b) From Proposition 2 it follows that there exists {; > 0 such that

lloall3 = llur = Frzll3 > Gulluall3- (43)

Using Proposition 1 the conclusion follows by substituting (43) in (39) and putting

co = Gi€. o
5. H*°-CONTROL

In this section the theory developed in Section 3 will be applied for solving the
following H*-control problem formulated for state-delayed systems. Such a problem
is stated as follows.
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Let the system

T2
&= Az + Aize(—m) + / A3 (6) z4(—0) 6
| |

+B1U1 + B2U2 (44)

y1 =Ciz + Dyiuy + Digug

(where z = 0 on [—T,0]) be given. Here z is the state (in the usual sense), u; and
ug are the disturbance and control inputs, respectively, and y; is the output to be
controlled. The state x is assumed to be accessible for measurement. We are looking
for a state feedback law

Uy = F2.'17 (45)
which stabilizes (44) and achieves y-attenuation property for the closed-loop system,
i.e., there exists cp > 0 such that

‘ —7llwall3 + llyall3 < —collwall3
Vu; € L3™ (46)
or equivalently the system

= (A+ByF)z + Aze(-11)
T2
+ / A2(8) 71(=6) 49 + By (47)
0

y1 = (C1 + D12 F3) z + Djyuy

(where £ = 0 on [—7,0]) defines a -strictly contractive input-output map. Here ~y
is a prescribed tolerance for the attenuation level. Then we have:

Corollary 2. Assume that there exist two nxn symmetric matrices @ and Ry such
that all the conditions of Theorem 4 hold with respect to the following particular
data:

m; Mma
B = [Bl Bz]
Q=CTCy, L=[Ly Ly)=CF[Dy; Dy, (48)
_ | Bu B _ [ —*1+DfiDu D} D1
R{Z R22 D1T2D11 DTlez )

Then for F; given in Theorem 4, u; = Fyx is a solution to the H>-control problem
stated above.

Proof. Let £ = (4, B;Q, L, R). Then

Iz = =7 llualf + llwa i3 (49)

as directly follows by simple computation from (48). Apply Theorem 4 to (49) and
the conclusion follows easily. ]
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6. AN EXAMPLE

In this section, two numerical examples are presented for comparing these stability
criteria using a general form for R42(f) with the existing ones given in Niculescu
et al [16] with a particular function. First let us calculate a maximal size of the
distributed delay 7» for a fixed . It should be pointed out that there are few
results in the literature addressed to this problem (Dugard and Verriest [3]). Let
the following unstable distributed state-delayed system

T2
T = z+0 z+ / 0z4(—6)db + uy + ug
0
1 = THug (50)

be given. Here z, u;, uz and y; are all scalars. The problem is to find a memoryless
controller
Ug = szL‘ (51)

that achieves simultaneously closed-loop stability and -y-attenuation. The prescribed
tolerance is
vy=2. (52)

The input data are
A=1, Ai=1, Bi=1, By=1
Cl = 1, D11 = 0, D12 =1 (53)

as directly follows from (50). Choose R4 = —10.
Then the extended Popov triplet (see (19)) is

-10 O 0 0
1 0 -1 0 O

L= |t Mm)E 11]50, 0001, | o D, (54)
0 0 0 1

We consider two values for Y (6). In the first case, we take non-linear form Y (6) =
6% + 1 and with (20) we find that M(72) = 72 — atan(72). But (54) is equivalent to
the algebraic Riccati equation (ARE) associated with X, that is,

0=ATX +XA+Q—([00 L, Ly] + X[A, M(r)% B, B;))

Rge 0 0 o 1°¢ 0 AT
0 -I 0 0 0 M(rz)?
0 0 Ry R R

After computations we find the stabilizing solution:

_ [a=
X =158 —210m) (5)
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which is greater than 0 when Q > 1, and we can still find. a solution for 72,,,, = 1.69.
Let us verify the conditions stated in Theorem 4. The first condition is fulfilled when
Q > 1 as (55) shows. For the next ones, we obtain

Rie(m3) <0, Q@ —1>—Rg4 — Ra2(0).

There are verified for all R; < 0. Let Ry = —0.1 and we obtain Q > 7.87. Therefore
all of the conditions stated in Theorem 4 hold for Q > 7.87 and consequently

_ g1
vz = (1+ 0.65-M)””
is the desired feedback law. For the second case, we consider A2() =6 and Y (f) = 6.

With these values we obtain M(12) = 1222~ This time we find 72,,,, = 1.1, which is

a more conservative one. And all of the conditions stated in Theorem 4 hold for
Q > 10.45

7. CONTROL OF THE UNCERTAIN SYSTEM

Let us consider the following uncertain state-delayed system:
T2
&= (A+AA) T+ (A + Ad)) z(t — 1) + / A3(0) z0(=6)d0 + Bu.  (56)
0

Let ¥ = (A, B;Q, L, R) be a Popov triplet where the entries A and B coincide with

A and B in (56). The uncertainty [AA AA,] satisfies the following norm-bounded
conditions V¢ > to:

AA=DF(t)E FTt)Ft)<I, . (57)

Ad =DiF(YE FI(®)FR(@#) <, (58)

with known matrices D € R™*i D, € R™*#. The matrices E and E,; are given
weighting matrices.

We can obtain an equivalent of Theorem 2 (uncertainty case), using an appropri-
ate extended Popov triplet:

Let Rq1 € R™ "™ and consider the extended Popov triplet for the system (56) — (58):

T = (414 D D My B0 oo oz, Fe D)) 69

with
Ry 0 0 O
|l o -, 0 o0
Rp=1 4 ¢ -I; 0
0 0 o0 -I

Remark 5. In this section of the paper, because we only deal with the control
problem, we will use a simplified KYP-system with J = I, but we can easily extend
these results for the H* problem (according to Sections 3 and 4).
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Theorem 5. Assume that the KPYS(Z,p) is given by
— 1/2 B Rgyp O
Lep = | A, [A1 D D1 M(m) B};Q,[0 0 0 0 L], 0 R , (60)

has a stabilizing solution (X, Vp, We,). Let the stabilizing feedbaek gain F, be
partitioned in accordance with X, that is,
Fap
FB - —V'e;;lWep = Fl . (61)
Let also u be split in accordance with B in (22):
[ ui ] m)
u= .
U ma2

Let Y be a continuous time varying function. Assume further that

X>0 (62)
Ryp(12) <0 (63)
Q — ETE — ETE, + Ray + Ra2(0) > 0 (64)
where
6
Riz(6) = Ro+ /0 Y(0)ds, 6€[0,7). (65)

Then the state feedback
uy = Fhx (66)

stabilizes (56) for all 7 < 1, i.e.,

&= Az + Arzi(—n) + f(;'z Ax(0) z,(—6)do (67)
z=¢on [-T,0]
defines an exponentially stable solution for all ¢. Here A = A 4 By F5.
An example.
T2
g = (1+40.2sin(t))z + (1+0.2cos(t))z(t — ) + / 0z (—6)do + us
()}
y = T + 2U2. (68)

Here D = D; = 0.2 and E = E1 = 1. The problem is to find a memoryless controller

uz = Fox (69)
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that achieves the closed-loop stability.
We choose Rq; = —1, R = 1. The extended Popov triplet (see (59)) is

-1 0 0 O
0 -1 0 0
Bep = | 1,[10.202 M()% 2;Q,0,| 0 0 -1 0
0 0 0 -1
0 0 0 O

(70)

_— O OoOOoOOo

We consider for Y () a non-linear form Y () = 62 + 1. After computations the KPY

system is reduced to:
12(2.92 — M(13)) +2z +Q = 0. (71)

We find a stabilizing solution whenever 0 < Q. The maximal 7 for which the solution
is still positive is 7* = 4.21s. For these values, we find = 35.84 and the feedback
law F3 = —94.041 The conditions of the theorem become

3
Ra2(6) = Raz(0) + % +7<0
Q+Rai(0)=3>0
which are fulfilled for R42(0) = —29 and VQ > 32.

8. CONCLUSIONS

An extension of the generalized Popov theory to the case of delay system with
discrete and distributed delays has been done. Our interest has been focused on the
memoryless controller design for H*°-control problem. As future research direction
we suggest the investigation of observer-based compensation technique.

APPENDIX: PROOF OF THEOREM 2

Since (X, Ve, We) is a stabilizing solution to the KPYS(Z,, J¢), it has the following
form:

Rn 0 O
0 -1 0| = VIV
0 0 R
[0 0 L]+ X[A4; M(r)? B] = WZIJ.V. (72)

Q+ATX + XA = WIJW..

Taking into account Definition 2 in conjugation with (21), the first equation in (72)
leads to the following structure for V,:

Vdp I
Ve=[h‘?]= l: Vu 0 ]1 (73)
Va1 Voo
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where

Ve

Va2 ] '
Let W, be partitioned accordingly, i.e.,

W, = [ Wap ] - [_vadi‘} , (74)

w Wa
where W}; = [W}X WZL]. Substituting (73), (74) in (72), leads to the following form:
[Ru —I R] = [-ViVa -ViVe VTJV]
[xar xM(r)t] = [-WhVa - WhVa] (75)

L+XB = wWTJv
Q+ATX+ XA = —-WhiWay —-WEWae + WTIW.

Using (23) one gets

_y-1
Fyp ~Vip Way Loy Vap Wap
.FIe = o = _V—TW = Fl = —KIIWI
B Vaz' Var Vi Wi = Vi, ' W
(76)
where the structure (13) has been also taken into account and where
. Fa
A+[A1 M(m)? B]| Fa
F
is uniformly asymptotically stable.
Let now
i 0 0
Fe,2 = [—i,—:l = 0 (77)
2 F2

and let }ie,z be the F‘e,g—equivalent of ¥, in (19). Following Theorem 1 and taking
into account the zero structure of F, 5 in (77), the updated form of the last equation
in (75) corresponding to X, 3 is '

ATX + XA=-Q-WIWy —WEWa + (W +VE)TJW +VE). (78)
Furthermore
= Wi Vi O 0
VF = —_ - _
W+ VE [ W ] + [ Vo Vs ] [ Vs WVl Vi Wh — Vs W ]

[ vaviiw, |
Va1 Vi1tWy
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from which

W+VETIW +VE) = -WiW + WiV VIV V' Wa

= WIVET(-ViiVi + VEVa)Vir' Wh.  (79)

Taking into account (22), the second equation in (75) yields, by equating the (1,1)
entries
Ri = =ViiVa1 + V3 Var. (80)

With (80) in (79) and then with (79) in (78), one gets eventually
ATX + XA=-Q - WEWa — WEWa — WIVITRL VIV, (81)
where B
Ry; :==-R;; >0 (82)

as follows from (25).
We introduce the Lyapunov functional

t

Viz) = zT(8)Xa(t)+ / 27 (8)(— Ray) 2(6) 48

t—n1
t
+ /t_ z7(8)(—Raz(t — 6)) z(8) dF, (83)

where X = XT > 0 and Ry1 = RY, < 0 are given before; the time-varying matrix
function Rg42(-) is given in (28). Note that since the inequality (26) is satisfied, it
follows that —Ra2(€) is a symmetric and positive-definite matrix for each ¢ € [0, 7).
Simple computations prove that there exist two positive numbers d;, d3 such that

di|lz(®)II” S V(t,2e) < do o Sup tlllfv(")llz- (84)
€

t—7,
Taking the Lyapunov derivative of (83) with respect to (30), one obtains:
Vizy) = 2T(ATX +XA)z+z(t—-n)TAT Xz + 2T X Ayz(t = 71)
+ (/o A2(6) z(t - 6) do) " XotaTX (/0 A3(6) z(t — 6) d0)
+ zT(=Ra1)z — 27 (t — 1) (—Ra1) z(t — 71) + =T (—R42(0)) = (85)

— &7t~ m)(~Ra(n) 2t - m) + /_ " TO+t) (QRS’—;@) 2(6 + t) do.

Since

27T X / ™ A5(6) 3t — 6) df

]

IA

zTX( / " A2(0)Y (0)-1AT(6) dO) Xz + / P T (t+0)Y(0)z(t +6)do
0 0

0
— szMl/2M1/2X$_/ IT(0+t) (%0_)) x(0+t) do,

—T2
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an since we have (75), we can write the corresponding equations of the KPYS(Z. 2, Je)
(see the structure of F, 2 in (77)), and (85) becomes:

V(:L‘t) S -—:L'TQIE - .’L'TWdT;Wdl:L' - .'L'TWdeWdz - fL‘TWITVlITRuVﬂIWI.'E

— TWhVaz(t-n) -zt -n)TViWaz —z@t —n)TVEVL( — 1)
— zTRuz—2TRas(0) 2 —2T (t—72) (- Raz(72)) z(t—72) +xT X MV 2 M 2 X ¢
< —z7(Q+ R + Raz(0)) x(2) (86)

where both (27) and (81) have been used. With (84) and after some algebraic
manipulations the proof is completed via the Krasovskii stability theorem (Hale and
Verduyn Lunel [4]).

(Received November 22, 2000.)
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