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THE dX(t) = Xb(X)dt + Xo(X)dW EQUATION AND
FINANCIAL MATHEMATICS I

JOSEF STEPAN AND PETR DOSTAL

The existence of a weak solution and the uniqueness in law are assumed for the equation,
the coefficients b and o being generally C(R")-progressive processes. Any weak solution
X is called a (b, o)-stock price and Girsanov Theorem jointly with the DDS Theorem on
time changed martingales are applied to establish the probability distribution g, of X in
C(R') in the special case of a diffusion volatility o(X,t) = 6(X(t)). A martingale option
pricing method is presented.
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1. INTRODUCTION

Our semilinear equation, the merits of which we shall have yet to defend, is a model
for stochastic behaviour of a stock price X, say with X (0) = z > 0, that comes from
a family called the stochastic volatility models that are generally described by

dX(t) = b() X (t) dt + o(t) X () AW (2), (1.1)

where W is a Wiener process, b and o processes for which the above stochastic differ-
ential exists, Karatzas, Shreve [9] or Steele [16]. Our equation respects a reasonable
expectation that the rate of return and volatility coeflicients b and o should be fed
at time ¢ by the previous history of X. Another way how to model such a dynamics
was introduced by Merton [10] in the form

dX(t) = b(t, X (t)) dt + o (t) X (t) dW (t)
do(t) = a(t,o(t)) dt + c(t,o(t)) dB(t),
where W and B are Wiener processes on a filtered probability space with a linear
covariation (W, B)(t) = pt, hence in the form of a rather general two-dimensional

SDE. Having an increasing (decreasing) function f € C?(R), we may prove that the
one dimensional model

dX (t) = b(t, X (t)) dt + £(X(t)) AW (t)

(1.2)
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may be rewritten to an equation (1.2) with W = B. Cox [5], Beckers [1] choose
f(z) = 0-2° (0 > 0,6 € [0,1)) to introduce so called the constant elasticity of
variance diffusion models. Wiggins [17] followed by Scott [14], [15] proposed an in-
teresting simplification of (1.2) in the form

dX () = bX(t) dt + o(t) X (£) AW (t), do(t) = a(o(t)) dt + co(t) dB(2)

that definitely does not exhaust the collection of the models in between those given
by (1.1) and (1.2) equations.

One may ask what should be qualifications of a good model (1.1) for the stochastic
dynamics of a stock price. We believe that the model should be stochastically
invariant, i.e. that the probability distributions of its principal outputs (stock price
process, option price, etc.) have to be invariant of a special choice of the solution
X, or the driving Wiener process W. The generality of (1.1) cannot allow for such
a requirement. On the other hand, having made minor restrictions on b and o,
a martingale method for the option pricing is available in the setting (1.1). Any
modification of (1.1) should keep this ability. What we have been able to achieve in
the framework of

dX(t) = X ()b(X, 1) dt + X () (X, t) dW(t), X(0)=z >0 (1.3)

as a model for a (b,0)-price X, say until the market expiration time T' > 0. We
restrict ourselves to those (b, o) for which at least one Wiener process (2, F, P, W)
exists such that there is an X to satisfy (1.3) and £(X) = us,, holds for all possible
(b, o)-prices X. To make Girsanov Theorem simply applicable, we also assume that
b and o are bounded C(R*)-progressive processes such that ¢ > ¢ > 0and b =0
outside [0, T]. Corollary 3.3 offers a wide choice of pairs (b, ) to satisfy the require-
ments. Note that any X is always a positive process and that we are able to remove
the drift in (1.3) to restrict it to Engelbert—-Schmidt equation

dX(t) = X()o(X,t) dW(t), X(0)= . (1.4)

Corollary 3.2 says: If X is a continuous (properly measurable) process, then there are
Px ~ P and a Wiener process Wx such that X is a (b, o)-price w.r.t. (Q,F,P,W)
iff X is a (0,0)-price w.r.t. (R, F, Px,Wx). In particular, a pair (b, o) is a suitable
one for our model iff the (0,0) has the property. Moreover, L(X|Px) = p, for all
(b, o)-prices X.

We have many good reasons, as we shall see later on, to learn about g, as much
as possible: Assuming that o(X,t) = 6(X (t)) is a diffusion coefficient, Theorems 4.2
and 4.3 explain why any solution X to (1.4) is constructed in the following way:

(a) Choose an arbitrary Wiener process (§2, F, P, B) and consider its exponential
Y (t) = rexp{B(t) — t/2}.
w(t)

(b) Put ¢(t) = inf{s>0: fs&‘z(Y(u))du>t} and W(t) = [ 6 (Y (u))dB(u)..

0 0
Then X = Y(y) is a solution to (1.4) on (2, F,P,W) and a (b,o)-stock price
under the Q ~ P defined by Qx = P.
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The rest of Section 4 concerns the problem of finding one-dimensional distribu-
tions £(X(t)) that in fact turns to be a problem of finding one-dimensional distri-
butions L(Y (t), 7(t) = [, 67 2(Y (u)) du) (See Corollary 4.5, Remark 4.6 and Exam-
ple 4.7).

Observing the above construction of a (b, o)-price .X, finally described by (1.4),
we find that the driving Wiener process W is not entirely responsible for X in the
form X = f(W), as it is in general models (1.1) (even though there is another
Wiener process B to drive X as its function). On the other hand, W = f(X) and
we conclude that the only proper driver of our model is a stock price X itself (see
Theorem 4.3 for a correct statement).

This is also the reason why we had to reprove the corner stone statements by
Karatzas and Shreve (summarized in [9, 5.8.B Section]) on the price of a financial
claim or option and its valuation by an investment process. See, Theorems 5.4 and
5.5. The proof heavily depends on the fact that any (b, o)-price X is a Px-martingale
(sce Lemma 4.1) and that there is no other Q ~ P with the property (see Lemma
6.7). It made it possible to reform the results on the PRP-property by M. Yor [18]
(see also §4, Chapt. V in [17]) into the form of Lemma 6.8 and repeat the reasoning
presented in [9]. The price of arbitrary Px-integrable option and its valuation are
proved to be stochastic invariants.

Some of more technical results to be applied in Sections 3,4 and 5 are referred to
Section 6 whose results and proofs are of course entirely independent of the earlier
text. Section 7 summarizes the unsolved problems we have met having prepared the
text.

Above, we have reviewed some of the stochastic volatility models that inspired
our investigation. Its novelty can be seen, as we believe, in applying the time change
procedure described by (a),(b) with the aim to recover as much information on
the probability distribution of price process X as possible to facilitate, for exam-
ple, the computations of expectations for option pricing. In this context see also
Geman, Madan and Yor [7] and Borovkov, Novikov [3].

2. NOTATIONS AND CONVENTIONS
If not said otherwise explicitly, we shall assume that

all probability spaces (2, F, P) are complete (2.1)

all filtrations F; = (Q, F, P, F;) are complete and right continuous, (2.2)
denoting Feo := 0(UsFt).

Having a process X = (X(t),t > 0) on a probability space (2.1), we denote
0i(X) := 0(X(s),s < t) and by (F;¥) the P-augmentation of the canonical filtration
(0¢(X)). See Section 6 for the definition. Agree to denote and call

Y = (Q,F, P,F;,Y) martingale, local martingale and semimartingale (2.3)
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if Y = (Y(¢),t > 0) is an Fi-martingale, F;-local martingale and a continuous
Fi-semimartingale, respectively,

W =(Q,F, P, F;,W) a Wiener process (2.4)

if W = (W(t),t > 0) is an F;-Wiener process.

Our definitions are exactly those presented in [6, part III]. Having intention to
observe continuous processes X mostly, recall that such X is measurable as

X :(Q,000(X)) = (C(RY),000(X)), X :(2,0¢(X)) = (C(RY),0:(X)), t>0,

where X is the canonical process on C(R") and 0o (X) is exactly the Borel o-algebra
of the Polish space C(R"). Thus, any k-dimensional continuous process X will be
also understood as a II¥_; C(R*)-random variable with the probability distribution
denoted as L(X|P) = L(X).

If 41 is a completed Borel probability measure on C(R*), we denote by (F{') the
p-augmentation of the canonical filtration (o (X)).

Few words about stochastic processes on (C(R*1), B(C(R"))), say S = (S(t),t >
0), follow. Note that S is a continuous process iff z — (S(z,t),t > 0) is a Borel
transformation of C(R") and recall that if S is a continuous and o;(X)-adapted
process, then it is a o¢(X)-progressive process, i.e. such that (z,s) — S(z,s) is
a map measurable as

(C(R*) % [0,1],0+(X) ® B[0,t]) = (R, B(R)) for arbitrary ¢ > 0.

The concept of o¢(X)-progressivity or simply C(R*’)-progressivity is important:

If S is a C(R)-progressive process, then there exist Borel maps S; : C([0,t]) = R
such that S(z,t) = S;(z(s),s < t) holds for all z € C(R*) and ¢ > 0 (more generally,
the statement is true for S o;(X)-adapted).

If S is a locally bounded C(R*)-progressive process, then z — ( fot S(zx,u)du,t >
0) defines a continuous o4(X)-adapted process on C(R") hence a Borel transforma-
tion of C(R*).

If S is a locally bounded and nonnegative C(R*)-progressive process, then =
(=( fot S(x,u)du),t > 0) defines a Borel transformation of C(R*).

If S is a C(R*)-progressive process and X a continuous process, then ¥ = S(X)
defines a o4(X)-progressive process.

Consider C(R*)-progressive processes B and S, also z € R. Then
X =(Q,F,P,F:;,W,X) is a weak solution to (2.5)
the (B, S)-stochastic differential equation

dX () = B(X,8) dt + S(X,t) dW(8), X(0) =z (2.6)
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if W= (Q,F,P,F;,W) is a Wiener process and X = (7, F, P, F;, X) a continuous
semimartingale with the stochastic differential d X (¢) and the initial value X (0) given
by (2.6). The (B, S)-stochastic differential equation (2.6) is said to be unique in law
if £(X1|P!) = L(X2|P?) for an arbitrary pair

X; = (Q, FL,PLFLWE X)), i=1,2 (2.7

of weak solutions to the equation (2.6).

Stress that uniqueness in law does not say generally that X; = X, almost surely if
X1, X are weak solutions (2.7) where (Q, F!, P!, F} W) = (92, F2, P2, F2,W?).
The equation (2.6) with B =0, i.e.

X(t) = S(X, 1) dW(t), X(0)=z (2.8)

will be referred to as the Engelbert—-Schmidt equation. Recall that if S(z,t) =
S(z(t)) for (z,t) € C(R*) x R* and S : R — R is a Borel function, then (2.8) has

a weak solution and is unique in law iff

{z €R, 5(x)=0}={x€lR / 52 dy—+oo}

holds. (See [8, 20.1, p.371]). Having a filtration (F;), we agree to call a 7 : Q —
[0, 0] an Fi-Markov time if [r < t] € F; for all t > 0 and to define ‘the history’ of
(F:) up to T as

Fr={F € Fu:FNn[r <t e F, Vt >0}

Having a continuous local martingale M = (Q, F, P, F;, M), we denote its quadratic
variation as (M). If M(0) = 0 and (M)(c0) = oo a.s., we define the DDS!-Wiener
process B of M by

B=(Q,7,P,FM,B = M(7)), 7(t) =inf{s > 0,(M)(s) >}, t>0. (2.9)

(See [11, Chapt. V.1] for details). If F2 = FM the local martingale M is called
pure. (See [11, p.204,205] for equivalent definitions.)

3. (b,0)-STOCK PRICES AND GIRSANOV REDUCTION

Fix T > 0 and z > 0, the expiration market time and the initial price of the stock,
respectively. Denote

B := {b a bounded C(R™")-progressive process with b(z,t) =0, z € C(R*), t > T}
S := {0 a bounded C(R*)-progressive process, ¢ > & > 0 for some ¢}, BS := B x S.

1DDS stays for Dambis, Dubins-Schwarz (Wiener process).
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Call (b,0) € BS a stock market if the stochastic differential equation
dX(t) = X(t)b(X,t)dt + X (t)o(X,t)dW (), X(0) ==z (3.1)

has a weak solution and it is unique in law. The set of all stock markets will be
denoted as BSy. If (b,0) € BSn, then b(z,t) and o(z,t) may be referred to as the
rate of return and the volatility of the (b, o)-market, any weak solution X to the
equation (3.1) (detailed by (2.5)) will be called a (b, 0)-stock price. Our model entails
that there is a Borel probability measure p15 , on C(R") such that £L(X|P) = .
holds for arbitrary (b, o)-stock price X. Abbreviate p, := po,,. Note that arbitrary
(b, 0)-stock price X is a positive process almost surely, since

X(t) = zexp {N(t) - %(N)(t)} , t >0, almost surely, (3.2)
where |
dN(t) = b(X,t)dt + o(X,t)dW (t), N(0) =0 (3.3)

and (N)(¢) = fot 0%(X,u) du denotes the quadratic variation of the semimartingale
N.

Our definition of a (b, o)-stock market is designed to promote the Girsanov re-
duction as simple as possible:

Until further remark fix (b,0) € BS, put a = g, consider a Wiener process W
given by (2.4) and a continuous F;-adapted process X. Then

WX:(Qaf)Pa]:t’PX’WX)a (34)

where
T 1 T
dPx := Dx dP, Dy := exp{— / a(X, 0 dW () - 3 / 2(X, 1) dt} (3.5)
0 0

Wx(t) := /Ota(X,u) du+W(t), t>0 (3.6)

defines another Wiener process Wx. Indeed, EpDx = 1 by Novikov Theorem [6,
2.4.7] as a is a bounded process. Hence, Px ~ P is a probability measure under
which () is a complete and right-continuous filtration and finally Wx is a Wiener
process by Girsanov Theorem [6, 2.4.8]. The Girsanov reduction W — Wx provides
a mighty tool for the financial mathematics. Choose b = 0 in (3.1) to get the
Engelbert—Schmidt stochastic differential equation

dX(t) = X (t)o(X,t) dW(t), X(0) =z. (3.7)



The dX(t)=Xb(X) dt+Xo(X)dW Equation and Financial Mathematics I 659

Theorem 3.1. Consider (b, o) € BS, a Wiener process W in (2.4) and a continuous
Fi-adapted process X. Then

i) (Q,F,P,F,W,X) is a weak solution to (3.1) iff (Q,F, Px,F:,Wx,X) is
a weak solution to (3.7).

(il) If X; and X» in (2.7) are weak solutions to (3.1), then
L(X1|P') = L(X,|P?) <= L(X1|Px,) = L(X2|P%,)-

In particular, (3.1) has a weak solution (is unique in law) iff the equation (3.7)
possesses the corresponding property.

Proof.If (Q,F, P,F;,W, X) is asolution to (3.1), then X is a continuous (P, F;)-
semimartingale with the stochastic differential (a := )

dX(t) = X(t)o (X, t)[a(X,t)dt + dW(t)] = X (t)o(X,t) dWx ().

It follows that X is a continuous (Px, F;)-local martingale with the stochastic dif-
ferential dX (t) = X (t)o(X,t) dWx(t). Hence, (2, F, P, F;,Wx, X) is a solution to
(3.7). Because the above reasoning may be easily reversed, the equivalence (i) is
proved.

We shall prove (ii). Assume that £(X;|P!). = £(X2|P?) and put
t t
Yi(t) = Xi(t) - / Xs(u)b(Xi, u) du = / Xi(w)o (X, u) dWi(n), i=1,2.
0 0

Obviously, £(X1,Y1|P!) = L(X,,Y2|P?), where L(X,Y|P) denotes the joint prob-
ability distribution of processes X and Y under P on B(C(R*)?) = B(C(R")) ®
B(C(R*))). Recall that each X; is an almost surely positive process, define a C(R*)-
progressive process

1

@8 = @’

z(t) >0, c(z,t):=0, z(t) <0, z € C(R*), t>0. (3.8)

Note that triples (X;, N; = Y;, ¢) satisfy the requirements of Lemma 6.6 and there-
fore

L(X1, WHPY) = L(X2,W?|P?)

holds, where W = f c(X;,t) dY;(t). It follows by Lemma 6.6 again, this time with
triples (X;, N; = W*, ¢ = a), that
Pz)

is seen as a true statement. Hence, £(X1, Dx,|P') = L(X2, Dx,|P?) and therefore
the right-hand side in (ii) is verified.

c (Xl, / a(X1) dW1, / a(X1) dt|P1> y, <X2, / a(X) dW?, / a(Xz) dt
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Assume that £(X1|P%,) = L(X2|P%,). According to (i)
Xi = (Q,F, Py, Fi,W¥,X;), i = 1,2 are solutions to (3.7) and therefore the
triples (X;, N; = X, c), where c is the process defined by (3.8), meet the hypotheses
of Lemma 6.6. If follows that £(X1, W, |Px,) = L(X3, W%,|P%,), hence, again by
Lemma 6.6, £L(X1,Dx!|Pk,) = L(X2,Dx}|P%,) holds. Since dP; = Dx. dP,, we
verify the left-hand side of (ii).

To see the remaining part as a correct statement, just note that if (2, F, Q, F;, B, X)
is a weak solution to (3.7), then

T T
dP=DdQ, D:= exp{/ a(a:)dB—-%/ az(x)dt},
. 0 0

t
W(t) = B(t) —/ a(u) du
0
define, by Girsanov Theorem, a Wiener process (2, F, P, F;, W) such that
Q,F,Q,F,B) =(Q,F,Px,Ft,Wx)
holds. O

In the language of financial mathematics Theorem 3.1 reads

Corollary 3.2. If (b,0) € BS, then (b,0) is a stock market iff (0,0) is a stock
market. In symbols BSys := B x Sy, where Sy = {0 € S,(0,0) € BSm}.

If (b,0) € BSM, then (Q,F, P,F:,W, X) is a (b, o)-stock price if and only if
(Q, F,Px,F:,Wx,X) is a (0,0)-stock price.

Our assumptions on the volatility parameter o € S may be for example as follows:
o(z,t) = 6(z(t)), € C(R"), t>0, 6:R— R Borel (3.9)

or
o:C(R*) x Rt = R locally Lipschitz, (3.10)
which means that for some K, < oo
lo(z,t) —o(y,t)| < Knllz —ylle, llzlle,|lylle <n, t<n, neN
holds, where ||z||; := max,<; |z(s)| for z € C(R").

Corollary 3.3. Ifo € S, then either (3.9) or (3.10) implies that (0,0) € BSy and
therefore (b, o) is a stock market for arbitrary b € B according to 3.2.

Proof. Under (3.10) the equation (3.7) reads as (2.8) with S(z,t) = z(t)o(z,1).
This process S is seen to be C(R*)-progressive and locally Lipschitz such that

IS(z,t)] < C(1 +||z||¢), z€ CRY), t>0, C<oo
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holds. Combine Itd and Yamada-Watanabe Theorems [13, 12.2, p.132 and 17.1,
p.150] to see that (2.8) has a weak solution and it is unique in law under (3.10).
Assuming (3.9), we get that (3.7) as (2.8) with S(z,t) = S(z(t)) where S : = €
R — z5(z) € R is a Borel function from R to R such that fz” S572(u)du = +00
iff z = 0. Engelbert—Schmidt Theorem [8, 20.1, p. 371}, we have already referred to,
now proves that (2.8) has a weak solution and it is unique in law. O

4. DDS-REDUCTION OF (0,0)-STOCK PRICES

As we shall see in the next section, we have many good reasons to be interested in
the probability distribution of a (b, o)-stock price X under the probability measure
Px.

Lemma 4.1. Consider (b,0) € BSp and a (b, 0)-price X given as (2.5). Then X
is an Lp-martingale on (2, F, Px) for arbitrary p > 1.

Proof. According to Corollary 3.2, (R, F, Px,Fi, Wx, X) is a weak solution to
(3.7). Denote dM(t) := o(X,t) dW(t), M(0) = 0 and compute
p’ P -p
X ()P =zPexp {pM(t) - -—Z—(M)(t)} exp {-———2—(M)(t)} .

Since (M)(t) = f(f 0%(X,u) du < C?t for some C < oo, it follows by Novikov Theo-
rem that X is a Px-martingale such that Ep, |X(t)|? < co holds for all ¢ > 0 and
p>1 =

Once again, according to Theorem 3.1, the distribution of a (b, o)-stock price X
under Py is equivalently defined as the distribution u, of an arbitrary weak solution
X to the Engelbert—Schmidt equation (3.7).

Fix 0 € Sym and a weak solution X to (3.7) specified as in (2.5). Denote
dM(t) := o(X,t)dW(t), M(0) =0. (4.1)

Hence,
dX(t) = X(£) dM(t), X(t) = zexp {M(t) - %(M)(t)} . (4.2)

Since X is a positive continuous process, we get dM(t) = X (t)~! dX(t) and (4.2)
implies that FM = .7-}X holds for all ¢ > 0 because a legal change of the underlying
complete filtration does not change the stochastic integrals. On the other hand,
o > ¢ > 0 implies that dW (t) = ¢~1(X,t) dM(t), and finally

FY R =FX t>0 (4.3)
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Stress that weak solutions X to (3.7) cannot be generally constructed to achieve the
equality 7}V = F;X in (4.3), or in other words, to generate them as X = f(W) for
a suitably measurable f : C(R*) —» C(R"). (See Lemma, 6.4.)

To understand the problem properly, assume for the rest of this section that?
o € S is constructed via (3.9) (= o € Sy by Corollary 3.3) (4.4)

and recall a possible construction of a weak solution X to the equation (3.7):
Consider a Wiener process B on a probability space (2, F,P), in detail, B =
(Q,F,P,FE,B), and its exponential Y defined by

Y (t) = zexp{B(t) — t/2}, or equivalently by dY (t) = Y (t) dB(¢), Y (0) = z.
(4.5)

Define a continuous F? = F} -adapted, strictly increasing process ¢ with ¢(0) = 0,
¢(00) = 0o and F2 = FY -Markov times o(t) by

o(t) == inf {s >0, / 5 2(Y (u)) du > t} , t>0. (4.6)

0

Recall A.5 (i) Proposition [11, p.173] to prove that
w(t)
X(@) =Y(e), W)= [ o' (Y@)dB), t20  @1)
0

define continuous f(f(t)-local martingales on (2, F, P), where

Fhoy ={F € FL:Fn[p(t) < s] € F; Vs 2 0}, ¢ >0, (4.8)

is “the history” of B up to ff—Markov time (t). It follows by 1.5.(i) in [11], again,
that

e(t) _
72(Y (u)) du = t holds for all ¢ > 0 almost surely

W = [

and W = (Q,F,P, F, f(t), W) is a Wiener process by Lévy characterization theorem.
Denoting dN = 6-1(Y)dB, N(0) = 0, we have W = N () and

»(t) t
Xt)=z+ /0 Y(u)é (Y (w)dN(u) =< +/0 X(w)o(X(uw)dW(u), t >0

by Proposition 1.5 (ii) in [11] again. Thus, we have proved

2l.e., o is of the form o(z,t) = &(z(t)), where  : R — [, 00) is a Borel function and ¢ > 0.
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Theorem 4.2. Let B = (Q,F, P,72, B) be a Wiener process (perhaps the canon-
ical one on C(R")). Define Y,cp,ff(t) and W by (4.5), (4.6), (4.8) and (4.7), respec-
tively. Then

X = (0F P Fy, WX =Y (0)) (49)
is a weak solution to (3.7). In particular, p, = L(Y (¥)).

Remark that £(Y) = p; and that Theorem 4.2 suggests a weak solution to (3.7)
that lives on F2, where B is a Wiener process but not the driver of the equation
(3.7). The next theorem states that there are no other solutions to (3.7) than those
given by (4.9).

Theorem 4.3. Consider a weak solution X to (3.7) specified by (2.5). Denote by
B the DDS-Wiener processof M = [ X~ 1dX = [o(X)dW ((M)(00) = 00), define
Y, and ff'(t) by (4.5), (4.6) and (4.8), respectively. Then Y () = X almost surely

and M is a pure martingale, that means3:

FX =FM = FB = FY | or equivalently F* = ]:f(z) for t > 0. (4.10)

Proof. Specify B and 7 as in (2.9) and apply [11, 1.5, p.173] to prove that
Z := X(7) is a continuous .’Fr)it)-local martingale on (2, F, P) such that

() ¢ t
Z(t)y=z+ A X(u)dM(u) ==z +/0 X(r(u))dM(7)(u) =z +/o Z(u) dB(u)
(4.11)

holds almost surely for all ¢ > 0. Hence, Z solves the equation dZ = Z dB with
Z(0) = z and therefore X (7) = Y almost surely. By [11, 1.4, p.172] we compute
that outside a P-null set and for t > 0

7(t) t
t = (M)(r(t)) ‘—‘/O 52(X(u))du=/0 5*(Y (u)) dr(u)

and therefore 7(t) = [; 672(Y (u)) du holds. It follows that ¢ = 77! = (M), X (1) =
Y, X =Y (yp) are equalities valid almost surely, hence FM = FX = FY = FB by (i)
in Lemma 6.4. a

Summary 4.4. We state (keeping assumption (4.4) about o):

(a) Any (0, 0)-stock price X can be reduced to a (0,1)-stock price Y = X(7),
where 7(s) := inf{t > 0, fot 2(X (u)) du > s}.

(b) Any (0, 1)-stock price Y can be extended to a (0,0)-stock price X = Y (yp),
where ¢(t) :=inf{s > 0: [J 67 2(Y (u)) du > t}.

3See Exercise 4.14.4° in [11, p. 205).
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Both the reduction and extension does not change the underlying probability
space (2, F, P) and employ filtrations (F;X) and (FY) such that FX = FY.

To establish the probability distribution £(X) of a (0, 0)-stock price X as L(Y (p)),

where Y is a (0, 1)-stock price and ¢ is defined in (b), or even one dimesional dis-
tributions £(X (t)) = L(Y (¢(t))), may impose serious problems.

For the rest of present section fix Y, the exponential (4.5) of a Wiener process
B, i.e. a (0,1)-stock price process. Denote

t
Gy = L(Y (1), 7(t)), where 7(f) = / 572(Y(w) du, £ >0 (4.12)
N 0
and consider f € C?(R) such that random variables

/Ollf'(Y(U))Y(U)Izdu, /Olf"(Y(u))IYz(U)du, Y @)Y (4.13)

are integrable for all t > 0. Having such an f, we define

my,u(f) :=/ f"()y?Gu(dy,dr), t,u>0.
R x[0,t]

Corollary 4.5. Assume (4.4) about ¢ and let X be a (0, 0)-stock price. Then

BFX@) = @)+ [ mialf)du 120 (4.14)
for all f € C2(R) such that (4.13) holds. |

Proof. According to Theorem 4.2, we may choose without loss of generality
X =Y (p) where p(t) = inf{s > 0: 7(s) > t}. It6 formula yields

FY(®) = £(z) / FY (@) dY () + / £ () d(Y ) (w)
/ £(Y ()Y (u) dB(u) + / £V () Y2(u) du.

It follows by (4.13) that the middle integral is an FP-martingale and, obviously,
©(t) is a bounded FP-Markov time (¢ < C = ¢(t) < tC?). Hence, the Stopping
Theorem implies that

1 w(t)
Ef(X(1)) = BY (p(t) = f(2) + 3E / (Y ()Y () du
/ E{f" (Y ()Y (u) I, (r(u))] du

is true for all ¢ > 0. This is easily seen to be the equality stated by (4.14). O
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Remark 4.6. If X is a (0,0)-stock price, assuming (4.4) about 0 < ¢ < C < o0,
then

(a) to establish a one-dimensional distribution £(X(t)), we need only to know
two-dimensional distribution G, = L(Y (u), 7(w)) for 0 < u < C?t.

(b) If 7(u) has an absolutely continuous distribution with a density g(u,s) for
each u > 0, then we may rewrite (4.14) to

Ef(X(t) = f(@) + = / / E[f"(Y ()Y (w)|7(u) = slg(u, s) ds du

=@+ [ [ B @)Y @i = datu, o) duds,

Hence, almost everywhere on Rt
GEICE®) =5 [ By it = sy (@13

holds for arbitrary f € C?(R) that satisfies (4.13). Choosing f(y) = y? forp > 1, we
may apply Lemma 4.1 with X =Y to verify (4.13) and turn (4.15) into the equality

%EX() p(p / E[Y (u)P|7(u) = t] g(u,t) du

that is true again outside a A-null set in R*. Hence, there is a chance, at least
theoretical, to recover the Laplace transform of £(X(t)). Choosing f(y) = e**Y,
where A € R, we write (4.15) as

. 2 S .
%Ee”\x(t) = —%/ E [e"\y(")Yz(u)lr(u) = t] g(u,t) du (4.16)
0

/\2 (e ] d2 i u
-3 [ 5e [e AY ()| () :t] g(u, t) du (4.16)

to receive another link between £(X(t)) and £(Y (u))’s in terms of characteristic
functions. Our chances to establish £(X(t)) are perhaps limited to simple choices
of the volatility o as in the following

Example 4.7. Consider a volatility o(z,t) = ¢(z(t)), where

6(y) = UZI(—oo,z] (y) + UII(:c,oo) (y)v y€eER (4-17)

and 01,02 > 0. Having an intention to model a stock market that is very sensitive
to a decrease of the stock price we could perhaps choose a (b, o) market (4.17) with
o2 > o01. Compute

7(t) = /Ot 67 2(Y(u)) du = (072 — 052\ [s <t,B(s)— = > 0] +05%.  (4.18)
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To simplify our formulas, choose 03 = 1,07 = 1 to get

T(t) = M (W) +t, where (4.19)

LOM@) = Ms<ty(s)>0], t>0, y € C(RY). (4.20)

W) = B(t) - 3,

Thus, Gy := L(Y (t),7(t)) = L(zeW®) A\ (W) +t) is the probability distribution
asked for by the formulas (4.14) or (4.15). The distribution G; can be easily recovered
from H; = L(W(t),\f (W)). Assuming that W is a Wiener process, then H, is
an absolutely continuous distribution with the density hy(y, A) = t=3/2h; (y/V/t, A1),
where

mn = [ Ty <o, 0<a<1 421
1(y,)——,\maly_, <A< (4.21)

and

2

1 —_
_ |y|e 2(1—a) .
hl(y,A)_/l_,\Wda if y>0, 0<A<I. (422)

(See [2, pp. 97-100]) and we may apply Girsanov Theorem to establish Hy if W is
a shifted Wiener process defined by (4.20). By dQ; = exp{3B(t) —t/8} dP we define
a probability measure such that W is a Wiener process on [0,¢] under @;. Check
that dP = e~ 2" (~§ dQ, and compute

Hi(ab) = PW(O <o) <t =c 78 [ #0942
[W(t)<a, 2 (W)<b]

a b
= e_%/ / e"%”ht(y,)\) dy dX (4.24)
—o0 JO

holds for ¢ > 0,a € R and b > 0.

5. INVESTMENTS, OPTION PRICING AND DISCOUNTED STOCK PRICE

Fix coefficients (b,0) € BSp, a (b,0)-stock price X detailed by (2.5) and denote
by II(o) the set of all F}*”-progressive processes p such that

fot p?(z,u)du < 0o, t>0 py,-almost surely (5.1)
p(z,t) =0 p, ® M-almost everywhere on C(R*) x (T, 00) (5.2)

hold. Consider a (P, F{X)-semimartingale C defined by
dC(t) = p(X, t) dX (8) = p(X, )X (o (X, 8) dWx (), CO)=c>0  (53)

with a p € II(o) and agree to call it an X-investment process with the initial en-
dowment ¢ while p will be referred to as its portfolio. Note that for a p € II(o)
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the process p(X) is FX-progressive by (i) in 6.5 and that, according to (5.1), the
integral [ p(X)dX is defined correctly because Xb(X) and Xo(X) are processes
with locally bounded trajectories. Also note that (5.2) says that outside a P-null
set the trajectories of C' are constant on [T, 00). Remark finally that (5.3) defines
a self-financing investment strategy C, since its infinitesimal profits dC(t) are born
entirely by the infinitesimal changes dX(t) and by the “number of shares” of the
stock p(X,t) owned by the investor at time ¢.

Simple characterization of X-investments is provided by

Lemma 5.1. A process C = (C(t),t > 0) is an X-investment process iff it is
a continuous (Px, F;X)-local martingale such that

C(0) = ¢ >0 P-almost surely, C(t AT) = C(t), t > 0 P-almost surely.  (5.4)

Proof. Assume that C is a continuous (Px, F¥)-local martingale such that (5.4)
holds. Recall Corollary 3.2 to prove that (Q, F, Px, FX,Wx, X) is a weak solution
to (3.7) and that this equation is unique in law. Because X is a true Px-martingale
by Lemma 4.1, we may apply Lemma 6.8 to verify that

t
c@t) = c+/ H(u)dX(u), t >0 Px-almost surely, (5.5)
0
where H is an JF;X-progressive process such that
t
H(0) € R,/ H?(u)X*(u)o?(X,u) du < o0, t > 0, Px-almost surely. (5.6)
0
Because X is a continuous and positive process, it follows by (5.6) that also
t
H(0) € R, / H?(u)du < oo, t >0, Px-almost surely (5.7)
0

holds. Hence, Lemma 6.5 (ii) applies to construct an F}'"-progressive process p such
that

H =p(X) Px ® ) -almost everywhere on Q x R*. (5.8)

Now, (5.8) and (5.7) obviously imply (5.1). It is a consequence of (5.8) that outside
a P-null set and for allt > 0

/t(H(u) —p(X,u))?>d(X)(u) =0, hence /t H(u)dX(u) = /t p(X,u) dX (u)
0 0 0

holds. This and (5.5) imply (5.3) and we need only to verify (5.2):
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Since, according to (5.4), the trajectories of C' are constant on [T, 00) with Px-
probability one, we conclude that outside a P-null set and for all ¢t > T

t t
/ HdX =0 and therefore / H2d(X)=0
T T

are true equalities. Since d(X) ~ A\ with Px-probability one, we prove that H =0
P ® \-almost everywhere on Q x (T, 00], which jointly with (5.8) verifies (5.2). O

The correspondence between an X-investment process C' and its portfolio control
p is bijective given a fixed (b,c)-price X. The probability distribution £(C) does
not depend on the choice of (b, o)-price X given a fixed portfolio p. More precisely:

Theorem 5.2. (i) Let X be a (b, 0)-price given as in (2.5), C; and Cz X-investment
processes controlled by portfolios p; and p2, respectively, such that C;(0) = C2(0).
Then

C, = C, P-almost surely iff p; = p, P ® A-almost everywhere on Q x Rt. (5.9)

(ii) Let p be a portfolio in II(¢c), X; and X, (b,0)-prices given as.in (2.7), C,
and C3 X; and X,-investments processes controlled by p, respectively, such that
C1(0) = C2(0) holds. Then

L(C1, X1|P') = L(Cy, Xa|P?),  L(Cy, Xu|Px,) = L(Cs, X2|Px,) (5.10)
hold.

Proof. As for (i), note that C; = Cy P-almost surely iff C; = C, Px-almost
surely and iff

t
/ (p1(X) —p2(X))® d(X) =0, t >0, Px-almost surely. (5.11)
0 .

As in the proof of Lemma 5.1, (5.11) is exactly as to say that p; = p holds Px ® -
almost everywhere on £ x Rt. The equivalence (5.9) is verified since P ® A and
Px ® A are equivalent measures. To prove the first statement in (5.10) apply 6.6
with X;, N; = Xj,c=pand y = tb,e = L£(X;) and note that ¢ = p satisfies the
requirements of 6.6 since F{** = F¥<_ The latter equality in (5.10) follows by the
gogmer one as (', F*, Px,, F{,Wx,, X;),i = 1,2 are (0,0) stock prices by Corollary

2. [}

Example 5.3. Consider a (0,1)-price X = (R, F, P, FX,W, X), note that X (t) =
exp{W (t) — t/2} and that FX = FW Let p; and p, be F/*'-progressive processes
defined for positive z € C(R*) a5

1
Pl ) = om0, e, ) = sin [ine) + 5] m(e0
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and observe that both p; and py are in II(1). If C; and C; are X-investments
controlled by p1 and ps, respectively and Ci(0) = C3(0) = 0, then dC(t) = dW (t)
and dCy(t) = signW (t) dW (t) and therefore £L(C,) = L£(C2) = L(W) while p; = p2
(1 ® X almost everywhere is obviously a very false statement. Thus, (ii) in Theorem
5.2 cannot be simply reversed. Remark that we admit negative values of a controlling
portfolio to include such interesting investment operations as short sales of the stock.
On the other hand, to admit investment processes taking possibly negative values
necessarily means to include arbitrage investments C' with C(0) = 0 and C(T") > 0
(see 3.3.1 Example in [6]), hence operations that should be prohibited in a reasonable
and safe market.

Denote by A(X) the set of all X-investment process C' that are nonnegative
almost surely (admissible investments) and consider a financial claim w to be earned
at time ¢ = T such that

w > 0 almost surely, and w is a o¢(X)-measurable random variable. (5.12)

Naturally, we are interested in X-investments C for which C(T") = w holds almost
surely and their initial endowements are as small as possible. Denote

A(X,w) :={C € A(X) : C(T) = w almost surely}
and modify the celebrated Karatzas—-Merton—Shreve Theorem (see [9, 5.8.A section]

or [6, 3.2.10]) to our case:

Theorem 5.4. If win (5.12) is a Px-integrable random variable, then
gx := Ep,w = min[C(0) : C € A(X,w)]. (5.13)

There exists an almost surely unique Cx € A(X,w) with Cx(0) = ¢gx and it is
characterized inside of A(X,w) by either of the following requirements:

(i) Cx is an (F/X, Px)-martingale.
(ii) Cx < C almost surely for arbitrary C € A(X,w).

Remark that Cx is the only true martingale in A(X,w), the other members of
the set are nonegative true local martingales, in particular supermartingales.

Proof. Put G(t) = Ep, [w|o:(X)] for t > 0 to define (F{X, Px) martingale* with
the properties

G(0) =¢qx, G(T)=w, G(t) >0, G(t) = G(tAT) almost surely, t > 0. (5.14)

Since X = (9, F, Px, F{X,Wx, X) is a weak solution to (3.7) which is an equation
that is unique in law, since X is a P-martingale, Lemma 6.8 applies to prove that
C can be modified to a continuous (F;X, Px)-martingale Cx. It follows from (5.14)
by Lemma 5.1 that Cx € A(X,w) is an X-investment with Cx(0) = gx to be

4(FX) is the augmentation of the (a¢(X)).
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true almost surely. If C is another process in A(X,w), then it is an (FX, Px)-
supermartingale and therefore

C(t) > Ep,[C(T)|F{*] = Epy [w|F;*] = Cx(t) almost surely, t <T.  (5.15)
It follows that
C > Cx almost surely, C € A(X,w). (5.16)

Hence (5.13) is proved.

If C € A(X,w) is a process such that C(0) = gx holds almost surely, then,
according to (5.16), C — Cx is an almost surely nonnegative Px-supermatingale
with (C'— Cx)(0) = 0 almost surely and therefore C' = C'x almost surely.

If C € A(X,w) is a Px-martingale, then C — Cx > 0 almost surely is also a Px-
martingale with (C — Cx)(T) = 0 almost surely, hence C = C'x almost surely again
and the proof is completed. O

The latter result encourages the following definition:
A C(Rt)-progressive process g will be called a (b, o)-option if

9>0 and gy := /g(a:,T),u,,(dx) < 00. (5.17)

We have on mind functionals as

1 [t *
90,0 = (@)~ K, g = (7 [ X@au-K) | @0 =0
0
that generate, for example, the European call option and the Asian call option,
respectively. Note that considering the financial claims
wx = g(X,T), X a (b,o)-stock price,

it follows by Corollary 3.2 that £(X|Px) = u, for arbitrary (b, o)-stock price X and
therefore

Gor = / 9(5, T)io (d2) = Epy g(X,T) = min[C(0) : C € A(X, g(X,T))] (5.18)

holds for all (b, o)-prices X.

Thus, having a (b, o)-option g, we define the price of g (at time T') as g, 7 and
note that the price does not depend on the rate of return b. Another invariants in
a given (b, 0)-stock market enter our theory as follows: If X is a (b, o)-stock price,
Theorem 5.4 says that there is an almost surely unique X-investment process Cx
such that

Cx(0) =go1, C >0, C(T)=g(X,T) hold almost surely. (5.19)
We call a p € II(0) a hedging portfolio against a (b, o)-option g if

t
Cx(t) =qq1+ / p(X,u)dX (u), t> 0 almost surely (5.20)
0 .

is true for all (b,0)-prices X.
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Theorem 5.5. Let g be a (b, 0)-option. Then there is a hedging portfolio p against
the g. If X; and X, are (b, o)-prices given as in (2.7), then

L(Cx,|P") = L(Cx,|P?) and L(Cx, |Px,) = L(Cx,|P%,)- (5.21)

Note that Example 5.3, to contrast Theorem 5.2 (i), shows that there exist more
than one hedging portfolio p against g.

Proof. Assume that Cx, is a process controlled as

i
Cx(t) = apr + / p(X1,u) dXy (u), £ 0,
0

where p € II(0). Define an X,-investment process Cy by

t
Cg(t) = (qy,T + / p(Xg,u) ng(u)
0

and apply Theorem 5.2 (5.10) to prove that £(Cx,, X1|Px,) = L(C2, X2|P%,), hence
L(Cx,, X1,9(X1,T)) = L(Ca, Xs, 9(Xa2,T)). It follows that

Cy >0, C3(0) =gqg7, Co(T) =g(X2,T) -almost surely

and therefore, by Theorem 5.4, C; equals to Cx, outside a P)z(z-null set. We have
proved that the p is a hedging portfolio against g and the second equality in (5.21),
since L(Cy|P%,) = L(Cx, |Px,). The first equality in (5.21) follows by Theorem 5.2
(ii) because both Cx, and Cx, are controlled by the same portfolio p € I[I(¢). O

Remark 5.6. Up to now, we have considered only an investor who is interested
only in a stock-market and ignores the parallel financial market driven by an interest
rate r(z,t), i.e. by a C(R*)-progressive process r € B. A self-financing investment
process is in this case defined by

R(X,t)C(t) = c+ /Otp(X, u) X (u)(b(X,u) — r(X,u)) du
+ /Otp(X, u) X (u)o(X,u) dW (u),
where (b,0) € BSnm, X is a (b, 0)-price, p a portfolio in II(¢),c > 0 and
R(z,t) ;== e Jor@wdu 450 7 ¢ O(RY)
defines the discount factor born by the interest rate r. (See [6, 3.1.5]). The same

reasoning, as we have performed in this section, applies that having a financial claim
w in (5.12), we define its price gx (see [6, 3.2.10]) by

gx = Eg,[R(X,T)w],
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where

T 2
d0x = exp - [ HEDZHID gy L 7 (e -0 o ar

Further assume that r is a deterministic process in B, denote by ¥ = RX the
discounted price X and compute that

dY (t) =Y () (b(X,t) — r(X,t))dt + Y (t)o(X,t) dW (t)
Y (t)(b(Y,t) — 7(Y,t)) dt + Y (t)a(Y, t) dW (¢),

where p(z,t) := p(R‘lm, t). It is obvious that (b — 7,5) € BSy (provided that r is

a deterministic process) and that Y is a (b — 7, )-stock price. Thus, Qx = Py and
we compute that

ax =e frWdp, o Yy - R.X.
If
w=(X(T) - K)* =elo r(wdu ( (T) — Ke~ I r(u)du)+
then

T : +
gx = elo r(wdu (y(T) - Ke~ f°r’"(")d“) pz(dy).
C(R+)

We do not know yet whether the above duality between (r, b, o)-stock/financial mar-
kets and (b, o)-stock markets can be extended to a more general interest rates r(z, t).

6. TECHNICALITIES

Recall and introduce our notations and definitions. If X is a process on (2, F, P),
we write Np = {N € F, P(F) =0} and

0 (X) = a(X(s),s <), Too(X) = 0(X(s),5 < ),
G := 0(04(X) UNB), F¥ = 6% =060

Calling (0¢(X)), (GX) and (F{X) the canonical filtration of X, the P-completion of
(0¢(X)) and the P-augmentation of (03(X)), respectively. If X is the canonical pro-
cess on C'(R*) and p a Borel probability measure on C(R*), we write (G/') and (F}')
for the pu-completion and p-augmentation of 0¢(X) in (C(R*), B#, ), respectively if
B* = B(C(Rt))* denotes the u-completion of B(C(R*)). We need to have cleared
the relation between the filtrations (GX) and (F;). The following is obvious:
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Lemma 6.1. Let X be a process on (2, F, P) with X(0) € R. Then

( i) 6X = FX, where Foo := o(Ue>oFy) if (F) is a filtration, though the inclusion
g 4+ may be proper even for a continuous X.

(11) If Y is a left continuous process, Y (0) € R, then Y is an G;X-adapted process
iff it is F;X-adapted.

(iii) If G is an FX-progressive process with G(0) € R such that
t
/ |G(u)| du < oo almost surely, t > 0, (6.1)
0

then there is a th -progressive process F' such that F' = G A® P-almost everywhere.
To prove (iii), combine (ii) and the following standard procedure.

(iv) If (,F, P, F;) is a complete filtration and G an F;-progressive process such
that (6.1) holds, then F,(¢) := G(0) + nf G(u) du defines a sequence of con-
tinuous F-adapted processes such that G = hm F,, A ® P-almost everywhere.

More difficult is

Lemma 6.2. Let X be a process on (2, F, P) with X(0) € R such that any G;*-
martingale has a continuous modification. Then arbitrary F/X-local martingale G
with G(0) € R has a continuous G;{*-adapted modification.

Proof. Assume without loss of generality that G is an FX-martingale. Since
(F/) is a right-continuous and complete filtration, it follows by Doob Regularization
Theorem ([12, 67.7, p. 173]) that G has a modification with RCLL-trajectories (right-
continuous with finite left limits). Assume without loss of generality that the G itself
is a process with RCLL, hence locally bounded trajectories. It follows by (iii) in 6.1
that G = F X\ ® P-almost everywhere, F' being an G;¥-progressive process. In
particular,

F(t) = G(t) P-almost surely for t € D and D = Rt. (6.2)

Fix 0 < T € D and put F'(t) = ES" F(T) for t > 0 and note that F' is a G-
martingale such that (6.2) yields

F'(t) = E% G(T) = E9 E¥" G(T) = E% G(t) = E% F(t) = F(t) (6.3)

P-almost surely for ¢ < T and t € D. Our hypothesis on (G;¥) says that F' has
a continuous G -adapted modification F" such that, according to (6.3),

F"(t) = F'(t) = F(t) = G(t) P-almost surely, t<T, te D
holds. Hence P-almost surely

F'(f) = lim F"(tn) = lim G(ta) =G() i ta <T, tn €D, ta ]t

n—oo
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and therefore F" is a continuous G;¥-adapted modification of G on [0,T’). Letting
T 1 oo, we conclude the proof. 0

In what follows, we shall need the following slight improvement of Lemma 1.25
in [8, p.13]). (The o-algebra GX is not exactly the standard P-completion of the
o-algebra 0 (X)):

Lemma 6.3. If X is a process on (2, F, P) and S Polish space, then
H: (9,6X) = (S,B(S)) is a measurable map

if and only if there is a measurable map H' : (R,0(X)) — (S,B(S)) such that
H = H' P-almost surely.

Just observe that
GX = {F CQ,FAB € Np for some B € 0,(X)} (6.4)

and repeat the proof of 12.25 in [8] via S = [0, 1] and the Borel isomorphism theorem
([4, 8.3.6]).

Lemma 6.4. Let X and Y be continuous processes on an (2, F, P) with X (0),Y(0) €
R. Denote by u the completed Borel probability £(X). Then

(i) FY c FX iff Y = g(X) P-almost surely, g : C(R*) — C(R*) Borel.

(ii) If g : C(Rt) —» C(R") is a Borel transformation such that ¥ = g(X) holds
P-almost surely, then g is a continuous Ff-adapted process provided that Y is
an .7-} -adapted process.

Proof. Since ggf,_: FX and GY, = FY by (i) in Lemma 6.1, Lemma 6.3 applies
to prove (<) in (i) directly. If FY C FX, then, again by Lemma 6.1 (i) and Lemma
6.3, there is

Y': (Q,aw(}()) — (C(R*),B(C(R*))) such that Y' =Y

holds almost surely. Lemma 1.13 in [8, p.7] exhibits a Borel g : C(Rt) — C(R")
such that Y’ = g(X) everywhere on (2.
If Y is an F/X-adapted process, it follows by (ii) in 6.1 that

peoY : (2,6) — (C[0,4], B(C[0, 1])) for any t >0,

where p; : C(R*) — CJ0,t] denotes the projection. Fix ¢ > 0 and apply our

- Lemma 6.3 and Lemma 1.13 in [8] again (this time for Polish space S = CI0,t])
to exhibit a Borel transformation g; of C[0,¢] such that p; oY = g:(p; o X) holds
almost surely. If Y = g(X) almost surely and g : C(Rt) — C(R*) is a Borel map,
we conclude that (p¢ o g)(X) = (g¢ o pt)(X) outside a P-null set and p;o g = g: opi
outside a p-null set. Since

(C(RY),0¢(X)) 5 (C[0, ], B(C[0,1])) & (C[0,1], B(C[0, 1)),
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we prove that
peog: (C(RY),G}) = (C[0,t),B(C[0, 1))
by Lemma 6.3. This is exactly as to say that g is a G/ and therefore F{-adapted

process. a

Lemma 6.5. Let X be a continuous process on (2, F, P) with X(0) € R and px
the completed probability distribution £(X).
(i) If g is an F}*-progressive process, then g(X) is an F;¥-progressive process.

(ii) If G is an F;¥-progressive process with G(0) € R such that (6.1) holds, then
there is an F}'-progressive process g such that G = g(.X) A ® P-almost everywhere.

For (i) we do not assume that X (0) € R.

Proof. (i) Fix ¢ > 0 and note that X : (,0¢(X)) = (C(R*),0:(X)) implies
that X : (©,G6%) — (C(R*),G!") and finally that X : (Q,F) - (C(R"),F!).
Putting T'(w, s) = (X (w), s), the latter measurability proves that

T : (Q % [0,8], 7 ® B[0,t]) = (C(R) x [0,], F* ® B[0, t]),
while the F/*-progressivity of g yields
g: (C(R") x [0,t], 7 ® B[0,t]) = (R, B(R)).
Thus,
9(X) = g(T) : (2 x [0,4], F* ® B[0,¢]) - (R, B(R))

holds for all ¢ and g(X) is an JF;X-progressive process.

(ii) According to (iv) in Lemma 6.1 G = limp00 Fn A ® P-almost everywhere,
where F,,’s are continuous JF;¥-adapted processes with F,,(0) € R. Apply both (i)
and (ii) in Lemma 6.4 to exhibit continuous F}'-adapted processes g,, such that Fy, =
gn(X) holds A ® P-almost everywhere for arbitrary n € N. Putting g := imp—009n
if the lim is finite and g := 0 if not, we define an F}'-progressive process such that
G = g(X) A ® P-almost everywhere. g

Lemma 6.6. For i = 1,2 consider a continuous semimartingale
N; = (QF, Fi, PE FEN;), dN; = dB; +dM; with d||Bi]| +d(M) < A
Pi-almost surely and a continuous F;-adapted process X; such that
L(Ny, X;|P') = L(Nz, X,|P?). (6.5)

Let 1 be the completed distribution £(X:1|P') = £(X2|P?). Then

P1> =L (Xz,/C(Xz)sz Pz) (6.6)

c (xl, / o(X1) ANy
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for any JF}'-progressive process c¢ such that
¢
/ le(X3)| + |e(X:)1?(d|Bi]| + d(M)) < oo P‘-almost surely, t >0, i=1,2 (6.7)
0

hold. By ||B;|| we mean the variation of B;.

Note that ¢(X;) is an F;Xi-progressive, hence Fi-progressive process by (i) in 6.5
and that (6.7) guarantees that the stochastic integral [ ¢(X;) dN; in (6.6) is defined
correctly.

Proof. By C denote the set of all F}'-progressive processes ¢ with the property
(6.7) and by Co the set of all ¢ € C such that (6.6) is true. Observe that Cp is a set
that is closed in"C with respect to the convergence on C defined by

cpn —* ¢ = cp — ¢ almost everywhere, |c,| < d € C. (6.8)

Indeed, if (6.8) is assumed for a sequence ¢, € Cop and ¢ € C, then d||Bi|| < A,
d(M) <« A almost surely implies that outside a P*-null set

cn(Xi) = ¢(X;)  d||Bi|| + d(M)-almost everywhere on RY, i =1,2
and therefore, by the Dominated Convergence Theorem,
/ len(X3) — e(X3)| d||Bil] = 0, J len(X:) — e(X:)|2d(M;) =0, ¢t>0,i=1,2
0 0

is also true outside a P*-null set. Hence, according to 2.1.12 in [6, part III]

/0s cn(X;) dN; — /08 c(X;) dN;

which is as to say that [cn(X:)dN* = [¢(X;)dN' in Pi-probability as C(R)-
random variables. Since

L (Xl,/cn(Xl)le

max

2 — 0 in Pi-probability, ¢t >0, i=1,2,
s_

Pl) =L ()(2,/(;,1()(2)(11\12

P2), n €N,

we conclude that ¢ € Cp.
Now, if ¢ is a continuous F}'-adapted process, then it belongs to C and it belongs
to Co because for arbitrary ¢t > 0

nfc (Xi,%t) (Ni ((_132_1)1:) - N; (%)) - /ot c(X:) dN;

k=0

in Pi-probability for i = 1,2. If ¢ is a bounded F}'-progressive process, then it is in
C and it is in Cy because Lemma 6.1 (iv) provides a sequence ¢, of continuous Fy'-
adapted processes that converge to ¢ in sense of (6.8). Since bounded F‘-adapted
processes are easily seen to be a dense set in C w.r.t. the convergence (6.8), the
proof is complete. O
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Lemma 6.7. Let X in (2.5) be a weak solution to the Engelbert-Schmidt equation
(2.8) that is unique in law and @ a probability measure on oo (X). Then Q@ = P on
00 (X) provided that X is an (2, 0,(X), Q,0¢(X))-local martingale and @ ~ P on
Ooo(X).

Proof. X is also (Q, 000 (X), Q,GX)-local martingale with
' t
(X)(¢) :/ S%(X,u)du, t>0, Q-almost surely.
0

Hence, £(X|Q) is a solution to the local martingale problem for (S?,0). By Stroock—
Varadhan Theorem (18.7 in [8, p.341]), we get that there is a weak solution X' =
Q,F', P F,W' X") to (2.8) such that L(X'|P') = L(X|Q). It follows that

L(X|P) = L(X]|Q), hence Q = P on 0 (X). a

Lemma 6.8. Let X in (2.5) be a weak solution to the equation (2.8) that is
unique in law. Assume, moreover, that X is a (true) P-martingale. Then arbitrary
(P, F{)-local martingale G with G(0) = y € R is stochastic integral

¢
Git)=vy +/ H(u)dX(u), P-almost surely, ¢t >0, (6.9)
0
where
t
H is an Fj-progressive process, and H(0) € IR,/ H?(u)S?*(X,u)du < oo (6.10)
0

holds P-almost surely for all £ > 0.
In particular, any (P, F{¥)-local martingale has a continuous modification.

Note that the stochastic integral in (6.9) is well defined, since X is a continuous
(P, FX)-martingale and

t t
/ H2(w) d(X)(u) = / H2(u)S2(X,u) du < o0
0 0
holds P-almost surely for all ¢ > 0.

Proof. Denote by MM(X) the set of all probability measures @ defined on
000 (X) such that X is an (R, 000(X), @)-martingale and apply Lemma 6.7 to verify
that

Plo(X) is an extremal point of the convex set MM(X). (6.11)

According to Yor Theorem (in the form of 2.5.7 in [6, part III]) (6.11) implies that
any (P,G;¥)-martingale has a continuous modification. Thus, Lemma 6.2 applies
to prove that G can be modified to a continuous (P, G)-local martingale denoted
again by G. According to Yor Theorem again, (this time in the form of 2.5.12 in [6,
part IIT]) applying (6.11) once more, there exists a process H with the properties
(6.10) such that (6.9) holds. a
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7. PROBLEMS

Some of the problems listed bellow will be treated in Part II of the present paper
also published in this issue.

(A) In connection with Corollary 3.3, one should find some other volatilities ¢
(outside of the Lipschitz and diffusion case (3.9) and (3.10), respectively) such that
the Engelbert—Schmidt equation (3.7) has a weak solution and it is unique in law.

(B) Theorems 4.2 and 4.3 exhibit (0,0)-price X as a transformed exponential of
the Wiener process if o is a diffusion volatility. In case that X is a homogenous
Markov process one should try to establish its Kolmogorov equation, perhaps by
Volkonski method (See, IIL.21 in [12]).

(C) Corollary 4.5 says how to compute E f(X (t)) if X is (0, 0)-price, o a diffusion
volatility and f € C2. This, unfortunately, does not cover even the standard cases in
the financial mathematics. The continuation of the present paper will offer a method
of computing E(X (t) — K)* for some simple volatilities o as in Example 4.7.

(D) If o is a two valued volatility as in Example 4.7, we are able to establish
one dimensional distributions £(X(t)) in a complicated but an explicite form and
therefore also E(X(t) — K)*. Multivariate volatilities, not symmetric about the
initial price X would, of course, provide a more realistic model for a (0, 0)-stock
price.

(E) Another method how to compute the quantities as E(X(T) — K)* is that
one very succesful in the standard Black—Scholes model with a constant o : Consider

a continuous volatility coefficient o(z,t) : R x Rt — R constructed by means of
a function F(z,t) € C*'(R x R*)

OF 1,5, 0*F _ +

ot (x’t) = —22: g (.’I),t) 512 (z’t)a F(.’E,T) - (Z' _K)
for (z,t) € Rt x [0,T) such that the corresponding Engelbert-Schmidt equation
(3.7) has a weak solution X and it is unique in law. If

rtn<a7>'(|F(x,t)| < ¢(1 + |z|P) for some p > 1,

then, by It6 formula, (F(X (t)),t > 0) is an F;X-martingale and therefore E(X(T) -
K)* = F(z,0) if X(0) = z. See 3.3.9 in [6], or more generally, the PDE stochastic
representation theory presented, for example in [9, 6.7 section] or in [16, Chapter
15].

(F) What are the properties of u, = L£(X), where X is a (0,0)-price with
a diffusion coefficient o, what properties of ¢ would imply that p, ~ p; or that

L(X(t)) ~ L(Y(t)), where Y is the exponential of a Wiener process? This seems to
be important when trying to apply the formulas as those given by Remark 4.6.

(G) What happens in Example 4.7, putting 03 = 1 and letting 0, = n — 6o,
denoting the corresponding two-valued volatility by o, and by X, the (0, 0y,)-stock
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price. We believe that
X, = Z in distribution in C(R*) where Z(t) = zexp{|W (t) — t/2|}.

(H) Remark 5.6 suggests the following problem: Which C(R*)-progressive pro-
cesses r(z,t) are such that the map z € C(R*) = R(z)z € C(R") is py,-almost
surely invertible if o € Sar and R(z,t) = exp{— fot r(z,u) du}.
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