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KYBERNETIKA — VOLUME 42 (2006), NUMBER 5, PAGES 569 -584

LASLETT’S TRANSFORM FOR
THE BOOLEAN MODEL IN R¢

RosTIisLAV CERNY

Consider a stationary Boolean model X with convex grains in R? and let any exposed
lower tangent point of X be shifted towards the hyperplane No = {z € R? : z; = 0} by
the length of the part of the segment between the point and its projection onto the No
covered by X. The resulting point process in the halfspace (the Laslett’s transform of
X) is known to be stationary Poisson and of the same intensity as the original Boolean
model. This result was first formulated for the planar Boolean model (see N. Cressie [3])
although the proof based on discretization is partly heuristic and not complete. Starting
from the same idea we present a rigorous proof in the d-dimensional case. As a technical tool
equivalent characterization of vague convergence for locally finite integer valued measures
is formulated. Another proof based on the martingale approach was presented by A.D.
Barbour and V. Schmidt [1].
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1. INTRODUCTION

Let X be a stationary Boolean model in R? with convex compact grains and intensity
A >0, ie.

o

Il
—

(3

where U2, z; is a stationary Poisson point process (of germs) with intensity A and
G, are i.i.d. random convex compact sets (grains), independent of U, x;, with
lexicographical minimum at the origin (we will denote by <., the lezicographical
order, we put (ai,...,aq) <jex (b1,...,bq) iff ag < bg or (ag = bg and ag—1 < bg—1)
or...or ((ag,...,aq) = (b2,...,bq) and a1 < by)). Denote the distribution of G, as
Ay, it is usually called the distribution of a typical grain of X. Furthermore, points
{;}32, will be called tangent points of X and those of them that are not in the
interior of X will be called exposed.

The Laslett’s transform is defined in the half-space RY = {z € R?: 271 > 0}. Its
idea is to remove all interiors of grains of the model X and then to close up the left
gaps by shifting all remaining points from ]Ri towards the hyperplane Ny = {z €
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Fig. (a) A realization of planar Boolean model of discs. The intensity is 0,01; the
distribution of disc radius is uniform U(2,4). (b) The corresponding point process of
Laslett’s transform and the shifted boundary of sample window.

R<: z; = 0} (see Figure). More precisely, assume Ly is the Laslett’s transform and
T € Ri. Then
Lx(z)=x— X (s(x)NX)-eq,

where A1 (-) stands for the one-dimensional Lebesgue measure, e; is the unit vector
(1,0,...,0) € R% and s(a) is the line segment connecting a point a with its orthog-
onal projection onto Ny. The point process of translated exposed germs of X N Rf{_
is stationary Poisson with the same intensity A as the original model X.

Remarks. For a given realization X of the Boolean model we have defined Laslett’s
transform as the mapping Lx : Ri — R‘i. Moreover, we can consider the Laslett’s
transform acting on the space of particle processes (for the notation see Section 2):

L : N(K'(R%) — N(R%),

which assigns to a germ-grain model a point process in Rff_ of exposed tangent points
shifted by Ly. Writing a subscript to the operator L we will distinguish between
the first and second notion for the Laslett’s transform.

Theorem 1. Let X be a stationary Boolean model in R? with intensity A > 0 and
convex compact grains. Then the Laslett’s transform of X forms the restriction of
a stationary Poisson point process in Ri with the same intensity .

The theorem was originally formulated for a planar Boolean model by G.M.
Laslett. Although the proof based on discretization and sequential conditioning (see
[3], Section 9.5.3) is partly heuristic, the idea is correct and with some technical



Laslett’s Transform for the Boolean Model in IRd 571

arguments it can be made complete. Another proof using martingale approach was
given by A.D. Barbour and V. Schmidt (see [1]).

We start with the same idea of discretization of the model X and we give a rigor-
ous proof of Theorem 1 in Section 3. Thus the Laslett’s theorem can be generalized
to the Euclidean space of arbitrary dimension d > 2.

Practical usage of Theorem 1 is straightforward. It is usual in practice that we do
not observe particular grains of the model but only their union. One can therefore ask
how to estimate the intensity A then. Naturally, we can apply Laslett’s transform.
On the other hand the same estimator can be derived by working with the so-called
Tangent Point Process (see [4] and [5]).

The second practical usage of Laslett’s theorem lies in the fact that the resulting
process is Poisson. Hence, using well-known approaches for testing Poisson point
processes we can test that some observed random set is a part of a Boolean model
X. Unfortunately, since the converse of Theorem 1 does not generally hold true,
we can only reject that X is Boolean when the test rejects L(X) to be poissonian.
However, the opposite result of the test tells us nothing about X.

2. CONTINUITY OF THE LASLETT’S TRANSFORM

In this section we formulate first the equivalent characterization for the vague con-
vergence of locally finite integer valued measures which will be later used to show
the continuity of Laslett’s transform (on sufficiently large spaces of measures).

Let V be a complete separable metric space with a metric ¢ and denote by (V)
all compact sets in V. Let C.(V') be the space of all continuous functions on V' with
compact support.

Denote by N(V') the space of locally finite integer valued measures on V. Its
elements can be considered as locally finite sets as well. Hence for ¢ € N(V') we will
use the notation x € ¢ which is equivalent to ¢(z) > 0 and Up = U{z : x € ¢}. On
N(V) we assume the topology given by vague convergence:

bn > ¢ iff VfeC(V): /fd¢n—>/fd¢.

We will use the notation d(z, A) for the distance of a point = from a set A, i.e.
d(z,A) = inf{p(z,y) : y € A}. Further set B,(r) the ball with center at = and
radius 7 and let (-)* denote the positive part, i.e. ()™ = max(0, -).

Lemma 1. Let ¢,,,¢ € N(V). Then the following statements are equivalent:

(1) ¢n > ¢ for n — oo,

(2) VK € K(V) Jgg > 0 such that Ve : 0 < e < eg Ing; Yn > ng : there exists
an injective mapping &, : ¢ N K. — ¢, such that

(a) VeepnK:: Q(I7£n($)) <g
(b) (¢n \Im&,) N K =0,
where K, = {z € X : d(z,K) <e} and Im¢,, = £, (¢ N KL).
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Proof.(1)=(2): Let ¢, — ¢, K € K(V)and g1 > 0. Put {zy,...,2;} = pNK,,
and choose g9 > 0, g9 < &1 such that x; & By, (o) forall i # 4, 4,57 =1,...,1.
Let € be given, g > e > 0. Fori=1,...,[ set

o) = (1- “(”)f .

3

Then f,, € Cc(V), spt fo, = Be,(5) and it holds that

[fodo=1= 1 [ 1. don.

Hence there exists n; such that for all n > n; there exists y; € B, (5)N¢n. Suppose
there exists 7; € By, (5) N ¢n, i # yi- Set

gou () = (1- 2:d(@Bx (5) (5))>+.

Again g,, € C.(V), spt g, = Bz, () and we derive a contradiction

[ondo=1= 1 [, a6, =2

Therefore it is possible to define uniquely &,(z;) = y; and it remains to prove
assertion (b).

Set
+ g
h(z)=<1—d(z’K)> : hxi(m):{ bty D (5)

€ otherwise

and

k(z) = min(h(x), hyy (2),. .., by, (2))

ke C.(V), sptk = K.. Then
/kqu:O: lim [ kdé, .

Consequently, there exists ng such that for all n > nsy any point from ¢,, N K belongs
to some By, (5),i=1,...,l. According to the first part of the proof this point must
belong to Im &,. Now it suffices to set ng = max(nj,ny) and the assertion is proved.

(2)=(1): Let f € C.(V) be given, set K = spt f. For this K choose g such that
(2) holds. Denote | = card(¢ N K,,). Let € > 0 be arbitrary. Since f is continuous
there exists 0 < 6 < g, such that o(z,y) <6 = |[f(z)— f(y)| < 7. According
to (2), for this ¢ there exists ng such that &, is an injective mapping with properties
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(a), (b), for n > ng. We have

‘/qub—/fd(bn

Yo ot - > fl)

rzePpNKs rEPG,NK

= | > f@) - fnl)

rzePNKs
< ) @) = fé@)l <e,
zEPNKs
using spt f = K, property (b) and property (a) for 4. O

In the rest of the section we will show the continuity of Laslett’s transform. More
precisely, we will show that if ®,, "> & in distribution, where ® is a Poisson process
of convex particles, then also L(®,,) "= L(®) in distribution. The latter holds true
if L is continuous on some region U, and Pr(® € U,.) = 1, see [2], Theorem 2.7.

Set K’ = K'(R?) the space of non-empty compact sets in R? and K}, those sets
from K’ with lexicographical minimum (denoted by lexmin) at the origin. K’ is

equipped with the Hausdorff metric dg, defined as

dy (A, B) = max {Sup d(z, B), sup d(y,A)} .
T€A yebB

We will gradually define three mappings Fi, F», F3 whose composition forms the
Laslett’s transform:

L:FgoFQOFl.

The mapping F}; assigns marks to the process of grains. The marks have the inter-
pretation of the shift length for the corresponding tangent points. The mapping F5
preserves only germs and only those of them which are not overlapped by any other
grain. Finally the mapping F3 shifts the remaining points towards the hyperplane
Ny by the length given by the associated marks.

We say that two sets A, B C R? touch each other (touch e.a.) if AN B # () and
)\d(A n B) =0.

Consider the following properties of two convex sets Cy, Cs:
(i) C1,C5 do not touch e.a.,
(ii) A1 (s(lexmin Cy) N 9C,) = 0.
Set

U, - {¢ e N(K'(R%)) - gi;?of % = ), Cy fulfill (5) and (ii).} .
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Lemma 2. Let ® be a stationary Poisson process on K'(R?%) with convex grains.
Then
Pr(®el,.,)=1.

Proof. Assume without loss of generality that the intensity « of the process
® equals 1. Let M} denote the second order factorial moment measure and A the
intensity measure of ®. Since ® is Poisson process, it holds (see [7], p. 47)

Mj = A?
and we have

PI‘(H 01,02 € o, (& 75 Cy: 01702 touch e.a.)

< E Z 1{01,02 touch e.a.}
C1,C2€®,C1#C2

M({Cy, Cy touch e.a.}) = A2({C}, C, touch e.a.})

= ///1{ac+Co,Cz touch e.a.} dxAo(dCo)A(dCy)

//Ad(a(cg & (=Co)))Ao(dCo)A(dCs) = 0

since (Cy @ (—Cy)) is bounded and convex.

Since (5 is convex its projection onto Ny is convex as well. Denote this projection
by Pn,(C32). A necessary condition for the segment s(lexmin(Cy)) to have intersec-
tion of positive measure with boundary 0C5 is that whole line covering s(lexmin(C))
has non-empty intersection with boundary 9Py, (C2). Then we have

Pr (3 01702 S q), & 7é Cy . Al(s(lexmin Cl) n (902) > O)

< E Z 1{)\1(s(lexmin C1)N8C2)>0}
C1,C2€®,C1#C2

= M2' ({Al(s(lexmin Cy)NocCy) > O})

= AZ? ({Al(s(lexmin C1)NoCy) > 0})

IN

/ / / 18Py (C2)) Mt (de) Ag(dCo)A(ACs) = 0,

using Fubini theorem and the fact that the boundary of a convex set in R?~! has
measure 0. u



Laslett’s Transform for the Boolean Model in IRd 575

Lemma 3. Define F; : N(K'(R?)) — N(K/(R%) x R.) by
Fi(6) = {(K.2): K €6, 2= 2(K, )},
where z : K/(R%) x N(K'(R?)) — [0, 00) is defined as
21 (K, ) — A (s(lexmin K) N (Ug)).

Suppose that ®,,, ® are point processes on K'(R%), @, D dforn — oo and @ is
stationary Poisson process with convex grains. Then

Fi(®,) A Fi (D) for n — oco.

Proof. First we will show the continuity of the mapping z on U,,. Let ¢ € U,,,
K € ¢ and g9 > 0. Set {C1,...,C;} = {C"€¢: C'"N S®B,(0) 0}, S =
s(lexmin K). We can write

l
(K. ¢) = > M(CinS)

— Z Al(CiﬂCjﬂS)
1<
CinC; #0
+ Z )\1(01'ijka05)—...

1<j<k
C;NC;NCR#D

l
= S (- > M (Ciy NN Gy, N S).
k=1 i1 < e < g
CiyN---NCiy #0

Using property (i) it can be easily shown that the mapping (C,Cs) — C; N Cq and
(with a help of property (ii)) the mapping (Cy,Cs) — Ai(s(lexmin C1) N Cy) are
both continuous in Cy,Cs convex with properties (i) and (ii). It is then clear that
2(K, ¢) is continuous on processes with corresponding properties.

Assume now that ¢,,¢ € N(K'(R?)), ¢ € U,, and ¢, — ¢. We will show

Fi(én) = Fi(9).

Using Lemma 1, for arbitrary U € K(K'(R?)) and sufficiently small ¢ > 0 we can
find ng such that for all n > ng there exists an injective mapping &, : ¢ NU, — ¢y,
with properties (a), (b) from Lemma 1.

Let U € K(K'(RY) x Ry ) be given. Set U = Ulx/(gay and define

&t Fi(¢)NTU: = Fi¢n), (K, 2) = (§a(K), 2(K, ¢n)) -
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Obviously this is an injective mapping which fulfills (b) from Lemma 1. It suffices
to prove

Q((sz)aa(sz)) <e. (1)

This follows from the continuity of z and existence of mg such that for n > my,
o(2(K, ¢n), 2(K,¢)) < e. For n > max(ng, mo) we then get (1), so Fy is continuous
on Uy, . Together with Lemma 2 we derived

Let II; denote the projection onto the kth axis and consider further two properties
of two convex sets C1, Cs:

(iii) IT;(lexmin(Cy)) # 0,

(iv) lexmin(C7) € 9Cs.

Set

Uy, = {¢ € N(K'(RY)) : gi%cf % o €y, Cy fulfill (i) and (iv)} .

Lemma 4. Let ® be a stationary Poisson process on K'(R?%) with convex grains.
Then

Pr(® el,,)=1.

Proof. Assume without loss of generality that the intensity « of the process ®
equals 1. Property (iii) follows easily from the definition of Poisson process. Similarly
to Lemma 2 we have

PI‘(H 01,02 S (I), o 7é Cs : lexminC; € 802)

< Mé({lexmin Cy € 9Cs})

///l{lexmin(w+Co)EBC2}d'rAO(dCO)A(dCQ)

= //)\d(an)Ao(dCo)A(dCQ) =0,

since Cs is convex and compact. O

Lemma 5. Define F> : N(K'(R?) x R}) — N(R% x R.) by

C
Fy(¢) = {(lexminK7 z): (K,z) € ¢, lexmin K € Ri N (U(K7z)€¢ K) } .
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Assume that ®,,,® are point processes on K'(R%), @, L % for n — oo and @ is
stationary Poisson process with convex grains. Then

Fy(F1(®,)) 2 Fa(Fi(@))
where the mapping F} is defined in Lemma 3.

Proof. Set Uy, = {{(Kn,22)}52; ¢ {Kn}32, € Uy, }. Lemma 4 can be easily
applied to derive o
Pr(F (D) ell,) =1.

We shall show the continuity of Fy in every point of U,.,.

Assume ¢,,, ¢ € N(K'(R?) x Ry), ¢ € U,, and ¢,, > ¢. Applying Lemma 1, for
every sufficiently small € > 0, every L € K(K'(R?) x R,) and every n > ng there
exists an injective mapping

€n: N Le — on

with properties (a) and (b).

Denote P2 (K, z) = (lexmin K|, 2) for K € K'(R%) and z € R... For (z,2) € Fa(¢)N
Py(L.) (g arbitrary, sufficiently small), let K € K'(R%) be such that (K, z) € ¢ L..
Define

n (z,2) = Py <§n(K,z)) .

Since ,, is injective and ¢ cannot contain two different grains with the same tangent
point (property (iv)), &, is injective.

We will show that &,(x,2) € Fy(¢,) for n sufficiently large, i.e. for &,(K,z) =

c
(K, 2z,) we have lexmin K,, € Ri n (U(B,c)ezbn B) . Obviously, there exists ng

such that lexmin K,, € R‘i for n > ng, since lexmin K € Ri, IT; (lexmin K) # 0
(property (iii)) and |lexmin K — lexmin K,,| < d(lexmin K, (R%)¢) for n > ng ((a)
in Lemma 1).

Let (x,2) € Fa(¢) N Pa(Le), (B,c) € $N L, be arbitrary such that lexmin B # x.
Then using (iv) we derive z € B and so there exists 6 > 0; B,(26) N B = ().

Denote (B, c¢,) = &u(B,c¢). Choose n; such that for any u € ¢ N L. and any
n > ny, o(§p(u),u) < § (0 meaning here the maximal metric on product space
K'(R?) x Ry). Then dg(B,,B) < 6, |z, — x| < § and hence z,, ¢ B,. We have
shown for n > max(ng,n;) that &, is an injective mapping from Fy(¢) N Pa(L.) to

Condition (a) for &, from Lemma 1 follows easily from the properties of &,. It
remains to show the condition (b).

Let (x,2) & F»(¢) but 3K € K’ such that (K,2) € ¢ N L. and Po(K, 2) = (x, 2).

Then one of the following statements must be true:

e 3(B,c) € ¢, lexmin B # z, that fulfills = € int B.
Set § > 0 such that B,(40) C B. Let (Bn,cn) = &u(B,c¢) and ny be such
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that for all n > ng and arbitrary u € ¢ N Ls holds o(u,&,(u)) < 6. Then
dp (B, B,) < 2§ and hence B, (§) C (B)_25 € By, ((B)—2s = {z : B,(20) C
B}).

We have shown that x,, € B,, and hence
(Tn, Zn) & Fa(én) -

o ¢ R‘i.
Then 36 > 0 such that B,(8) C (R4)% and hence z,, € RY for n > ny. Again

(‘Tm Zn) ¢ F2(¢n) .

Setting mg = max(ng, n1,n2), we found for n > mg an injective mapping

& i Fa(¢) N Pa(Le) — Faén)

which fulfills conditions of Lemma 1. Hence Fy(¢,) — Fa(¢) and together with
results of Lemma 3 we finally obtain

Fy(Fy () 2 Fy(Fy(®)) for n — oo O
Lemma 6. Set U, CN (RL xRy) :

U, = {(b: ¢<{(x,z) D (my — 2,0, .., 2q) € K}) < oo, VK € /C’(Ri)}.

Let @ be a stationary Poisson point process on K’'(R?) with convex grains, inten-
sity o > 0 and the distribution of typical grain Ag. Then

Pr [Fg <F1(<I>)> S um] =1.

Proof. Let K € K'(R%) be an arbitrary compact set. Choose a rectangle Rx 2
K with edges parallel to axes and one of its faces lying in Ny. Denote this face by
Fn,.
For L € K'(R%) set H(L) = {(z,2z) € R xRy : (21 — z,22,...,2q4) € L}. Then
F(Fi(®)(H(K)) < Fa(FL(® )(H( k)) and hence
)

Pr[Fy(Fy(®))(H(K)) = oo] < Pr[Fy(F1(®))(H(Rk)) = oo] .

Let V = F, x R. We will define a one-dimensional process ® of convex grains
on the axis z1, that arises as an orthogonal projection of the part of the process ®

that intersects V: ~
o= Y b -
Ged: GNV#D
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Denote = = Ugeg G- Tt can be easily shown that Z is a Boolean model and hence

it is ergodic. Let p be the volume fraction of =. Using the ergodicity of = we derive

Pr[F2(F1(®))(H(Rk)) = oo

< Prlvr>0: A((0,7] X Fiy) — Aa((EN([0,7]) X Fiy)) < Aa(Ric)]

< Prlvr>0: A ([0,7]) — M(EN0,7]) < A\ (I (Rk))]

B CM(ENo,r) M (11 (Rk))
- Prl\”zo' M) ST
_ ~CAM(ENO, 7)) A (I (Rk))
= Prerzo. le—rK>
. AM(EN]0,7])
M (ﬂI&Al([o ) p)]
= Pr[p>1]=0. O

Lemma 7. Define F; : N(R% x Ry) — N(R%) by
F3(¢) = {((z1 — 2) T, w2, ..., 2q) ¢ (2,2) € 9.

Assume that ®,,® are point processes on K'(R%), &, L % for n — oo and @ is
stationary Poisson with convex grains. Then

Fy(Fa(F (D)) 2 Fa(Fa(Fi(®))) -

Proof. We will show the continuity of F5 on U,,. Let ¢,,¢ € N(]R‘j_ x Ry),
bn > ¢ and ¢ € U,.,. Our aim is to show F3(¢,,) — F3(e).
From the assumption it follows that for all h € C.(RL x R4),

/hdqbn— W(@n, 20) =5 Y h(x,2) /hd¢ (2)

(Tn,2n)Edn (z,2)€d

Let f € C.(R%). Denote

g s = sup{z: (2.2) € 6, (21— 2) ", 20) € sptf}
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and similarly ug, . Since ¢ € U,,, ugy s < 0o. Applying Lemma 1 we derive
from convergence ¢, — ¢ the existence of an ng such that for all n > ng we have
ug, f < ug f + 1. Choose g € Cc(Ry) such that

g(z) =1, when 0 <z <wugp+1.

It is chosen to fulfill

Z f@n,zn) = Z f(@n, 2n) 9(2n),

(wnwzn)Ed)n (w'rz7z7z)e¢7L
(I,Z)E(]ﬁ (J;,Z)E¢
Since the positive part is a continuous function, f((z1 — 2)", za,...,24) g(2) € C.

and from (2) we derive

lim [ fdFs(a) = lm D> f((@a—2) "z, @)
(1717Z7L)E¢n
= nlgrgo Z (@01 — 20) T 22y - .-, Tna) 9(2n)
(Tn,2n)Edn
= Z f((x1 —2)", 20,...,24) g(2)
(z,2)EP

/de3

Hence it holds that F3(¢,) — F3(¢) and F is continuous on U,,. Finally

Fy(Fo(F1 (D)) 2 Fa(Fa(Fi (@) - 0

3. PROOF OF THEOREM 1

The following proof proceeds through several steps. The goal is to derive void
probabilities for the resulting transformed process, which determine its distribution
(see [7], p.37).

First, the discrete version of the Boolean model is defined and its convergence
(in distribution) to the original model is shown. Then we derive the distribution
of the process corresponding to the Laslett’s transform of the discrete model and
compute its void probabilities. From the continuity of the Laslett’s transform it
follows that these probabilities converge to those of the transformed non-discrete
process corresponding to Boolean model.
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Proof of Theorem 1. Let {Z,,}men be a system of square grids of points
in the space R%:
1 d

We will use the notation Z,, for Z,, N }Ri.
Let m be given and let {Y,}.cz, be a collection of independent and identically
distributed Bernoulli random variables, for which

1 with probability %,
= { 0 with probability 1— %
Define a point process on Z,, by setting
Ym(z) =Y.

Further let {G.}.cz, be a given collection of i.i.d. grains distributed according to
Ag and independent of {Y,},cz, . Define

d
Mz {yeZm:GZﬂgyGB(O,djﬁ})#@},

aGro = U yeo (0, #} ,
yeMy, m
G = G7° —lexmin(G7").

It is now possible to define the underlying process for the discrete version of the

Boolean model:
= D deer
2E€EZm,s Ym(2)>0
Note that the Laslett’s transform of ®,, leaves its points in Z,,.

We shall show that the processes {®,,}>°_; converge in distribution to the Poisson

process corresponding to X. This is equivalent to convergence of corresponding
Laplace transforms (see [6], p. 27).

Lo, (f) = Ee‘bm”)Eexp{ > f(z,GTwm(z)}

2E€EZm

= E

E [GXP {_ Z f(z,G) wm('z)}’ {Gz}zeZmﬁspthRd‘H

2EZm

-8 [ ®E {exp{f(z,G;“wm(z)H{Gz}zezmmspmm]

2€ZmNspt flpa

A - A
_ ~f(z.GT _
= E [] (m e F=G) 4 (1 m))

z2€ZmNspt f|]Rd
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- I1 (1 - %/ (1 - e*f@’GT)) Ag (dGz)>

z€ZnNspt f ‘]Rd

~ on{ T (122 [ (1) e |

2€EZm

Using the Taylor expansion we have the estimate

x? 1 x?

e-T C <logl-a) <~z - =
T Gy Sleell-w) s —e- o

Since f is bounded we derive:

Jim 5 g ([ (17709 o))

IN

IR DR ( Ja-em) Ao<dGZ>)2

2EZmNspt f\R,i

= lim Aq(spt f|ge) m (1—e®)?=0

2m?
and
2 1= e~ IEGMY) Ay (dG))
D S R Ul (et VTP
ez, B (1= 5 [ (1 eI E6) A (dG))

. 22 (f( —e*L) Ao(dG2))*
> lim 5
e zGZmﬂZsptfRd 2m ( - f e~ K) Ap(dG. ))2

2 C?

2m? (1— 2¢p)?

lim Aq(spt flga) m =0.

Hence lim Lo, (f) = lim exp{ > —E (1— e 7=E) Ay (AG )}

m—oo 2€2m

Further

=

i (G.,G™) < dim~

where z € [0,1) .
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+)\1(G7Zn°ﬁ{(x1,07...,0) X SO}) — 0, for m — oo.

From the continuity of e~f, for any ¢ > 0 there exists mg such that for all m > my,

e

_f(z7G771)
e =) —e < —.
‘ A Aa(spt flra)
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The definition of Riemann integral finally gives

lim Lg,(f) = lim exp{ S =2 [(1—ef=ED) A (dGZ)}

— —

= lim exp{ > -2 (l—ef(z’Gz))Ao(dGz)}

m— 00 2E€Zm

= exp{-A[[(1—-e =)Ao (dG,)dz},

which is the Laplace functional of the process ®.

Now we will focus on the Laslett’s transform for the discrete model ®,,. Denote
it by L. L(®,,) can be expressed in the following way:

L(@m)(z) = YL—l(z), 2 € L.

According to Lemma 7 it follows that L(®,,) A L(D).

Let K C R% be an arbitrary compact set, u = card(K N Z;). Set A(z) = {y €
Zm Y <tex 20} and K(z) = K N A(z). Then

Pr(L(@n)(K)=0) =[] Pr(L(®n)(2) = 0]L(®:)(K(2)) = 0).

zEKﬂZ;ﬁ

This can be shown by sequential conditioning taking points from K N Z} from
the largest to the smallest (according to lexicographical order). For K = () the
probability is taken to be unconditioned.

Set g(z) ={y: y1 > 21, ypr = 2k, k =2,...,d}. We have

= JI D Pr(¥y=0]L(@n)(K(x) =0, L7'(z) =)
)

2eKNZ; yeg(z

xPr(L71(z) =y | L(®m)(K(2)) = 0)

A _
= I (1 ) m) > Pr(L7Me) =y | L@w)(K(2) =0)
zeKNZH y€g(2)
I
zGKﬂZ;r1 m "

It remains to show that Pr(L(®,,)(K) = 0) "= Pr(L(®)(K) = 0). Since
we know that L(®,,) A L(®) this follows from convergence in distribution for K
stochastically continuous, i.e. Pr(L(®)(0K) > 0) = 0 (see [6], p. 26).
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Since K is generated by rectangles with faces parallel to the coordinate system it
will be sufficient to show that these rectangles are stochastically continuous sets.

Let F' be a face of K that is not parallel to Ny. Since the Laslett’s transform
shifts points in direction orthogonal to Ny it obviously follows from the properties
of Boolean model X that Pr(L(®)(F) > 0) =0.

Let F,, C Ny be compact and assume for contradiction that there exists z € R%
such that

Pr (L(<I>)(x +F,) > 1) > 0.

The stationarity of X and property Pr(X N (F, x [0,7]) = 0) > 0 together imply
that there exist many points with the same properties like z. Particulary

Pr (L(@)(m + F,) > 1) >0, forze€la,b],b>a.

Hence Pr (L(@)(Fp x [a,b]) = oo) > Pr (L(<I>)(Fp tat+b)>1n> 1) > 0. This is
a contradiction to the result of Lemma 6 and hence K is stochastically continuous.

Thus the derived limit implies that the process L(®) is stationary Poisson with
intensity A. Theorem 1 is proved. O
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