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DISCONJUGACY CRITERIA FOR LINEAR VECTOR
DIFFERENTIAL EQUATIONS

BLAZEJ SZMANDA
1. We consider the n-th order linear vector differential equation
(1.1) x™=Y A, (r)x" 7, xP=x, n=2,
i=1

where the coefficients A,(¢), (i=1, ..., n) are real m X m matrix functions; x is the
m-dimensional column-vector x =(x,, ..., X,,); t€[a, b].

By a solution of Eq. (1.1) we mean any function x:[a, b]— R™ with an
absolutely continuous derivative of the (n — 1)-th order, satisfying Eq. (1.1) almost
everywhere in [a, b].

If all components of a solution x(¢) are identically zero on [a, b] (i.e. x(£)=86,
where 6=(0, ..., 0)), then the solution is called trivial.

The differential equation (1.1) is said to be disconjugate on [a, 5] if no nontrivial
solution of (1.1) has more than n — 1 zeros, counting multiplicities, on [a, b]. The
object of this paper is to derive disconjugacy criteria for (1.1) on a compact interval
[a, b], generally related to conditions of de la Vallée Poussin type. There is a large
literature giving conditions of this type for (1.1) in case of 7 =1 (see for instance
the references in [8]). Disconjugacy criteria for (1.1), (7n = 1) of another type may
be found for example in papers [2], [3].

The results obtained in this paper are generalizations of those obtained by de la
Vallée Poussin [7], A.Levin (comp. e.g. A.Lasota, Z.Opial [4]) and
M. Martelli [5].

2. Before establishing tests for disconjugacy, we prove first some lemmas. By
C(a, b) we denote the class of functions defined on [a, b] with a continuous
derivative of the order n.

Lemma 2.1. If the function w: [a, b]— R, w(t) € C"(a, b) has at least n zeros in
the interval [a, b] (counting multiplicities), then
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(2.1) Ulw(t)l dt] \u%ﬁ%, q=1,

where

=1m () .
(2.2) u=max [w(7)]

Proof. We denote the successive zeros of w(¢) by ¢, ..., ¢,, (i.e. w()=0 for
i=1,...,n) where a<tf,<..<(,<b.

If the function w(¢) satisfies the assumptions of lemma 2.1, then the following
inequality holds

|w(t)l< [e=0)t=0)..c=1)],  rela, b],

where u is defined by the formula (2.2)*), (cf. [6] p. 156).

So we have

23) [1worar<(£)" [1e=0)...c-a)lear.
Denoting

() =|(t=18)...c— )|,
we get

1=fl(t—tx)..-(t—tn)l"dt=flr—txl"w(t)dt= (1),

SO
vw)= [ "= re@ar+ [ (-nyowar.

First let us consider the case, where the first zero ¢, €[a, b] is floating while the
other zeros are fixed. Then the function (¢,) is a continuous function of argument
t, and has a derivative ’

v =a [t-oe0di-q [ (-ty-ted,  g=1.

When ¢, changes from a to b, then y’(¢,) increases from negative to positive values.
So the maximal value of I is reached either for ¢, =a of for ¢,=5.

*) If two points e.g. ¢, and ¢, coincide, then instead of (¢ — ¢,)(¢ — 7,) we have (¢ — ¢,)? and similarly in
the case of coincidence of a larger number of points ¢, ..., ¢,.
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Arguing in the same way with respect to the points &, ..., f,, we come to the
conclusion that the maximal value of the integral I/ does not exceed the largest of
the numbers

b
L= f (t—ay*(b—H"odt,  (k=0,1,...n).

Substituing ¢ —a =(b —a)s we get

I'kg+1)I((n—k)q+1)
I'(nqg+2) ’

IL=(b—-a)y“!
where I'(a) denotes the Gamma function.
In cases k=0 and k =n it is obvious that

. B _(b _a)uq+l
(2.4) lo=1, ===~

For' other k—s we have
2<snqg+1-kqs<ng+1-[kq],

where [kq] denotes the greatest integer contained in kq.
From the monotonicity of I'(a) it follows

(2.5) I'((n—k)g+1)<I'(nq—[kq]+1).
From (2.5) and from the basic property of I'(a) we get

kq(kq—1)...a,(a,)
(ng+nq...(nq —[kq]l+1)°

where 1<a,<2. Since 0<k<n and I'(a,) <1, the following inequality holds

L<(b-ay

(2.6) IL<(b—a)<* (k=1,..,n-1).

ng+1’
By virtue of (2.3), (2.6) and (2.4) one can write

.’;blw(t)thS(fE)q%'

This completes the proof of lemma 2.1.
Remark 2.2. From the above considerations it follows that if at least two points
from ¢, ..., t, are different and w(#)#0, then the inequality (2.1) is sharp.

Remark. The inequality (2.1) is well known in the case of ¢ =1 (comp. [6] p.
155). This inequality has also been proved recently by J. Brink [1]. In this paper an
elementary proof of this inequality is given.
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Corollary 2.3. If the function w(t) satisfies the assumptions of the lemma 2.1,
then the following inequalities hold

b o Y |/q< (b—a)n +1/q
Ua'w ol d’] S =D ((n-Dq+ D"

where u is defined by (2.2).
In fact, as w(¢) has n zeros in [a, b], then, by Rolle’s Theorem, v,(¢) = w" (¢) has

atleast n —izeros (i=1, ..., n—1)in[a, b]. Putting n — / instead of #» in (2.1) and
applying this inequality to the function v,(z), (i=1, ..., n —1), we get (2.7).

Let us denote by [|lx[|= D |x| the norm of an element x € R™ and similarly

k1

||A(8)]| = max ilak,(t)l for an m X m matrix A(¢)={a,(?)}.

Lemma 2.4. If the function z:[a, b] > R™, z(t)e C"(a, b) has n zeros n [a, b],
(where the zeros are counted with their multiplicities), then

b laq m! l/q(b_a)n+l/q
q s -
(2.8) | [lzolirae] " <u " 2= gz,
where
(2.9) u=kZuk we=max [z, (k=1,...,m).

Proof. Applying Hoélder’s inequality for sums with the indices ¢>1 and
q/(q—1), we have

(2.10) [ f bllz(t)ll"dt]w - [ f (}”j |2(0)])" dt]”qs[ f " i |zk(z)|th]' ‘)

Each of the functions z.(¢) satisfies the assumptions of lemma 2.1. Thus from (2.1)
it follows '

. b q b_ ng+1
(2.11) f[zk(t)lths(;zu—"'> %1—, (<k<m)),

where y, is defined by (2.9).
By virtue of (2.10) and (2.11) we obtain

b v ml lq(b_a)n+l/q m
[J; ”Z(t)“ dt:l <u n!(nq+1)lq Az_luk >

that is (2.8).
In the case of g =1, the inequalty (2.8) acquires the form
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n+1

(2.12) f||z(t)||dt<u 7 +”1), :

In fact, by lemma 2.1, we have

fllz(t)lldt—Zf Izk(t)ldf<(f +a1)), Euk.

Remark 2.5. In view of remark 2.2 one may conclude that if at least two zeros
of the function z(#) are different and z(#) # 6, then the inequality (2.8) is sharp.

Lemma 2.6. If the function z(t) = (z,(¢), ..., z,.(?)) satisfies the assumptions of
lemma 2.4, then

b ; 1/q ml llq(b a)n i+1/q .
(213) [L ”Z( )(t)“th] S sp (n—t)'((n—z)q+1)“" q=1, i=1,..,n-1,

where u is defined in (2.9). _
Proof. Assume, g > 1. The inequality (2.10) takes the following form

b 1/q b m 1/q
U Ilz""(t)ll"dt] <m'™" U EIz‘:’(r)l"dt]
a a k=1

By virtue of (2.7), we have

b_a(n-i)q-u ) .
[l ars (G G (k=Lms =1 n=1).

Thus we get

ool <G (5 )
(i=1,...,n-1),

and this proves the inequalities (2.13).

In the case of g =1 we argue as in the proof of lemma 2.4. We get then the
inequalities

b b—a)" ! .
f ||z“’(t)||dt<u§n—_izT)!, (i=1,..,n-1),

which are identical with (2.13) for g =1.

3. Now we shall prove the following:

Theorem 3.1. Let the matrices A,(¢t), (i=1, ..., n) from Eq. (1.1) be measure-
able and bounded on [a, b]*). Then there exists € >0 such that the equation (1.1)
is disconjugate on every subinterval [a, f]<|[a, b] of a length Iess than &.

*) This means that every element of the matrix has this property.
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Proof. Let us denote

M=max sup [|A(2)

(31) I<i=n ;e(a,b]

and let

3.2 =min [1 L]
3.2) £=mi "M

Suppose, there exists a solution x(¢)# 6 of Eq. (1.1) with n zeros (taking into
account multiplicities) in some subinterval [a, §] <[4, b], where 8 —a<e. Then
each component of the i-th derivative x(¢) = (x{’(¢), ..., x¥(¢)) has n — i zeros
[a, B], where i=1, ..., n—1. By virtue of the mean value theorem, we get the
following inequalities

(3.3) | ¥i>(¢) <max lxoeo()|(B-a),  tela, B,
(k=1,...,m; i=0,1,...,n-2).

Let us denote

(34 =3 max X0, (=0,1,..n-1).
k=1 la

Since f—a<eg, >0, then by virtue of (3.3),

Uo<&Ell1;, U<EUp, ..., U 2<EWU,_,,
and hence
(3.5) 0<p<e" ' Uy, (i=0,1,..,n-2).
As we have seen there are points 7, €[a, ], (k=1, ..., m) such that
x¢9(1,)=0, (k=1,...,m).

Therefore

0= [ Wds,  (k=1,.m),
and so we get

B
lx‘:“’(t)lsf lx(s)lds ,  (k=1,...,m), tela, B,

and finally,
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]
o= [ il
From the difnerential equation (1.1) and from the last inequality we have
L .
Ut < f “lxm@lde< D f 1A ==l de,
a i=1l Ja
and hence, taking into account (3.4), we get
o <(B-a) Ju._. sup Al .
i=1 [a,
Taking into consideration condition £<1 and (3.1), (3.5) in the inequality (3.6),
we obtain
U <M(e+ 2+ ...+ U1 SMNEU, _, ,
and so

1<Mne;

this contradicts the definition of £ (cf..(3.2)).
Now we shall prove the theorem to be an extension of the well-known de la
Vallée Poussin theorem [7].

Theorem 3.2. If the coefficients A,(t), (i =1, ..., n) are measurable and bounded
on [a, b] (||Ai(0)||< A, Ai=const., i=1, ..., n) and there holds the inequality

(3.7) SAb—ay

i <1,
i=1 .

then the differential equation (1.1) is disconjugate on [a, b]. ,

Proof. Let us suppose that the thesis of the theorem does not hold, and so there
exists a solution x(¢)%* @ with n zeros in [a, b].

Of course at least two zeros are different, and so there exist points 7, €[a, b],
(k=1, ..., m) at which

xrw)=0, (k=1,..,m).

Let us denote

(3.8) v= > max |x{ ()] .
k=1 la.b]

Proceeding similarly as in the proof of theorem 3.1, we get

(3.9) v<3, f Al llxe-s)ldr ,
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and hence

(3.10) v Z"]Airllx"“”(t)]l dr .

In view of the inequality (2.12) and remark 2.5 we have

(3.11) J’b||x(t)||dt<v (_b;!_a)" .

Taking into account the inequalities (2.14), we get

(3.12) [eeoonarsy E28 i1, a1

Taking into consideration the estimates (3.11) and (3.12) in (3.10), we obtain
v<v EA (b a)

Since x(¢#)# @ in [a, b], then v>0; therefore dividing the above inequality by v we
get an inequality which is contrary to the assumption (3.7). This completes the
proof of theorem 3.2.

Let us denote by L?(a, b) the class of functions summable with the p-th power
(p>1) on [a, b].

Now we consider the coefficients of a wider class, namely, of the class L°(a, b).
We shall prove.

Theorem 3.3. If the functions ||A.(¢)||eLl?(a,b), (i=1,...,n) and the
inequality

& lAlL(6-a) _
(3.13) me S DG D DSy - Vet la=1,

hold, where

Gy A=z [laoke]”, =10,

then the equation (1.1) is disconjugate on [a, b].
Proof. The first part of this proof is the same as in the proof of theorem 3.2.
Hence we start with the inequality (3.9). We have

(3.15) v<3 [laol iz @i,

where v is defined by (3.8).
We apply Holder’s inequality with the indices p and g=p/(p —1) to the
right-hand side of (3.15), thus obtaining
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(3.16) v<3 [ 1aola]” [[Ix-olral”

By virtue of lemma 2.4 and remark 2.5 we get

ml—l/q(b _ a)n—l+l/q

(3.17) | [l ar| < OO

while from the lemma 2.6 the following inequalities follow

b 1/q
[fo“'KﬁH“dq <

ml—l/q(b_a)i—l+1/q
(-DUE-Dg+1)"”
Taking into account (3.17), (3.18) in (3.16) we get

n l—l/q(b_a)l—l+lq b d 1/p
(2)]1° de
v<v S T DuG- gy | 140
Dividing this inequality by v>0 and applying (3.14), we obtain an inequality
contradicting (3.13). Thus, theorem 3.3 is proved.
Remark. Taking in particular m =1 in theorem 3.3, one may conclude
Martelli’s theorem given in [5] and Levin’s theorem (cf. e.g. [4]).

(3.18) <v (i=1,..,n—1).
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KPUTEPUS OTCYTCTBUS COINPSIXKEHHBIX TOYEK IS TMHEWHBIX
BEKTOPHBIX OHM®PEPEHIMAJIIBHBIX YPABHEHUM

Baaxeit UImanpga
Pes3rome
B racrosuneit pa6oTe paccMaTpuBaeTCs JHHEHHOE AU(dEepEeHUHANTBHOE YPaBHEHUE

(1.1) x""=2A,(l)x"‘"”, nz2,

i=1
rae A(1), (i=1, ..., n) SBIAUTCA BELECTBEHHbIMH MAaTpHLAaMH pa3Mepa m X m; X — BEKTOpHas
¢yExL¥A co 3navenusMu B R™; t€(a, b].

B craTse rpefcTaBieHbl JOCTaTOYHbIE YCJIOBHS IS TOTO, YTOObI KaX/0€ HETPHBUANBLHOE pEILIEHHE
x(¢) yeasuenus (1.1) mmeno me Gonee n—1 Hynaeit B uHTepBane [a, b] c y4ETOM KpaTHOCTH.
Tonyuerusle pe3ynbTaThl KBAAOTCA o6o6umieHneM pesynbratoB Bamne—Ilyccena, A. Jlesuna, M.
Maprenns, kacatouuxcs ypasHenus (1.1) B cinyqae m=1.

BOOK REVIEWS

V. Cruceanu: ELEMENTE DI ALGEBRA LINIARA Sl GEOMETRIE, Editura didactica si
pedagogica Bucuresti 1973.

Kniha je vysoko§kolskou ticebnicou linedrnej algebry a geometrie a poddva obligitny zakladny kurz
tychto spriaznenych disciplin. Prvych 12 kapitol (190 strdn) je venovanych linedrnej algebre. Hlavné
pojmy: grupa, okruh, pole, vektorovy priestor, matice a determinanty, systémy rovnic, linedrne
transformadcie, linedrne,bilinedrne, kvadratické a polylinedrne formy, skaldrny sicin, ortogondlne
transformadcie, vonkajsie formy. Zvysnych 10 kapitol (150 stran) aplikuje a rozvija vyloZeny algebraicky
apardt v oblasti geometrie. Hlavné pojmy: afinny priestor a grupa jeho transformaécii, nadkvadriky a ich
klasifikacia, izometrické transformdcie, nadkvadriky v euklidovskom priestore, kuzelosecky v E?
a kvadriky v E?.

Do materidlu nie je pojaty pojem dudlneho priestoru, projektivneho priestoru a konformnej grupy.
Nad zvycajny rozsah je tu pojednané o vonkajsom sicine.

Latka je didakticky dobre utriedend a proporcionalne vyvdzena. Vyklad je prlmerany Studentovi
prvych rocnikov vysokej Skoly. Sympatickeé je delenie textu na kratSie celky. Dostato¢ny pocet obrazkov
ulahSuje ndzorni predstavu. Pomerne skromna je zasoba prikladov, na ktorych by bola teéria
vysvetlend ilustrativne. Skoda, Ze ucebnica neobsahuje register pojmov.

Milan Hejny, Bratislava
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