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COHERENCE IN DUAL
DISCRIMINATOR VARIETIES

IVAN CHAJDA

D. Geiger [5] (see also [6]) proved that every coherent variety is regular and
permutable. W. Taylor [6] gave an example of a variety which is regular and
permutable but not coherent (see also [2]). This stimulated our aim to investigate
what condition has to be added to regularity and permutability to obtain coherence.
This problem was solved in [2] for a general case. However, the recent results in
dual discriminator varieties by H. Draskovi¢ova [3] enable us to essentially simplify
the characterization of [2] in the case of such varieties.

Let us first recall the concepts. A variety ¥ of algebras is:

regular if every two congruences on each % e ¥ coincide whenever they have
a congruence class in common;

coherent if for each subalgebra B of every A e ¥'; if B contains a class of some
© € Con¥, then B is a union of classes of O;

permutable if ©,- ©,= 0, O, for each two O,, @€ Con and each Ae V';

discriminator if V" has a ternary polynomial p(x, y, z) such that p(x, y, z) is the
discriminator on each subdirectly irreducible member U of ¥, i.e. p(x, y, z)=x
if x#y and p(x, x, z)=z for each x, y, ze¥;

dual discriminator if V" has a ternary polynomial q(x, y, z) such that q(x, y, z) is
the dual discriminator on each subdirectly irreducible member Ye ¥, i.e.
q(x,y,z)=z if x#y and q(x, x, z)=x for each x, y, ze ¥, see [4].

Let % be an algebra. By a unary translation, briefly translation, ¢ of % we mean
a unary algebraic function over %, i.e. ¢ is a mapping of ¥ into itself which arises
from some n-ary polynomial p(xi, ..., x.) (n=1) replacing n —1 of variables by
fixed elements of U, thus

o(x)=p(ay, ..., -1, X, Axs1, ..., a,) for a;ie .

If S+ @} is a subset of A and @ is a translation of 2, denote by ¢(S) = {@(b); b€ S}.

Definition. An algebra A has subalgebras closed under translations of principal
congruence classes (briefly SCT) if for each subalgebra B of U, each element
x€U, y, zeB and each translation ¢ of A,
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[z)o.n =B and @(z)=y imply ¢([z]ow.,)<=B.
A variety ¥ has SCT if each e 7 has SCT.

Example 1. The variety A of all Abelian groups has SCT.

Proof. Let Ae 4, B be a subgroup of A and xe?, y,zeB and ¢ be
a translation of . Denote by MN,, the subgroup of A induced by @(x, y). Clearly
N, ={x*-y™*;, k=0, £1, £2, ...}. Further, ¢(v)=a-v", where aeq and
re{x1, £2,...}. We have we[z]ewy if and only if w-z 'eW,,, i.e. if
w=2z-x*-y ™ for some k. Suppose now @(z)=y and [z]ex., = B. Thena-z" =y
and z-x* -y ™*e®B for ke{0, £1, +2,...}. If c€[z]ow.,), then c=z-x"-y ".
We compute @(c)=a-¢ = a-z’(x"-y")y = y&x"-y ™) = y-z7!
(z-x™-y™™). Since yeB, z 'eB and z-x" -y "€[z]en =B, we conclude
@(c) e B proving ¢([z]ew. »n) =B.

Remark. Since the variety of all Abelian groups is permutable and regular,
there is the question whether SCT, permutability and regularity are independent
properties. The following example shows that the property SCT does not depend
on permutability and/or regularity.

Example 2. The variety & of semilattices has SCT.

Proof. Let A e P, B be a subsemilattice of A and xe N, y, zeB. Suppose
[z)ex.»y= B and let @ be a translation of 2. Then either p(v)=v or @(v)=avv
for some a € . The first case is trivial. Suppose the second case and let ¢(z)=y
and [z]ex.»y<B. Then avz=y, hence a<y, z<y,i.e. p(y)=avy=y. By the
description of ©(x, y) (e.g. by the Mal’cev Lemma), z <y implies either

[Z]e(x,y)= {Z} or ZG[)’]e(x,y)-

In the first case, ¢([z]lec.») = ¢({z}) = {y} =B. In the second case, z € [y]e. »-
If ¢ €[z)ow. ), then also c €[ylew, », Whence (¢, y) € O(x, y), thus

(@(c), y) ={(@(c), () € O(x, y).

Accordingly, ¢(c)€[yloc.»=[z]ow.»» =B proving the inclusion ¢([z]ew.») = B.
We can now formulate the main result:

Theorem. Let V" be a dual discriminator variety. The following conditions are
equivalent:

(1) V is coherent;

(2) V is regular and V" has SCT;

(3) ¥ is permutable and V" has SCT.

Before the proof, let us formulate three lemmas.
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Lemma 1. Let ¥ be a discriminator variety, % € ¥ and x, y, z be elements of 2.
Let p(x, y, z) be the discriminator on subdirectly irreducible members of V. Then

O(x, y)=06(z, p(x, y, 2)).
Proof. By Theorem 3.1 in [4], p(x, x, z) = z and hence

(z, p(x, y,2)) =(p(x, x, 2), p(x, y, 2)) € O(x, y)

giving O(z, p(x, y, z)) < ©(x, y). Prove the converse inclusion. If x =y, then this
inclusion is trivially true. Suppose x# y and p(x, y, z) =z. Since ¥ is a subdirect

product of subdirectly irreducible algebras, say {;; ie I}, then A< H?I.-. Denote

by w; the projection of w onto the ith coordinate ;. Clearly p(x, y, z) = z gives
p(xi, yi, )=z onto each U;. Since x# y, there exists je I with x;# y;. Since p is
the discriminator on %;, we have p(x;, y;, z;) = x;. This implies z; = x;; however,
Theorem 3.1 in [4] then implies p(x;, i, z) = p(X;, y;, X;) = yi» thus x; = y;, which is
a contradiction. Accordingly, x # y implies p(x, y, z) # z, thus p(x, y, )=z if and
only if x =y. Suppose now the factor algebra %/@ =% for © = O(z, p(x, y, 2)).
Then

[z]e=[p(x, y, 2)le = p([x]e, [yle, [2]e)-
Since B e V, the foregoing result yields

[x]e =[yle,

i.e. (x,y)e® = O(z, p(x,y, 2)), proving the converse inclusion.

Let A=(A, F) be an algebra and R be a binary relation on A. R is called
a diagonal relation on % if it is reflexive and R has the substitution property with
respect to F, i.e. if R is a subalgebra of the direct product %A x 2. Since diagonal
relations on ¥ form a complete lattice with respect to the set inclusion, there exists
the least diagonal relation on U containing the given pair (a, b) € A X A ; denote it
by D(a, b).

Lemma 2. Let U be an algebra and a, b be elements of A. (x, y) € D(a, b) if
and only if there exists a translation @ of U with x = @(a), y = @(b).

The proof is clear and hence omitted (it is also implicitely contained in the proof
of the Theorem in [2]).

Lemma 3. Let V be a dual discriminator variety. The following conditions are
equivalent:

(a) Y is regular;

(b) ¥ is permutable;

(c) ¥ is discriminator variety;

(d) ¥ is arithmetical.

Proof. (a)is equivalent to (b) by Corollary 2.3 in [3] and (b) is equivalent to (c)
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by (iii) of Lemma 2.2 in [4]. Moreover, (i) of Lemma 2.2 in [4] gives (c¢) = (d) and
(d) > (b) is trivial.

Proof of the Theorem. (1) > (2): If ¥ is coherent, then (by [5], see also [2]
and [6]) ¥ is regular and permutable. It remains to prove that ¥ has SCT. Let
Ae ¥, xeU, B be a subalgebra of A and y, z € B. Let ¢ be a translation of ¥ and
let

[z]ec. =B and @(z)=y.

Since [z]ew.yy is a congruence class, it implies (a, b) € O(x, y) for each
a, be o([z]ew. ), i.e. there exists a congruence class C of O(x,y) with
@([z)e. ») = C. Since y € @([z]e. »)NB, we have y e Cn'B and the coherence of
A implies C< B giving ¢([z]ewx. ») =B. Accordingly, A has SCT.

(2) = (3) follows directly from Lemma 3.

(3) > (1): Permutability of ¥ implies by Lemma 3 that V" is a regular and
discriminator variety. Let p(x, y, z) be the ternary polynomial which is the
discriminator on subdirectly irreducible members of V. Denote by Ji(x, y, z) the
free algebra of 7" with free generators x, y, z. By Lemma 1 we have O(x, y)

= O(z, p(x, ¥y, 2)), i.e.
(y, x)eO(z, p(x, y, 2)).

Since V" is permutable, the Theorem of Werner [7] implies that ©(z, p(x, y, z))
coincides with the diagonal relation D(z, p(x, y, z)), i.e.

(y, x)eD(z, p(x, y, 2)).

By Lemma 2, there exists a translation ¢ over &s:(x, y, z) such that y= ¢(z),
x=@(p(x,y, z)). Let B be a subalgebra of Fi(x, y, z) generated by the set
{y}ulz]ew, - Since y € B, [z]ew.»n =B and @(z) =y, the condition SCT implies
¢([z)ec. ») =B, thus also x = @(p(x, y, z)) € B. Then there exist an integer n =0,
an (n+1)-ary polynomial h and elements di, ..., d. € &s(x,y,z) such that
di€[z]ew.yy and x=h(y, d, ..., d,). Since d;eF(x,y, z), there exist ternary
polynomials t,, ..., t, such that d; =t:(x, y, z) and d; € [z]ec. » gives ti(x, x, 2)=z.
In the summary,

x=h(y, t(x,y, 2), ..., t.(x, ¥, 2))
with #(x, x, z) = z, which, by [5], is the Mal’cev condition for coherence.

Corollary. A discriminator variety V" is coherent if and only if V" has SCT.
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KOTEPEHTHOCTb B JAYJIBHO TUCKPUMHUHATOPHBIX MHOI'OOBPA3HUSX
Ivan Chajda

Pe3iome

B pa60're HAaXOAUTCA YC/IOBHE, KOTOpPO€ HAAO K YCJIOBHIAM pPEryjasspHOCTH U NEPECTAHOBOYHOCTHU
KOHIPY3HLHUH, 4YTOOBI MONYYUTb KOTEPEHTHOCTb AYaJibHO NUCKPUMHHATOPHOroO MHOFOOGpaSHﬂ.
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