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DISTRIBUTIVE ASSOCIATIVE NEAR LATTICES
DIETMAR SCHWEIGERT

The aim of the note presented is to classify partially ordered sets by endowing
them, in a natural wav, with two binary operations and thereby producing algebras.
These algebras are formally similar to lattices and this parallel can be used to
classify partially ordered sets in the usual algebraic way by way of homomorphisms,
subalgebras, and direct products. A syntactical theory is also presented. In the note
we study the lower part of the lattice of varieties of near lattices. The atoms of this
lattice are the variety of distributive lattices generated by the two-element-lattice
and a subvariety of distributive near lattices generated by a two-element-near-latt-
ice with incomparable elements.

1. Fundamental concepts

Def. 1.1. The algebra (L ; A, V) is called a near Iattice if the following equations
are fulfilled:

1) xA(yaz)=(xAy)A(yAz) 1) (xvy)vz=(xvy)v(yvz)
2) xA(xAy)=xAYy 2") (xvy)vy=xvy

3) xAx=x 3') xvx=x

4) xAny=xaA(yAx) 4") xvy=(yvx)vy

5) xa(xvy)=x 5") (yAx)vx=x

6) (yvx)Aax=x 6') xv(xay)=x

Prop. 1.2 [5]. To every near lattice [L ; A, V) there corresponds a poset (L ; =
defined by a=b if and only if bAa=a.

We notice that bAa=a if and only if bva=b.

Furthermore we have b=avb and aAnb=a.

Prop. 1.3 [S]. IfaAb =b, then the element a A b is the infimum of a, b and has
the property anb =b Aa.

Ifa=avb, then the element av b is the supremum of a, b and has the property
avb=bva.
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Prop. 1.4 [5]. A near lattice (L ; A, V) is a lattice if and only if at least one of the
commutative laws holds.

Remark. As the operations A, v are not commutative one has to notice that
a duality o has the properties

o(xay)=o(y)va(x) and o(xvy)=o(y)aa(x).

If one applies the principle of duality to the category of near lattices, one has to
observe this fact.

Theorem 1.5 [5]. To every poset (L; =) there corresponds a near lattice
(L; A, v) which has this poset as an order relation.
Proof. One defines the operations on an arbitrary poset by

_(y if y=«x
XAy_{x else
and
x if x=y

xvy={y else

and verifies the equations.
Obviously in most cases there are more than one near lattice corresponding to
a given poset.

2. Distributive and associative near lattices

Def. 2.1. A near lattice (L; A, v) is called associative if the associative laws
hold:

xA(yAzZ)=(xAy)Az and xv(yvz)=(xvy)vz hold.
(L; A, v) is called distributive if the following laws hold:

xA(yv)=(xay)v(xaz)  (xAy)vz=(xvz)Aa(yvz)

(xvy)az=(xaz)v(yrz)  xv(yrz)=(xvy)a(xvz)

By direct calculation one can prove the following

Proposition 2.1. Let (L ; A, Vv) be a distributive and associative near lattice and
beL. Then 6 defined by (x, y)e 0 iff bAx=bAy is a congruence relation.
Of course the dual form of proposition 2.1 also holds.

Theorem 2.2. Every distributive associative near lattice L is the disjoint union of
lattices V,, i€l, such that every element of V, is incomparable with any of the
elements of V; for i#j.

Proof. Let a € L and consider the maximal sublattice V, of L which contains the
element a. Assume there exists an element b € L\ 'V, which is’comparable with an
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element d € V. If we have bvx=xvb and bAx =xAb for every x € V;, then V,
was not maximal. Therefore there is an element a€ V, with bva#avb or
baa#anb.Weassume d<b andputand=c.Wehaveav(bAac)=avc=aand
also (avb)v(avc)=(avb)aa=avb. Therefore we have a=av b by distributi-
vity and avb =bva by proposition 1.3. Now we have bv(aab)=(bva)ab=
(avb)Ab=b. Therefore anb=b and by proposition 1.3 there is anb=DbAa.

Contradiction. The remaining case b<d leads in a similar way to
a contradiction.

Lemma 2.3. Let L be a distributive associative near lattice which is the disjoint
union of the lattices Vi, i € I with |Vi|>2 for every ie I. Let n be a congruence
relation of L so that for some a, b € Vi, a# b we have (a, b) e . Then 1 is not the
smallest non-identical congruence.

Proof. We consider the following congruences (proposition 2.1) (x, y) € 0, iff
anx=aAy and (x,y)e 6, iff xva=yva. If we assume nc 6:n0. we get
a contradiction.

Lemma 2.4. Let L fulfill the same assumption as in Lemma 2.3. Let n be
a congruence of L such that for some a, be L with ae V;, be V,, i# ], we have
(a, b) e n. Then n is not the smallest nonidentical congruence.

Proof. We define a relation 0 by (c, d) € 6 iff there is an index i, i € I, such that
¢, d € V. One can show that 6 is a congruence and we have ng¢ 6.

Notation. By D, we denote the distributive lattice consisting of two elements
and by D? we denote the only (up to isomorphism) distributive associative near
lattice consisting of two incomparable elements.

Theorem 2.5. The near lattices D, and D? are the only subdirectly irreducible
distributive associative near lattices (besides the one-element-lattice).

Proof: By the theorem and the lemmas above a subdirectly irreducible near
lattice L can only be the disjoint union of one- or two-element lattices. But L
cannot contain a subnear-lattices consisting of three elements. For |L|>2 one can
show that L is not subdirectly irreducible using the considerations of lemma 2.4
and lemma 2.3.

Theorem 2.6. Let L be a distributive associative near lattice such that L is the
disjoint union of lattices which have a least and a greatest element. Then L is the
direct product of a distributive lattice with a near lattice of the variety HSP (D?).

Proof. Let L be the disjoint union of {L|i € I}, a family of lattices with least
and greatest elements.

It is sufficient to show L; = L; where c; is the least element of L;, ¢; respectively
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that of L; and di is the greatest element of L, d; respectively that of L;. We consider
the following mappings:

a: Li-» L, a(x)=xvg
B: Li—» L, B(y)=yva.

a and B are near lattice homomorphisms. We have to show f.a =id,,.

We consider dia(cive)=(diac)v(dirnc)=(dianc)vci=diac; and on the
other hand diA(cive)=civg.

From (diac)vea=(cvc)ve we derive ¢ve=c. The following diagrams
describe the lower part of the lattice of the varieties of near lattices:

( O/C\o) (°\°/°) ...other varieties
\D//
/ \ / Lattices
0" o) (7],
N,

D =HSP(D,, D?) the variety of the distributive and associative near lattices. By
theorem 2.1 in [5] it follows that D? and D; are the only atoms in the lattice of the
varieties of near lattices.
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JUCTPUBYTHUBHBIE ACCOIIHATPIB_HBIE IMOYTHU PEMIETKHU
Dietmar Schweigert
Pe3ome
B pa6ote u3ydyaeTcs pellleTka MoAMHOroo6pa3sui noytn peuterok. IIpuBeeHO OonHCcaHKe HUXKHEH

4acTH 3TO# pelIeTKH. B YacTHOCTH noka3aHo, YTO 3Ta pelIeTKa NOAMHOroo6pa3uii IMEET TOJBKO fBa
aToMa: JUCTPUGYTHBHBIE PELIETKH U MOAMHOroo6pasue MPOXAEHO ABYX3JEMEHTHOM aHTULENBIO.
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