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ON o-MODULAR AND 
o-DISTRIBUTIVE SEMILATTICES 

JIRI RACHUNEK 

ABSTRACT. In a finite case, the notions of modular and distributive semilattices 
make it possible to study lattices only. In contrast to this, using the definitions 
of o -modular and o -distributive semilattices, we have obtained larger classes of 
semilattices. In this paper, the connections between these notions are found and 
there is shown their connection with the lattice of ideals (including the empty 
set). 

0. Introduction 

It is well known that the modularity and the distributivity of a V-semilattice 
A is equivalent to the condition that the set of ideals of A is a modular and 
distributive lattice, respectively. Unfortunately, both definitions of modular and 
distributive semilattices lead in the case of finite semilattices to lattices only. 

In [5], the notions of modular and distributive ordered sets are introduced 
which can also be used for finite ordered sets. The semilattices which are si
multaneously distributive ordered sets (o-semilattices) are characterized in [6], 
where it is also shown that the class of such semilattices is larger than that of 
the distributive semilattices. 

In this paper, the connections between modular and o-modular semilattices 
are found, the connections between distributive and o-distributive semilattices 
are completed, and it is shown that the properties of the lattice of ideals (includ
ing the empty set) of a semilattice determine the properties of the semilattice. 

1. o-modular semilattices 

Let (-4, V) be a V-semilattice. Let _ denote the induced order on _4, i.e., 
for any a, b G .4, a _ b if and only if a V b = b. We say that A is a modular 
semilattice if 

V a, 6, c 6 -4; a — 6, b = a V c -===> 3 c\ G -4; c\ _ c, b = a V c\. 
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(See [3, p . 148].) 

If ( -4 ,^ ) is an ordered set, B C A, then L(B) and U(B) will denote the 
lower and upper cone of B in A, respectively, i.e., 

L(B) = {x e A; x = a, for all a G B}, 

U(B) = {y G A; a^y, for all a G B}. 

For H = {a\,... ,an} we shall also write L(B) = L(a\,..., an), U(B) = U(a\, 
. . . , a n ) . 

In [5], the modular i ty of ordered sets is defined by the following condition: 
An ordered set (A, ^ ) is called a modular ordered set if 

V a , & , c G - 4 ; a<,b = » L(u(a,L(c, &))) = L(U(a, c), b). 

This notion is self-dual. (See [5].) 

If a semilattice (lattice) is modular as an ordered set, then it is called an 
o-modular semilattice (lattice). It is easy to verify tha t in the case of lattices 
the notions of modular i ty and O-modularity are the same. (See also [5].) But for 
semilattices, we get two different notions. Namely, among others , every modular 
V-semilattice is down-directed, while, e.g., a semilattice isomorphic to tha t illus
t r a ted in Figure 1 is an o-modular semilattice which is not down-directed. We 
will show some connections between the two types of modular i ty in semilatt ices. 

Figure 1 

T H E O R E M 1 .1 . Every modular V-semilattice is o-modular. 

P r o o f . Let A be a modular V-semilattice, a, b, c G A, a _ b. We have (in 
any V-semilattice) 

L(u(a,L(c,b))\ C L ( a V c , b ) . 

Let u G L(a V c, b). Then a ^ a V u, a V i t ^ a V c , hence from the modular i ty 
of the V-semilattice A we get tha t there exists an element c\ G A, c\ ^ c such 
tha t a V u = a V c\ . 
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Let x £ U(a, L(c, 6)) . Then x = a, x — c\, thus x = a V c i = a V c , and so 

u _ x. Therefore 

L(aVc,Ъ)QL(u(a,L(c,Ъ))\. 

П 

We say that an ordered set A satisfies the restricted ascending chain condition 

if every F(a, 6), where a, 6 £ A , satisfies the ascending chain condition. 

THEOREM 1.2. Every o-modular down-directed V-semilattice satisfying the 

restricted ascending chain condition is a modular semilattice. 

P r o o f . Let A satisfy the assumptions and let a, 6, c £ AL, a — 6, 6 ^ a V c . 

a) Let a < b. Then 

_ ( t f ( a , _ ( c , 6 ) ) ) = F ( a V c , 6 ) = L(6), 

hence 6 = U(a,L(c,6)) . Thus there must exist u £ L(c, 6) such tha t a £ u. 

We can suppose u | | a . (In the case u > a, we have aV c = c , and so 6 = a V 6.) 

If a V u < 6, pu t uo = aV u. (See Figure 2a.) Then 

_ (U (u 0 , £ (c , 6) ) ) = L(Vo V c, 6) = _(&), 

hence 6 5̂  U(vo,L(c, 6)) . Thus there exists u\ £ L(c, 6) such tha t v0 dt u\ . Let 

us suppose voll^i • (See Figure 2b.) 

ű V c a V c 

ty0 = a V it 

(a) (b) 

Figure 2 
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Since A satisfies the restricted ascending chain condition, there must exist 

un G A, un ^ c with 6 = a V un. 

b) Let a = b. By the assumption, .A is down-directed, hence there exists 

c\ G L(a, c). Then we have a = a V Oi . D 

Recall t ha t an z'Jea/ 0/ a V'-semilattice A is any nonvoid subset I of A such 
tha t 

Va, b G A; aV be I <=> a, b G F 

Let I(A) denote the set of all ideals of A ordered by set-inclusion. Then Io(A) 
will mean the ordinal sum {0} 0 1(A). It is evident tha t Io(A) is a lat t ice . At 
the same t ime, the modular semilattices are characterized by the set of ideals as 
follows: A V-semilattice A is modular if and only if 1(A) is a modular lat t ice . 
Because the ordinal sum of two ordered sets A and B is a modula r ordered set 
if and only if bo th of A and B are modular ordered sets (see [7]), for a modular 
V-semilattice A we have tha t Io(A) is a modular latt ice. Conversely, we will 
consider the case tha t Io(A) is a modular lattice. 

T H E O R E M 1.3. If A is a V-semilattice such that Io(A) is a modular lattice, 
then A is an o-modular V-semilattice. 

P r o o f . Let Io(A) be a modular latt ice . Let a,b,c G A , a _ 6 . Let us 

suppose x G L(a V c, 6), y G U(a, F(c, 6)) . Then 

x G L(a V c) n L(b) = (L(a) V L(c)) n _(6) , 

and according to the assumption L(a) C F(6), we get 

x G L(a) V (L(c) n L(b)) = L(a) V _ ( c , 6). 

Further , L(y) D L(a), L(y) D L(c, b), hence 

I ( y ) D I ( a ) V £ ( c , 6 ) . 

Thus , x ^ y , and this means 

_ ( a V c , b ) C L ( V ( a , L ( c , b ) ) V 

Since always 

L(U(a,L(c,6))) C L ( a V c , b ) , 

we obtain tha t A is an O-modular V-semilattice . D 
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2 . o - d i s t r i b u t i v e s e m i l a t t i c e s 

Now, let us recall tha t a V-semilattice A is called distributive if 

Va, 60, 61 G .4; a ^ 60 V 61 = > 3 a0 , a i G A; a0 _ 60, a i ^ 61, a = a0 V a i . 

(See [3, p . 135].) 

In [5], the distr ibutivi ty of ordered sets is defined as follows: An ordered set 
(_4, ^ ) is called a distributive ordered set if 

Va ,6 , cG A; F(U(_(a,c),L(6,c))) = F(U(a,6),c). 

The distr ibutivi ty of ordered sets is (similarly as the modular i ty) a self-dual 
not ion . (See [5].) A semilattice (lattice) which is distr ibutive as an ordered set 
will be also called an o-distributive semilattice (lattice). Analogously as for the 
modulari ty, a lattice is distr ibutive if and only if it is o-dis t r ibut ive . (See e . g . 
[5].) However, for semilattices we also obta in two different not ions . On the one 
hand , any distr ibutive semilattice is o-distr ibutive, bu t the converse assertion 
is not t rue . Moreover, any distr ibutive V-semilattice is down-directed . Now, we 
will show a connection between the distr ibutivi ty and the o-distr ibut ivi ty of 
conditionally complete semilattices. (By a conditionally complete V-semilattice 
we mean a V-semilattice in which any up-bounded non-void subset has the 
supremum . ) 

T H E O R E M 2 . 1 . If A is a conditionally complete V-semilattice, then the fol
lowing conditions are equivalent: 

(i) A is a distributive semilattice, 

(ii) A is a down-directed o-distributive semilattice. 

P r o o f , (i) = > (ii) is always t rue . 
( i i ) = > ( i ) : Let a ,6 0 ,6 i G A, a _ 60 V 61 . By the assumption, F(60,a) ^ 0, 
L(bua)^$. We have 

L(U(L(6o,a),L(6!,a))) = L(60 V bua) = L(a), 

hence a ^ U(L(6o,a), L(6i,a)) , i.e., a ^ v for all v £ A such tha t v ^ _ (6o , a ) , 

v ^ F(6i,a). Moreover, 

a ^ _ ( 6 0 , a ) , a ^ L ( 6 i , a ) , 

and this means 
a = s u p ( L ( 6 0 , a ) U L(6i,a)). 
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Let Go ~ sup L(bo, a) , Oi = sup L(b\, a). It is evident t h a t Oo V a\ < a. But al o 

Oo V a\ > F(b0,a) U F(oi,a), 

hence a fS Oo V Oi, and so a — a 0 V Oi . D 

Let u recall t h a t for distributive V-semilattices, the set of ideals has a -similar 

sense as for modular ones. Namely (see [3]): If A. is a V semilattice, then A is 

di tr ibutive if and only if 1(A) is a distributive lattice . We can ea ily verify (see 

also [7]) t h a t the ordinal sum of ordered sets A and I? is a distr ibutive ordered 

set if and only if b o t h of A and B are distributive. Hence, for a distributive 

V-semilattice A., the ordered set Io(-4) is a distributive lattice. 

Conversely, let Io(-4) be a distributive lattice. Hence we obtain the following 

theorem. 

T H E O R E M 2.2 . L t A be a V-semilattice. If the lattice I0( i) is di^tmbuti e, 

then A is an o-distributive semilattice. 

P r o o f . Let Io(^4) be a distributive lattice. Let a,b,c _ A and let 

x _ L(a V b, c ) . T h e n 

x e L(a V b) H 1(c) = (L(a) V L(b)) n _(c), 

and thus, by the assumption, 

x e (L(a) n _(c)) v (_(&) n _(c)) = _(_, c) v F(&, c). 

Consider y _ U(L(a, c), F(b, c)) . T h e n F(g) D _ ( a , c ) , F(g) -^ F(6,c), i. e. 

I>(y) _ -Ct(«, c) V F(b, c ) . Hence x ^ y , and therefore 

L(a V 6, c) C I ( U ( Д a , c), L(b, c ) ) ) . 

Because the converse implication is t rue in any ordered set, we have that A is 

an O-distributive V-semilattice. • 

3. C o n c l u d i n g r e m a r k s 

a) Distr ibutive and modular semilattices have been inten ively studied. Var

ious characterizations of distributivity and modular i ty of emilattices have been 

found, for example, by W . H . C o r n i s h [2]. 

In this paper, we are interested in some generalization of modular i ty and 

distr ibutivity of semilattices. However, C . J a y a r a m [4] ha introduce 1 the 
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notion of 0-modular semilattice which also generalizes a m o d u l a r semilattice 

(in the dual form). Namely, a A-semilattice A with the least element 0 is called 

0-modular if 

V a , b , c Є A ; (a = c, bЛc = 0 => ЗdєA; b = d and a = cЛd). 

Bounded 0-modular semilattices are characterized [4, T h e o r e m 1] by means of 

the lattice of their filters as follows: A bounded A-semilattice A is 0-modular if 

and only if the latt ice F(A) of all filters of A is 1-modular. (1-modularity is, 

for lattices, the dual not ion of 0-modularity.) 

As our Theorem 1.3 gives a characterizat ion of o -modular semilattices in a 

similar way, we will compare, for bounded cases, the two types of generalized 

modular i ty of semilattices. 

Let A\ = {0,a, 6,c,d, e , / , # , a o , a i , a 2 , . . . } be a A-semilattice as shown in 

Figure 3, where the arrow indicates an infinite chain. 

This semilattice is used in [4] as an example of a b o u n d e d 0-modular semi-

lattice. On the other hand, we have 

L(U(f, e), g) = L(g), L(U(f, e Л j ) ) = L(f), 

and therefore A\ is not an o-modular A-semilattice. 

Now, consider a bounded A-semilattice A<i = {0, a, 6, c, c\, C2, . . . , Jo, ^ i , • • • } 

with d iagram in Figure 4, where b o t h arrows indicate infinite chains again. We 

have c A o = 0, a < c , b u t there is no element d E A2 with d — b a n d cAd= a. 

Hence AL2 is not 0 -modular. At the same t ime it can be easily verified t h a t A2 

is o -modular. 

These two examples show t h a t even for the case of b o u n d e d semilattices with 

0, the concepts of 0-modular and o-modular semilattices are independent . 

However, Jayaram's theorem makes it possible to show t h a t the converse of 

T h e o r e m 1.3 is not valid. Namely, for a bounded A-semilattice A with 0, the 

modular i ty of the lattice F(A) is equivalent to the modular i ty of the lattice 

Fo(-4) = {0} 0 F(A) , and any modular lattice is 1-modular as well. Hence even 

a b o u n d e d o -modular A-semilattice A with 0 need not have the m o d u l a r lattice 

F0(A). 
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c — c 0 

d = 1 

di 

Tigure 1 

Analogou ly, we can compare the notions of o distributive and 0 - d i s t r i b u t e e 
emilattices (for the bounded ca e) . Recall t h a t a A- emilatt ice A \ i th the least 

clement 0 is call d 0-di tr ibutive if 

Va, b, c Є A; (a Л 6 — 0 a Л c З J Є U(ò,c); a Л J 0) . 

Consid r̂ a A-semilattice A3 {0, a, b, c, a*, c, / , ao, a i , a2, . .. } in Figure 5, where 

the arrow indicates an infinite chain such t h a t all its elements at are strictly 

greater t h a n each of the elements a,b,c. It is evident t h a t A$ s 0 di t r ibut i\e . 

(Moreover, A3 is modular, but it i not distributive.) Howrever, we ha\e 

L(u(L(a, 6), L(a, c ) ) ) - L(U(a A 6, a A c)) = L(/), 

L(U(b,c),a) = L ( a ) , 

and so A3 is not o di tributive. 

10 



ON o-MODULAR AND o-DISTRIBUTIVE SEMILATTICES 

a = a0 

do = 1 

Figure 6 

Conversely, let A4 = {0, a, 6, c, a1,a2,..., / o , / i , / 2 , ••• , g o , g i , g 2 , • • - , d0, du 

a*2 . . . } be a A-semilattice with diagram in Figure 6, where the elements do, c?i, 
a ^ , . . . form U(b, c ) , the elements / o , / i , / 2 , • • • form U(6) \ £7(c), the elements 
go, gi, g2, • • • form U(c)\U(b) , each of the four arrows indicates an infinite chain, 
and all elements of those four infinite sets have their connections indicated. We 
have aAb = 0 = a A c , but there is no element di in U(6, r) with aAa7, = 0 , and 
so A\ is not 0-distr ibut ive. It can be easily verified that A\ is o -distr ibutive. 

Therefore, even for bounded semilattices the concepts of 0-dis t r ibut ive and 
o-distributive (in the dual form) semilattices are different. 

b) Let B be a subsemilatt ice of a V-semilattice A. We say tha t B is an 
LU subsemilattice of A if 

Va,òє B; Lв(a,b) = 0 £(<. ,&)-= 0, 

where Ls(a,b) = L(a, b) D B. (See [1].) Using [7, Theorem 2 and its proof] we 
can easily prove tha t the following proposit ion is t rue: If a V-semilattice A is 

11 
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not O-modular, then A contains an LU subsemilattice isomorphic to j\I2 or to 
M4 in Figure 7. 

M2 M4 

Figure 7 

Further, a subsemilattice B of a V-semilattice A is called a strong subsemi
lattice of A if 

Va,6ejB; U(LB(a,b)) = U(L(a,b)). 

(See [1].) 

By [1, Theorem 4], we can get the following proposition: If a V-semilattice 
A contains an LU subsemilattice isomorphic to AI2 or if it contains a strong 
subsemilattice isomorphic to M4 , respectively, then A is not O-modular (and 
so, A is not modular). 
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