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ABSTRACT. In the practice, two classes of basic linear models with constraints
occur, i.e., models with observations of a complete first order vector parameter
and models with observations of an incomplete first order vector parameter. In
the former class, the locally best linear unbiased estimators are known explicitly.
In the latter class, they are given by algorithms.

In the paper, explicit formulae for these estimators are given, the effects of
constraints on the estimators in the form of suitable projection operators correct-

ing estimators non respecting these constraints are investigated in both of the
classes.

Introduction

Let Y be an n-dimensional random vector characterized by the class of
distribution functions {F( ,B8): B € V} possessing the properties

E(Ylﬁ)=/udF(u,ﬁ)=Xﬂ, Bev,

R

(the vector parameter 3 is called the first order parameter since it occurs in the
first statistical moments) and

Var(Y | 8) = [(u—XB)(u—XB) dF(u,p) = =
Rn

(independence of the covariance matrix of the first order vector parameter 3);
in the following, the matrix ¥ is assumed to be known.

Here R" is an n-dimensional Euclidean space and X is a known n X k matrix
and V is a linear manifold in R*.
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LUBOMIR KUBACEK

The described model is recorded as (Y,X3,X), B € V. If V # R* | then it is
a model with constraints. The locally best linear unbiased estimator (LBLUE)

B of B in the case V = R¥ (without constraints) differs from the LBLUE B of
B in the case V C RF, V #RF.

The aim of the paper is to investigate the effect of the constraints on B and
to characterize it geometrically, i.e., by projection matrices.

1. Notation and auxiliary statements

Let A be a k x n matrix; M(A) = {Au: u € R"} is the column space
of the matrix A and Ker(A) = {u: Au = O} its null space. The norm of a
vector y € R™ in an n-dimensional Hilbert space (R™, || - |lw), where W is an
n X n positive definite (p.d.) matrix, is defined by the relation ||y|lw = vVy'Wy
(" means the transposition). If the norm in R™ is not specified, then W = |
(identity matrix). P\év denotes the projection matrix of the space (R",]| - |lw)
on the subspace M(B,, ;); further M‘év =1- P‘év.

The symbol P‘E’;V is used also in the case when W is only positive semidefinite
(p-s.d.), when simultaneously M(B) C M(W).

_ The notation 3 ~ (B,W) means that the mean value of the random vector
B3 is B and its covariance matrix is W.

If u e R¥, Aisa k x I matrix and W is a k x k p.s.d. matrix, then the
symbol u Ly M(A) means u'WA = O.

A generalized inverse (g-inverse) of a matrix A is denoted as A~ (any ma-
trix satisfying the relation AA~A = A). A special kind of this inverse is the
Moore-Penrose g-inverse denoted as A* (the matrix satisfying the relations
AATA = A, ATAAT = AT, AAT = (AAT)" and ATA = (AAT)"); the theory
of g-inverses is given in [5].

If W is p.s.d., then the symbol P‘)Icver(A) is used in the case M(A") C M(W)
(cf. the following lemma).

LEMMA 1.1. Let W be an n X n p.s.d. matriz and A any k X n matriz
satisfying the inclusion M(A') C M(W). Then

w BN WHy/

PIY ) =1~ WR(AW A)A = (MY

is a projection matriz on Ker(A) in (R", || - Hw) and M\"\\{+ a projection matriz
in (R™, | - llw+) -

Proof. The matrix P = vaer(A) is obviously idempotent and satisfies
the relationships O = AP = M(P) C Ker(A) and r(P) = Tr(P) =

n — Tr[(AW~A)AW~A'] = n — r(A) = dim[Ker(A)], thus M(P) = Ker(A).
Further WP = P'W.

288



LINEAR STATISTICAL MODELS WITH CONSTRAINTS REVISITED

Analogously, MX‘{+ =1- PXY+, where PX\{+ = A’/(AW~A’)"AWT is idem-
potent and satisfies the relationships M(PXY+) = M(A’) and W+Px\{+ =
WHy/
(PAr") W+, O
Here r(-) and Tr(-) denote the rank and the trace of a matrix, respectively.

LEMMA 1.2. Let B be any gxk matriz and W be any kxk p.s.d. matriz. Then

W-1-wW-1B/(BW-!B')"BW~!  if W is regular,
W+ — WHB/(BW~B’)"BW+ if M(B')C M(W),
(W+B'B)t — (W +B'B)*B’

-[B(W+B'B)"B’] B(W+B'B)*

(MB/WMB/)+ =

in general.

Proof. It is sufficient to verify the properties of the Moore-Penrose

g-inverse. O

COROLLARY 1.3. If B and W are matrices from Lemma 1.2, then
(MBIWMBI)+ = MB/(MB/WMB/)+ == (MB/WMB/)+MB/
== MBI(MBIWMBI)+MBI .

LEMMA 1.4. Let W be an n X n p.s.d. matriz and A any k x n matriz. Then
any matriz from the class

_ _ _ . _ . _ AR — l;

Aoy = {Anowy : AAL A=A, WA- \\ A=A(A] ) w}
has the property
V{y € M(A)} ¥{z, : Az, =y} {|ALwylw < llz,lw, AR Wy =y},

Ar_n(W) is the class of all such matrices.

Proof. Cf. [5]. o
LEMMA 1.5. Let W and A be matrices from Lemma 1.4. Then
W-A'(AW~A")~ ¢ 'Ar_n(W) if M(A") c M(W)
and
(W+A'A)"A' AW +A'A)"A] " € AL ) in general.
Proof. Cf. [5]. - O
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Remark 1.6. The notations

C=X'¥2"X if M(X)c M(X),
D=BC B’ if M(B") c M(X') and M(X) Cc M(X),
G=C+B'B,
H=BG B,
L=X (XC4X' + XMB/X’)_X +B'B
will be used in Section 2.
The notations

E =B,C B] +B;B) if M(B}) c M(X") = M(X'E"X),
F =BLE™ B, )

D, = B,C !B} if ¥ and X’27'X are regular,

K =C+BjMg,B,,

Q = X/(XC4XI+XMB/1M82X/)_X+ B’lMBgBl

will be used in Section 3.

2. Indirect observation of the complete first order
vector parameter with constraints

DEFINITION 2.1. Let Y ~ (X3,%), 8V ={u: uecR' b+ Bu= 0}
(a model of an indirect observation of the complete vector parameter 3 with
constraints). This model is regular if r(X, %) = k < n, 7(Bgx) = ¢ < k and
r(X) =n.

LEMMA 2.2. In the model from Definition 2.1 a linear function p(8) =
po+P' B, BEYV, is unbiasedly estimable if and only if p € M(X',B’).
Proof. Cf. [2; Theorem 2.2]. O

LEMMA 2.3. Let W be a k X k p.s.d. matriz and X be any n x k matriz. If
M(W) = M(X'), then X'(XW-X)"X = W.

Proof. Let F16F] be a spectral decomposition of the matrix
X' (XW~X)"X,

ie, Fi{F; =1 and 6 is p.d. Let JAJ' be spectral decomposition of the matrix
W+ ie, JJ =1 = F/F; and A is p.d. The fact that M(X') = M(W)
implies that there exists a matrix U such that X’ = JU and an orthogonal
matrix Q such that F; = JQ. The expression X'(XW~X’)™X is invariant with
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respect to the choice of the g-inverse of the matrix W and also the matrix
XWX (<= M(X") = M(W)), and therefore, in the following, the matrix
JAJY = WT can be used instead of W~ . Thus

X' (XW~X)"X =JU(U'JJAYIU)"U'J = JU(U'AU)"U'Y = F,6F]
=JQ6Q'Y = Q6Q' = U(U'AU)" U’ is regular
and
AZQSQ'AZ = ATU(U'AU) U'A?
is regular and idempotent, i.e.,
AZQ5Q'AQSQ'AZ = AZQSQ'AZ
= 6QAQs=6 = QAQ=6"' = §=Q'A7'Q.
Thus
X' (XW~X')"X=F;6F, =F,QA™'QF, =JA 1) =W,
0O

LEMMA 2.4. Let X be an n X n p.s.d. matriz, X an n X k matriz, and B
a q X k matriz. The matrices C;, Co, C3 and C4 are matrices given by the

relationship
s, X\ _(C, G
xl, 0) N C3, _C4 ’

Then a version of the matriz [(MB,X');(E)]/ 18

A= [(Me X7 xeoxn] X[(X)ncs |

Proof. With respect to Lemma 1.4, it is necessary and sufficient to prove
the validity of the following two relationships

Mg X'A'Mg X' = Mg, X’
and
SA'Mg X' = XMg AX.
The validity of the first is obvious.

With respect to the properties of the Pandora-Box matrix (cf. [4] and [1;
p. 176))

XC3X = EC;X = XCy X/,
and Cj can be chosen as (X')_ 5. Now
TA'Mg X' = E(X')T_ﬂ(z)X’(MB,X');(XC4X,)MB,X’
= XC4XI(MBIXI);(XC4X,)MBIX/ 5
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what is, with respect to Lemma 1.4, a symmetric matrix. O

This lemma characterizes geometrically the estimation in the sample space

R". Let in the model from Definition 2.1, b = O and X be regular. Then the
¥-LBLUE of XJ is

XMBr [(M Br X')m(z)]

where XMpg, [(MB'X'),_,,(z)], is the projection matrix in (R™,|| - ||g-1) on
the subspace M(XMg:). The resulting estimator can be obtained as a pro-
jection, by the projection matrix XMg: [(MB’XI);(XQX')],’ of the estima-
tor X[(X’);(z)]IY, which does not respect the constraints V. (The matrix
X[(X')r_n(z)], is the projection matrix on M(X) in (R™,|| - |lz-1).)

Corollary 2.7 characterizes geometrically the estimation in the case when 3
is unbiasedly estimable.

LEMMA 2.5. Let 3§ be within the model from Definition 2.1 any fized solution
of the equation b+ BB = O. Then for each 3 € {u: b+ Bu = O} one has

XB — XM, [(Mp/X'),, 5] X8 = X85 — XMg. [(Mg. X');,, 5] X85 -
Proof. It is sufficient to realize that 8 = G5 + Mg:k.
The notation Xu* is used for X85 — XM/ [(Mg:X');, 5] X85 -
THEOREM 2.6. In the model from Definition 2.1
(i) the S-LBLUE of XB is
X5 = XPL, )8+ Xu*,
where XB = X[(X);,,]'Y (the S-LBLUE of X in the model Y ~

(XB,X%), B eR:), B = [(X’)'_n(z)]'Y (one version of the ¥-LBLUE
of B in the same model; if the model is regular, then there exists only
one such estimator) and u* = —B” (L)b

ii
o ueV={u: b+Bu=0} and u* L, Ker(B),
(iii)
Var()i:ﬁ | 2) = X[(Mg/LMg))* — Mg/|X',
Var(XB| T) = X{[X'(Z +Xx)"X]" —1}x’,
Var()/(/% | 2) <L Var()/(b | X)
(<L denotes the Loevner ordering p.s.d. matrices).
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Proof.
(i) Let ﬁo be any fixed solution of the equation b+ BB = O, and Kg be a
k x [k —r(B)] matrix satisfying the equality M(Kg) = Ker(B) ( M(Mg))).
Then the model
Y —XBo~ (XKg7,%), yeRT®),

is equivalent to the model from Definition 2.1, and X8 = X3¢ + XKg~. Thus

XB = XBo + XK { [(XKa)]7, 5, } (¥ — XB0).

As M(XKg) = M(XMg,), then, with respect to Lemma 1.4,

XKB{ [(XKg)’ ]m(z)} XMB'{ (XMg/)'] (2)}
In accordance with Lemma 2.4,

xg XMg; [(MeX);,, xc, x,)] X[(x' )m(z)]
+ X{1 - M [(Me X)) X } 8o
The expression Mp- [(MB,X' )m(XC 4X')] "X gives the whole class of matrices, how-

ever XMp: [(Mg:X');xc, X')],x is only one matrix; we show that it can be
expressed in the form XP,C (B)"

Let XP = XMp- [(MB'X')m(xcm')]'x- According to Lemma 1.5,
XP = XMg, [MB,X’(XC4X'+XMB'X')*XMB,]+ Mg X'(XC4 X'+ XMg X )T X.

Lemma 1.2 implies

XP = XMg,(Me'LMB/)*(L — B'B)
= XMg, [L* - L*B'(BL*B')*BL*](L - B'B)
L
= XMB, P}Cer(B) xP,Ce,,.(B)

Thus
XKB{ (XKB m(E)} Y~ XP)Cer(B) [(xl)m(}:)]
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Finally,

N — !

X{1 = Mg, [(Ma:X')7, xc.x] X } 8o
= x{l - MB/ [MB,X’(XC4XI + XMBIXI)+XMBI]+MBIXI'

| - (XC4X' + XMg:X')* X } B
=X{I- [L* —L"B'(BL*B")*BL"|(L - B'B)},
={X-X[L*L-L*B'B — L*B'(BL*B')*BL*L+L*B'(BL*B')*BL*B'B]} 3,
=[X - X+ XL*B'B + XL*B/(BLTB')"B — XL*B/(BL*B')*BL*B'B| 3,
=XL*B'(BL*B)*BB, = —XB_ | b

since XL*L = X, BL*L = B and XL*B/(BL*B/)*BL*B' = XL*B'.
(ii) As b € M(B), obviously b+ B(—B~b) = O. Further, Ker(B) = M(l -
B~B) and b = Bs for some vector s € R?; thus
* - — / — ! —
u'L(1-B7B) = —b'(By ) L+b'(B, ) LB"B
- / — —
= —s'B'(B,,)'L(1—-BB") = —s'LB;,,

B(1-B"B)=0

(cf. Lemma 1.4).

(iii) Thanks to Lemma 1.4, for any n X k matrix A we have
- ! — ! —
Var{A[(A’)m(z)] Y| z} = A[(A); )] SA); A
— / — !/ — !
=A[(A), )] {A[(A')m(zﬂ }2 =A[(A) )] =
Thus, Lemmas 1.4 and 2.4 together with (i) imply
= !
Var(XB | £) = XMg, | (Me-X');, xc x| XCoX’

=XMg: [Mg X' (XC4 X'+ XMg'X')*XMg,] " Mg, X' (XC4 X' +XMp/ X') T XCyX’
=X(Mg/LMg,)"Mg X' (XC, X' + XMg, X')F(XC4X' + XMp, X' — XMg/ X')
=X(MB: LMB/)+X/ - XMB/XI .

The expression for Var ()@ | E) is given in [1; Theorem 5.2.5].
Furthermore

0 <u {1 - XMg: [(MeX');, ¢ x] PX[X) )] 'S
: {l _ (MB,x');(xc4x,)MB,x'}
= Var{X[(X');,,) ¥ | £} = Var{XMg, [(Mg. X'} ,5)]'Y | B}
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here the facts that X[(X’),—n(};)]l2 = XC4X’ and
! !
XMg; [(MB,x')T—n(XQX,)] x[(xf);(z)] )

!/ /
= XMg, [(Mg.X');, xc.x)| X[(X)rmizy] B(MaX')7, xc,x Ma X'
were utilized. O
Corollaries 2.7, 2.8 and 2.9 can be proved analogously.
COROLLARY 2.7. Let the model from Definition 2.1 be regular. Then
Q) the £- LBLUE of B is B, where

X3 = XBo + PEm,, (Y — XBo) = XBo + Pl """ (XB — XBo)

XC-X' * C 3
- X[ﬂo t PICe(r(B (- ﬂo)] =X (" +Pxere)B)
B=C7'X'S"'Y (the -LBLUE of B in the model Y ~ (X3,X), B € RF),
(i) B=[1—-C 1B'(BC'B)~1B]3 - C~1B/(BC~1B')"!b,
(iii) u*=-C'B/(BC7'B')"'beV, u* L¢c Ker(B),
(iv) Var(B | 2) —C!-C!'B'D"'BC~! = PC~'P' = PC~! = C- P,
where C™1 = Var(,@ | ¥) and P = PKer(B)

COROLLARY 2.8. If X =1, then the model from Definition 2.1 represents a
direct observation of an incomplete vector parameter with constraints (cf. [3]).

If this model is regular, then B = Y, Var(ﬁ | ®) =3, B = PIZC:erl(B)IB tur,
PE. g =|-5B/(BSB)'B, u* = —SB/(BSB) b= B} 5 b, u" €V,
u* Ls-1 Ker(B).
COROLLARY 2.9. The 3-LBLUE of X8 in the model from Definition 2.1 is
(i) .
XB = XPE,, 5 CX'S7Y + Xu*,
ut = B c)b
if, simultaneously, M(B') C M(X') and M(X) Cc M(X),
(if)
;\b = XPg, g CX'S7Y + Xu*
= XPg,, G X'T7Y + Xu*

if M(B') ¢ M(X') and M(X) C M(Z).
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THEOREM 2.10. Consider the estimators X3 = X[(X’);(E)],Y, XP)(c:er(B)B—
XB, c,b, XB = XG"X'E"Y — XG~B'b and xpger(B)B — XG™B'Hb from
Corollary 2.8 (all these estimators are unbiased). Then
(i) Var(X8|X)=XC-X,
(i) Var(XB|X)=XG X —XG B'BG™X’,
(ili) Var(XPg,, g,8|%) = Var(X3|X) - XC"B'D-BCX/,
(iv)

Var(XPE,, 5,8 | B) = Var(XPE,, 5,8 | ) = XG~X' — XG"B'H"BG~X'.

Further,

(v) Var(XB| %) 2y Var(XB | £) > Var(XPE, 55| F),
(vi) Var(XB|X) > Var(XPE,, g8 %)

Proof. It is an elementary task to prove the unbiasedness and the state-
ments (i), (ii), (iii), (iv) and the first inequality in (v). As far as the second
inequality in (v) is concerned, obviously

1>, B(B'B)"B' >, B(C+B'B)"B'=H.

As M(B) € M(H), the matrix B’'H™B does not depend on the g-inverse and
B’'H~B > B’B. The last inequality is implied by the following consideration:
I >L H = | >_ R, where R = Diag(R11,...,Rq4), H = QRQ’, and Q
is a proper orthogonal matrix. Here 1 > R;; > 0, ¢ = 1,...,q; thus R >
RZ. As M(B) C M(H), there exists a matrix S such that B = HS. Thus
B'B = S’H2S = S'QQ’H?QQ’S = S'QR?Q’S. Further BH™B = S’HS =
S’QQ'HQQ’S = S’QRQ'’S, which implies B'B = S'QR?2Q’S <. S’QRQ’'S =
B'H"B = XG"B'H"BG X’ > XG"B'BG™X'.

(vi) is obvious. O

3. Indirect observation of the incomplete first order
vector parameter with constraints

For a motivation of the problem, let us consider a simple geodetic network
consisting of four points, which is constructed for a measurement of the recent
crustal movement (see Fig. 1).
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Figure 1.

The parameters f3i,...,89 (angles and distances) were measured directly
according a design which prescribes to repeat n; times the measurement of the
ith parameter (2 = 1,...,9). There was no possibility to measure the parameter
B1o, which is important from the point of view of the problem being solved.

The measurement of angles 83, (1, f7, fs and By is modelled by random
variables Y;, i = 3,4,7,8,9, characterized by a class of probability distribu-
tions such that the mean value is E(Y; | ;) = 8; and the known dispersion is
Var(Y;) = 9;. Analogously the measurement of distances 31, 82, 85 and B¢ is
modelled by the random variables Y;, j = 1,2,5,6, such that E(Y; | ;) = B,
and Var(Y;) = U2 +93v;;, where ¥J; and J3 are known parameters of the second
order and v;; a known number. (The measurements in the network considered
were performed by one theodolit and one range finder.)

The experiment is aimed to investigate the effect of recent crustal movements
on the parameters 81, B2 and fio.

Let the design prescribe n; given in Table 1;

n; |1 (1221 (1}2|2]2

Table 1.

the measurements in the network are modelled by a 14-dimensional random
variable Y = (Y1,Y2,Y31,Y3 2, Y4 1,Ya 2, Y5, Y5, Y71, Y72, Y 1, Vs 2, Yo 1, Yo 2)',

E(Y lﬂ)ZXﬂ“], Var(Y |19)=191V1 +192V2+’l93\/3,
b+B1ABL +Bfpy =0,

where X is a design matrix of the form
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1 0000O0GO0TG 0O
01 00000O0TO0OQO
001 000O0TU00O0
001 000UO0TO00O0
000 1000TUO0O
000 1000TG00O0

X o0 0010000

49=1090 0000100 0]
0000O0GOT1TO0O0
000 0O0GO0T1TO00
0000O0TO0GOT1O
000 0O0O0GOTO
000 0O0TOT OO0 1
0000O0GO0TO OO0 1

the 10-dimensional vector of the unknown parameters is split into two parts

B = Bpa) + AB) = (Bia, B2as B3a, Baas Bsar Beas Bras Bsa, Boa)’
+ (AB1, AB2, ABs, ABs, ABs, ABe, ABr, ABs, ABs)'

where 84, 1 =1,...,9, are the approximate values of the unknown parameters,
Br2) = Bio and Vi, V3 and V3 are diagonal matrices with diagonals

diagV, = (0,0,1,1,1,1,0,0,1,1,1,1,1,1),
diag V2 = (1,1,0,0,0,0,1,1,0,0,0,0,0,0)

and
diag V3 = (v11,v22,0,0,0,0, vss, vg6, 0,0,0,0,0,0) ,

respectively.

In the problem considered the parameters B[] = Bj14)+AB) and Bjz) = Bio
must satisfy the conditions

b+ B1ABy + B2B1o =0,

where

b = (Bra+BsatBoa—, BoatBra—T,

/
sin B~ sin B9 sin (44
;65(1_ 6a 5in ﬁsz ’ /62a—ﬁ6a 2, ﬂla_ﬂZa sin Baq ) )

sin Bgq
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0, 0, 0, 0, 0,
Oa 07 17 1, 07
81: 0, O, 0’ 07 1,
0, .1, . 07 0, 07
LA Al puiife o
0, T, 1, 1
0, 0, 0, 0
By O el e e SN I
__sinfoq 0 Bgg SnbBoacosfea g cosfoa
sin Bgq ’ ’ 6a sin Bgq ’ 64 5in Bsa
0, 0, 0, 0

and B} = (0,1,0,0,0).

3
In the following, the covariance matrix ¥ = > ¥;V; is supposed to be

=1
known.

DEFINITION 3.1. Let Y ~ (X31,X),

ﬁ:(%;)ev={(‘;): ueRMr veRF, b+Blu+Bzv=0},

where b is a g-dimensional vector and the matrices B; and B, are of the type
g X k1 and ¢ X k3, respectively. It is a model of an indirect observation of an
incomplete first order vector parameter (3; with the constraints V. This model

is regular if (X, k) = k1 <n, 7(By,B2) = q < k1 + k2, r(B2) = k2 < q, and
r(X)=n.

LEMMA 3.2. Let By and By be any q X k1 and ¢ X ks mairices, respectively.
Then

Mg M,
cor.8) = ()

Proof.

|-B,R"B;, —-B/R™B
Ker(By,By) = M [ M /g =< L 1 _2),
(B1,82) ( (gD) —~B4R™B;, |-B,)R B
where R = B;B) + B;B),. Thus

M(1 - B{R™B;, —B,R™B,)
= M(1 — B{R™B,, B;R™B,(B,RB;)"B,R™B,)
= M(I - B{R™B, + B/R™B,(B,R™B;) B,R™B;)
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since both matrices | — B{R™B; and B{R™B2;(B,R™B2)"BL,R™B; are p.s.d.
(cf. [5; p- 122]). Further

M(Mg;mg ) = M|l - B{Mg,(Mp,RMg,)* Mg, B, ]
= M[I - B{R™B} + B{R"B;(B,R™B})"B,R™B/].

Analogously, M(—B,R™B}, | — B,R™B)) = M(MBEMBI)' 0

LEMMA 3.3. In the model from Definition 3.1,
N — /
XMg; g, | (Ma; Mg, X'),. 5 |

_ ! B ’
ZXMBQMBZ [(MBSMazx/)m(qu')] x[(x/)m(z)] )
where C4 is given in Lemma 2.4.

Proof is analogous to that of Lemma 2.4. O

LEMMA 3.4. In the model from Definition 3.1, a linear function

p(B1,B2) = po + p1B1 + P2B:2, (g;) eV,

1s unbiasedly estimable if and only if
D1 _ xl, Bll
(Pz) =M ( o, Bf’z )

Proof. It is sufficient to substitute in Lemma 2.2 the matrix (X,0) for X
and the matrix (Bi, B2) for B. O
THEOREM 3.5. In the model from Definition 3.1,

(i) the X-LBLUE of XB; is

X3, = XPQ
’31 )Cer(MBzBl

)Bl + XU* )
where By = [(X); )] Y and u* = —(Mg,B1),, qMs,b,
(ii)
u* € {u: Mg,b+Mg,B,u= 0}, u* Lq Ker(Mg,B,),
(iii)
Var(XB: | B) = X{[X'(Z+XX)"X]" — 1}X' = XC,X’,
Var()(ﬁ\l | 2) = x[(MB;,\ABZQMB,IMBQ)+ - MB,IMBJX’,
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Proof. If K;, K; are k; X 7 and ky X r matrices with the properties
Ker(B1,B;) = M('é;) and 7 = ky + k2 — r(B, B2), respectively, then the

model from Definition 3.1 is equivalent to the model
Y - XIBI,O ~ (xKl"sz) ) v € R" 5
here B1,0 is any fixed solution of the equation b+ B181,0 + B2B2,0 = O. Thus
— — /
XBy = XBr,0 + XK1y = XB10 + XK1 [(K X)) 5| (Y = XBro).
By Lemmas 3.2, 1.4 and 3.3 we obtain
I vy /\— !
XK: |(Ki X))
n— ! n— !
=XMB$M32 [(MBQMBZX )m(XC4X’)] X[(X )m(E)]
=XMgm,, [MB; Mg, X' (XCaX’ + XMgym, X') " XMg MB,]
_ _ i
M, X' (XCaX' + XMgmg, X)X [(X)7 5 |

+ / n-— !
=X(MB;MBZQMB;M32) Mg;m,, (Q — B1Mg, B,) [(X )m(z)]

xpQ X 5|
~ 7 Kker(Mg,B,) [( )m(E)] :
Further we continue analogously as in the proof of Theorem 2.6 O

THEOREM 3.6. Let p(B1,032) = piB1 + P3Pz, (g;) € V, be an unbiasedly

estimable function in the model from Definition 3.1. Then
(i) the B-LBLUE of the function p(-) is

p—— '
_ +R.\pQ n- _ Bt
p(B1,B2) = (py — P2B; Bl)P;c"(MBZBl) [(x )m(z)] Y —p:B;b,

and
(ii)
Var (p(Br,B2) | 3)

= (pi — P:B3 B1) [(MBQMBZQMBQM32)+ - MB;Msz] [p1 - B1(BF)'p2] -
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Pro_of.

(i) With respect to Lemma 3.4 the function p(-) is unbiasedly estimable if
and only if there exist vectors u € R® and v € R? such that p; = X'u + B)jv,
p: = Bhv; thus v = (B})Tp, = (B ) p2, u'X =p; — p,BIB; and

p.B1 + phB2 = U'XB; + v/(B1B1 + B232) = (Py — pyBIB,)B:1 — pyBIb.

The S-LBLUE of (p, — p,B} B1)B1 — p,Bb, (g;) eV, is
/ 'R+ Q n— ! /' n+
(Pt — P2B3 Bl)PlCer(MBZB;) [(X )m(z)] Y —p;B5b.

(i) With respect to Lemma 3.3 and (i)

Var[p(B1, B2 | 5| = u'XMgym, [ (Mg, x');(xc4x,)]'xc4x’u;
further
XMB;M32 {(MBQMBZ XI);(xc4x')]/xc4xl
=XMg; Mg, (Mp; Mg, QMB;M32)+ [MB;MB2 X’
~ Mg, Mg, X' (XC4X' + XMg; g, X') " XMg g, X'|
=X[(MB;M32QMB;M32)+ - MB;MBZ]X'-
O

THEOREM 3.7. Let the model from Definition 3.1 be regular and B1 be the
S-LBLUE of B, in the model Y ~ (XB1,%), B € RF+.
(i) The Dy-LBLUE of By in the model BB; + b ~ (—B2B2,D1), is
B, = —F'BLE"1(B1; + b); o
(ii) the X-LBLUE of B2 in the model from Definition 3.1 is Bz = Ba2;
(iii) the -LBLUE of B1 in the model from Definition 3.1 is

2 N C A _ —
'31 o PKIer(MBzBl)ﬂl (MBZBl)m(C)b
= (C™!'B/E"'B, + C"1BJE"'B,F'BL,E"!B,)6,
— (CT'BE™! = C'BJE"!'B:F!BLE )b

= (1- C"'BE"'ME, 'B,)B3; — C"'BE"'ME. 'b;

302



LINEAR STATISTICAL MODELS WITH CONSTRAINTS REVISITED

(iv) the X-LBLUE of (,g ) in the model from Definition 3.1 is

1
2

4+ (3)-()-+ (49)+ (2
(m) ?(5)+ (V) -r(B) (V).

. C, 0 . - - .
where P = P{) o o, (+) = (0’ ,), u* = —C-1B/E-'b, v* —

—BLE~1b;
(v)
<‘J:)ev2{(g):b+Blu+Bzv=O}, () L Ker(By,By);
(vi)

Var ,3:1 ‘ | = (Vl,h V1,2>
,52 Vo1, Va2)’
where

V,,=C!-C!B{(E"' —E'B,F 'BLE"!)B,C!
=C™'-C'B{(Mg,EMg,)*B,C!,

Vi, =-C'BE'B;F ' =V),,

Voo =F1 1.

Proof. With respect to [4] or [1; Section 5.3], the X-LBLUE of (,g;) can

be obtained as a solution of the problem to minimize the function ¢(u,v) =
(Y — Xu)'2~Y(Y — Xu), u € RF1 | under the side condition b+ Biu + Byv

= 0. The auxiliary function of the Lagrange procedure is ®(u,v) =
(Y —=Xu)'Z7 (Y —Xu)—2X'(b+B,u+Byv) (the vector of the indefinite Lagran-

ge multipliers is A). By a standard procedure we obtain: CB,-XY'S"ly— BiA
= 0, B,A=0 and b+ B3, + By3, = 0. Thus

B, =CIX'E7ly +C7BjA

D1, 32 AA _ —b — Blc_IX’E‘lY
B,27 O /32 B 0 .
The matrix
Dl7 B2
B,, O

and
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is regular in a consequence of the assumption on the regularity of the model.
With respect to the theory of the Pandora-Box matrix (cf. [4] and [1; p. 176])

(Dl, Bz)“ ((MBZDlMsz)Jﬁ (B2) (D) )
= — / — i —_ .

By O ((B2),p,y))»  —[(B2),,p,)] D1(BY) b,

As Mg,B; = O, the matrix (Mg,D1Mpg,)" can be rewritten as (MB2EMB2)+.

Because of M(Bz) C M(E), we can write (cf. Lemma 1.2) (Mg,D1Mg,)" =

E-! — E"!B,F !BLE!. In the last relationship all the inverses exist because
of the regularity of the model. Further, (B = - and thus

Jmoy = B2)E)
(B,2)7_n(D1) = E~!ByF~!. Finally
[(B3);,, (k)] D1(BY);, g, = F'BLE™"(E — B,B,)E 'BoF ' = F ' — 1.
Thus A = —(Mg,D:Mg,)*(b+ B13;) and

B, =0 — C'B{(Mg,D:Mg,)*B, 3, — C !B} (Mg,D;Mpg,)"b.
As

C~'B{(Mg,D;Mg,)*B; = (Mg,l‘Maz)’ = pg_lB,l o

Mg, =1- PKler(Mngl)
and -1
C~'B}(Mg,D:Mg,)" = (Mg,B1),, ¢, = C 'BiET'ME, ,
we have proved (iv).
Further ) _
B = —F_lBle_lBl,B1 =B,
(the X-LBLUE in the model B131 + b ~ (—B;832, B;C~ !B} = D;)).

As the matrix B, is of the full rank in columns, the parameter B2 in
the model B131 + b ~ (—B2f3, B,C!B/) is unbiasedly estimable and the
D,-LBLUE is ﬁz . Here it is necessary to remark that the matrix D; need not be
regular, however the matrix E = D + B3BY, is regular in consequence of the as-
sumption on the regularity of the model. The relationship (Bl2)7—n(Dl) = (B/2)1_n(E)
is utilized as well. By this, (iii) is proved.

With respect to Lemma 1.1,

P(*) _ I — C_lBllE_lBl, _C—IB/IE_IBQ
Ker(B1,B2) _BIZE—IB17 1—F )

where (x) = (8 ?) . If we compare expressions for ﬁl, Bz and Bz, we obtain
the statements in (v).

Now it is easy to prove the other statements and therefore their proofs are
omitted. O
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COROLLARY 3.8. If in the regular model from Theorem 3.7, X =1, i.e., if a
model of a direct observation of an incomplete vector parameter with constraints
is under consideration (cf. [3]), then

:él =Y, Bz = —Fl_lBlel_l(BﬁAl + b) = :éz,

where

B, = [1 - C'BY(1 — E;'BoF{ 'BY)ET B, 81 — CBLE; (1 — BoFT!'BLE~1)b
_p=! A -
= Prcer(Mg,,) Pt ~ (MBBL)r (o) b,

and E; = B;XB} + B;B), F; = BLE['B,, etc.

Remark 3.9. If the vector parameter 8; in Theorem 3.7 is a nuisance one,

then, with respect to (ii), ,32 can be obtained in a simpler way saving simultane-
ously the numerical labour. Further, the statement (iv) from Theorem 3.7 is of
great importance for obtaining the equivalent algorithms necessary for checking
the numerical reliability of the estimation.

COROLLARY 3.10. Let in the model from Definition 3.1 M(B}) C M(X') C
M(X). Then

(i) -
v 2 C 3 *
Xﬂ1 = XP’CET(MBZBl)ﬁl + Xu ,
where
Cc 1R -
Per (s 2,) =~ € BV, EMB.) B

u* = —C~B}(Mg,EMpg,) " b;
(i)
u* Lc Ker(Mg,B1),  u*€{u: Mg,b+ Mg,B;u = 0};
(iii) the B;C~B,-LBLUE of B2 in the model
B1f: + b~ (—By03,, D; = B,C™B})
18 ~ o
B2 = —(B3E"B;)"B3ET (B1B1 + b) ;

~

(iv) one vérsion of B, is Bz,

) A
)i (£)+(5)
2) Ker(B1,B;) B, v

/N
u»m»

305



LUBOMIR KUBACEK
where
=[S (0] p(®) _ (1-C B,E"B;, —C B,E™B,
=\lo, 1) Ker(B1,B2) — —-BLE~B,, I-BLE"B; )’
ut®) = —C—B'lE—b, v*) = ——B'QE'b;
(vi)

(‘JI) L) Ker(By,By), (‘fi) V= {(‘;) . b+ Byu+ Byv = o} .
The proof can be performed analogously as in Theorem 3.7.

COROLLARY 3.11. Let (él be the estimator from Corollary 3.10. Then
B

Var '8:1 > = (MBQMBQCMBQM32)+, _C*BE~B,F*
Ba _F+B,E-B,CY, e )

Proof. With respect to (i) and (iv) from Corollary 3.10,
¢ MS ) C XS
Va,r((él ‘z —Var | [ M8ima,) Y'Z
B -

—F*BLE"B;C~X'XZ
+ ! ct ct +
(M§;MB2) C*CC*Mg, v, =C Mg\, = (Me;m,,CMBiMg, )

and
— FTBLE"B,C*CCYME
= — F*B,E~B;C" [l - B{Mg,(Mg,B,C B Mg,)*Mg,B;C*]
= — F*BLE"B,C",
we can finish the proof in the obvious way.

' no_ C _ Cc* !
Here the facts M(B{Mp,) C M(X') = M(C), PK@T(MBZBl) = (MB’lMez)

and FFt = FtF = F*FFFt = F*F were utilized. =

COROLLARY 3.12. Let in the model from Definition 3.1, M(X) C M(X).
Then

(i) the S-LBLUE of XB; is XB; = XPK

3, + Xu*, wh
ICer(MBzBl)ﬂ1+ u*, where

p:éer(mB B.) I - K~B}Mg,(Mg,B;K™B Mg,)*Mg, B,

306 B, =K X'S"Y — K"B/Mg, b,
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v{(g;) € {(‘j) . b+ Bu+ Byv = o}}
[E(xﬁzl |ﬁl,:32) = XB: and E(Blé1 |ﬂ1,,32) = E3161] )

u* = —K™B}(Mg,B;K™B;Mg,)"b;

(ii) u* Lk Ker(Mg,B1), u* € {u: Mg,b+ Mpg,B,u= 0},
(iii) the X-LBLUE of any unbiasedly estimable function p(B1,B2) = po +

pll;Bl +péﬁ2; (g;) < V; 18
p(B1,B2) = po + (P — P3B; B1)B; — (P} — p;B; B1)K™BMg,b — p,B; b.

The proof can be established analogously as for Theorems 3.7 and 3.5.
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