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ABSTRACT. In this paper, we consider algebras of a given type 7 with the
set F' of fundamental operation symbols and without nullary operations. An
identity ¢ = 1 of type 7 we call clone compatible if ¢ and 1 is the same
variable or neither ¢ nor 1) is a variable, and we have the same fundamental
operation symbols in ¢ and . For a variety V we denote by V¢ the variety
defined by all clone compatible identities from Id(V'). In this paper, we assume
|F| > 2. First we study properties of clone compatible identities, then we define
a construction called a clone extension of an algebra. Using this construction we
represent algebras from V¢ by means of algebras from V if V satisfies some
assumptions on terms. Further we define equational bases of V¢, and we apply
these results to the varieties of lattices, Boolean algebras and some others.

0. Preliminaries

We shall consider algebras of a given type 7: F — N, where F is a set of
fundamental operation symbols, and N is the set of positive integers, i.e., we
do not admit nullary operations. For a term ¢ of type 7 we denote by Var(y)
the set of all variables occurring in ¢, and by F(y) — the set of all fundamen-
tal operation symbols occurring in ¢. If ¢ is a term of type 7, then writing
@(z,,,-..,z; ) instead of v we shall mean that Var(y) = {z, ,...,z; }.

In [4] the notion of regular identity was introduced. Namely, an identity
¢ = 1 is regular if Var(y) = Var(y). In [7]-[9], we considered so-called bireg-
ular and uniform identities of type 7 defined as follows: ¢ ~ 1 is biregular
if it is regular and F(p) = F(¢); ¢ =~ v is uniform if F(p) = F(¢) and if
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F(p) # F, then ¢ =~ 1 is regular. In [9], we gave some representation theorems
for algebras from varieties defined by uniform and biregular identities. In [7], we
studied varieties defined by uniform and biregular identities from bisemilattices.
An identity ¢ = v of type 7 is called normal (see [1], cf. [3], or non-trivializing
in [6]) if it is of the form = ~ z or F(p) # 0 # F(¢). In [8], we mentioned about
some other kind of identities, namely: ¢ ~ ¢ we called operationally regular if
F(¢) = F(¢). In this paper, such identities we prefer to call clone compatible,
however, we exclude z ~ y.

For a variety V of type 7 we denote by V¢ the variety defined by all clone
compatible identities from Id(V). If V is the variety of lattices, then an identity
¢ =~ 1 is clone compatible if and only if it is uniform, so studying them reduces
to results from [7]. However, in Section 5, we use representation theorem also for
bisemilattices. If |F| = 1, then a clone compatible identity is normal, and this
case reduces to results of [3] or [2].

Therefore, in this paper, we assume |F| > 2. Among others, we want to
consider the case of B¢, where B is the variety of Boolean algebras with funda-
mental operation symbols + , -, /. This we do in Sections 1 and 5, however, we
prove more general theorems. In Section 1, we study clone compatible identities
in varieties. In Section 2, we define a construction called a clone extension of an
algebra. In Section 3, we give representation theorems for algebras from varieties
V¢ under some assumptions. In Section 4, we find equational bases of V¢. In
Section 5, we apply theorems from Section 3 for some varieties.

1. Clone compatible identities

First we observe that the set of clone compatible identities of a variety V
need not be an equational theory. In fact, the identity z +z -y ~ z 4+ x -2z is
clone compatible in the variety B of Boolean algebras, but z+z-y~z+ -2’
is not, although it is a consequence of the previous one. So let us try to find out
what an equational theory generates the set of clone compatible identities from
Id(B). It means that we want to find the form of identities from Id(B¢).

If (p =) e€ld(V), we shall write V = o =~ 1.

LEMMA 1.1. Let V be a variety of type 7, |F| > 2, and for every f,g € F,

f 72 g, there exists a term pf,g(z,y) of type T such that F(pf,g(a:,y)) ={f, g}
an

VEp,(zy)~z. (1.1)
Then we have: if V |= ¢ = 9, where |F(p)| > 1 and |F ()| > 1, then V¢ |=
pRPp.
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Proof. If |[F| = 2, then the statement holds automatically. Let |F| > 2,
f,9 € F(p), [ # g, and let h,t € F(¢), h # t. Let us fix p; (z,y) and
ph‘,’(x,y). Then

VeE pf’g(:r,y) = pf,g(:n,z) and  V©Ep, (z,y) = P (7, 2). (1.2)
By (1.1),
Vel prp; (0,0) (1.3)
since this identity is clone compatible and belongs to Id(V'). Similarly,
Ve ~py(4:9). (1.4)

Further, by (2),

VeE pf,g<‘Pv p) ~ pf,g(‘Pa ¥) and V©|= Ph,t(d’a V)~ ph,t(d)’ ¢). (1.5)

Since V | ¢ & 1, so by (1),

VeI s (0, %) = py (¥, 9) (1.6)
as it is clone compatible. Now, by (1.3), (1.5), (1.4), (1.5), (1.6), we get the
statement. O

Let V be a variety of type 7, consider the following condition:

(1.i) Every identity ¢ ~ ¢ from Id(V) is regular whenever F(y) = F(¢)
={f}, feF.

THEOREM 1.2. If a variety V of type T satisfies assumptions of Lemma 1.1
and condition (1.i), then the equational theory 1d(V°) consists exactly of the
union of three disjoint sets E,, E,, E, defined as follows:

E, consists of all identities from 1d(V) satisfying (1.i);
E, is the set of all identities p = 1,
where |F(p)| > 1, |[F(¥)|>1 and VEpry;

E, is the set of all identities =, =~ x,, where x, is a variable.

Proof. We denote by cc(V) the set of all clone compatible identities from
Id(V'). Since Id(V°) is the smallest equational theory generated by cc(V), so
to prove the theorem, it is enough to show that the set £ = E, U E, U E; is
an equational theory containing cc(V) and E C Id(V¢). Obviously, cc(V) C E.
One can easily check that F is an equational theory, i.e., it is closed under
five Birkhoff’s derivation rules. Obviously, E, U E; C Id(V°¢). By Lemma 1.1,
E, C1d(V*¢), what completes the proof. m]
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COROLLARY 1.3. The equational theory 1d(B€) consists ezactly of the union
of three disjoint sets E,, E,, E, as in Theorem 1.2, where V = B is a variety
of Boolean algebras and F = {+,-,"}.

Proof. Put

py.(zy)=z+zy, p(zy)=z+@+y), p.(zy)=z-(y-¢). (1.7
Further, B satisfies (1.1). So assumptions of Theorem 1.2 are satisfied. O

Remark 1.4. The second assumption of Theorem 1.2 is essential.

In fact, let V' be the variety of groups with fundamental operations -, ~!
satisfying 2" =~ y™. Then the identity z™ ~ (y-y~!)" belongs to Id(V¢) and
does not belong to F.

For further considerations, it is useful to consider for every variety V the
variety V¢ defined by all identities ¢ ~ 1 satisfied in V for which F(p) =
F(y)={f} for f € F, or for which both |F(¢)| and |F(%)| is greater than 1.
In fact, many important varieties of groups, rings, lattices and Boolean algebras
satisfy Lemma 1.1 (see Section 5), and we have:

LEMMA 1.5. If a variety V satisfies assumptions of Lemma 1.1, then V¢ =
Ve.

In fact, we observe that we have always V¢ C V¢,

For fixed f € F we put {f} = F\ {f}. An identity ¢ =~ % of type 7 will
be called f-normal if it is one of the following forms:

p~v, where F(p)UF($)C{f}; (18)
e,  whee F(p)n{f) #0# F()n{f}. (L9)

For a variety V' of type 7 we denote by V; the variety of type 7 defined by
all f-normal identities from Id(V'). Further, we put N (V) =Id(V}).

PROPOSITION 1.6. If every identity of the form (1.8) from 1d(V) is regular,
then the set N;(V') is an equational theory.

The proof is left to the reader since it is similar to that of Theorem 1.2.

If g(z) is a unary term of type 7 with F(q) = F|, for some F, C F, then
in the sequel, we shall write gp () instead of g(z), and we shall write g,(z) if
Fy, ={f} for some f € F.

Let V() denote the variety defined by the set 1d(V°) U {q,(z) ~z}.
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LEMMA 1.7. If V is a variety of type T, and there exists a unary term q4(z)
such that

V|::qf(:r)z:c, (1.10)
then V) = Vf‘

Proof. Since Id(W) C Id(V(f)), and V; satisfies (1.10), so v, C v,
If ¢ ~ ¢ is of the form (1.8), and V, |= ¢ = 1, then

VO o ~qu(p) ~ q,(0) ~ 9. (1.11)
If ¢ ~ 4 is of the form (1.9), and V, |= ¢ ~ ¢, then we have again (1.11). Thus
1d(V;) C Id(VY)), and consequently, V() C V. O

THEOREM 1.8. Let V satisfy the following condition:
There exists a term qy, o (z) such that f,ge F, f# g and
VEqa) =,
Then the variety V"' of the type 7 defined by Id(m) U {q{f’g}(z) ~ a:} is equal
to V.

Proof. Let V= p~1. Then V" = (pzq{fyg}(go) zq{f’g}(w) ~. O
COROLLARY 1.9. Let V be a variety of algebras for which there exist unary
terms q¢(z) and q,(z) with V |= (g5(2) = z = qg(m)). Then V is a variety
defined by 1d(Ve) U {qf(m) ~ T, q,(T) = z}.

LEMMA 1.10. Let a variety V of type T satisfy the following condition:
(1.iv) There ezists a term qf(:v,y) of type T such that the identity
g (zy) =z (1.12)
is satisfied in V.
Then Vy =V.

Proof. Since we have 1d(V;) C Id(V), so we have to prove the converse
inclusion.

Let V = o~ 9. If p = v is of the form (1.8) or (1.9), then it belongs to
Id(V;) by the definition of V;. Suppose that F(¢) C {f}, and thereis g € {f}’,
where g € F(1). Obviously, identity (1.12) is satisfied in V;. So we have:

ViEgwd)=e, ViEqgWe)~y, ViEqg(ey) =g )
since the last identity is of the form (1.9), and it is satisfied in V. Thus V} |=
p =Y. O
COROLLARY 1.11. If V is the variety of groups with fundamental operation
symbols - and ~' satisfying z" ~ y™, then V. and V coincide.

In fact, take ¢ (z,y) =z - y™.
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2. An f-clone extension and
a clone extension of an algebra

Let |F| > 2 and let B = (B; F®) be an algebra of type 7, and let r be a
retraction of B, i.e., an idempotent endomorphism. We shall say that B is an
f-clone extension of an algebra A = (A; FA) with respect to r if the following
conditions are satisfied:

(21) A=r(B);
(2iia) If g€ {f}, a;,..., 1()eB then
(e, 0y ) =07 (r(ay)s-- (e, )
(2.iB) If a; , -,a; . €Band {a; - q m} Nr(B) # 0, then
fB(ai1"'.7air(f)) fA(r r(a;, ) (awf)))

We shall say that B is an f—clone extension of an algebra A if it is an f-clone
extension of an algebra A with respect to some r.

2.iii) For every q € F we have ¢®| 4 = ¢*, consequently, A is a subalgebra
1A g

of B.
In fact, if ¢ € F, a, ,...,aiT() € A, then, by (2.iia) or (2.ii3), we have
qB(ail,...,a“(q)) q*(r(a;),...,r(a wq))) = qA(ail""’ai,-(,,))'

Let us observe that every algebra C = (C;F€) is an f-clone extension of
itself if we accept r to be the identity.

LEMMA 2.1. If B = (B; FB) is an f-clone extension of an algebra A, and
o(z; ,...,z; ) is a term of type T with F(p) N {f} # 0, then for every

a;,---,a; € B wehae ¢®(a,,...,a; )= (pA(r(ail), (e ).
Proof. Using the definition of an f-clone extension we can verify the state-
ment of the lemma by induction on complexity of a term . O

COROLLARY 2.2. If B is an f-clone extension of an algebra A, and ¢(z, ,. ..

in) = W(z; ...z, ) is an identity of type T with F(p) N {f} # D #
) A {r}, then @ =1 1s satisfied in B if and only if it is satisfied in A.

This follows at once from Lemma 2.1.

Let 7: F — N be a type of algebras with |F| > 2. Let S be a nonempty set,
and {Tf}fep be an indexed family of mappings with Ty S — S satisfying the
following conditions:

(2.iv) rfory=r, for every f € F;
Ty Orgzrgorf for every f,g € F;
rgor,=r,or, forevery fig steF; f#g,s#t.
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Such family will be called a concentrating family of mappings on S.

EXAMPLE 2.3. Let S = {a,,ay,05,0,}, F = {f,g}. We put r(a;) = a,,
r¢(ay) = ay, ri(as) = ay, ri(ay) = ay, v (a;) = a3, 7,(a;) = a4, 7,(az) = aj,
r (ay) = ay.

We put h=r,o0r, forsome f,g€F, f#g.By (2.iv), h does not depend
on the choice of f and g. We have

(2.v) The mapping h is idempotent, and if a € h(S), then
r¢(a) = h(a) = a for every f € F.

In fact, hoh = (r;or )o(rpor) = (ryorg)o(rgor) =ryor, =h
for some f,g € F, f # g. lf a € h(S), then a = h(b) forsome beS.S
a = h(b) = h(h(b)) = h(a). Further, 7(a) = rs(h(a)) = r;(rs(r,( a))) =
rf(rg(a)) = h(a) = a.

Put A; =r,(S) for every f € F and put A = h(S).

(2vi) N A;=A#0,andif f,ge F, f# g, then

feF
A;=A ifandonlyif A, =A=A.

In fact, 1f a€ ﬂ A, then we have r((a) = a for every f € F. So, for f # g,
feF

h(a) = rf( q(a)) =r;(a) = a. Consequently, a € A. If a € A, then, for f € F,

rf( a) =a by (2.v). Thus a € ) A, TA, =A forsomef;ég,aEAf,then
feF I

we have h(a) = r;(r,(a)) = r;(a) = a, so a € A. Now, by the first statement
A=A..
Put Fy ={f€ F: A; = A}. By (2.iv) and (2.vi), we have:
(2.vii) For every f,g € F\ F,, f # g, we have (A, \ A)N (4, \ A) =0. So, if
a & A, then there exists at most one f € F such that a € A;.
(2.viii) If for some f € F, a € S we have r s(a) € A, then r((a ) = h(a).

In fact, by (2.v), 7((a) =7 (r;(a)) = 7;(ry(a)) = h(a), where f #g.
(2ix) If a € A; and g € {f}', then ro(a) = h(a).
In fact, ro(a) = (r;(a)) = r;(r,(a)) = h(a).

If A = (A; FA) and A, = (A,; F42) are two algebras, then we shall
write A} = A4, if A; = A, and f4 = f42 for every f € F.

o

Let S = (S, {r¢}rerm {Af}ser, A) be a system satisfying the following
conditions:

(2.x) S is a nonempty set;

(2.xi) {Tf}fEF' is a concentrating family of mappings, i.e., satisfying (2.iv);
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(2.xii) A and A; are algebras of type 7 for every f € F', where A= (4; FA),
A = h(S), where h =r;or, for some f # g, A; = (A;; F47), A, =
Tf(S)J

(2.xiii) For every f € F, hIAf is a retraction of A, such that A, is an f-clone
extension of A by h.

The system S we shall call a concentrating system. We define a new algebra
A(S) = (S;FA(S)) of type 7, where the fundamental operations in A(S) are
defined by condition:

(2xiv) If f € F and a, ... 18 € S, then

fA(S) (a-

11

,...,aifm) = fA(S)(rf(a,-l),-..,rf(aif(f)))
= fAs (Tf(ail)’-..’rf(air(f))).

The algebra A(S) will be called a clone extension of the algebra A by the
concentrating system S, or briefly, a clone extension of the algebra A.

By (2.iv) and (2.v), h and h|Af are uniquely defined. Further,

h(Af) = rg(rf (rf(S))) = Tg(rf(S)) =h(S)=A.

So, (2.i) is satisfied for r = h and every f € F, and therefore fA(5) is well
defined.

(2.xv) For every f € F we have fA(S)lAf = fAs, and T is a retraction of
A(S). So A, is a subalgebra of A(S).

In fact, let f € F and Qjpyeen @y € A;. By (2.xiv), we have

fA(S)(ail, . ’air(n) = fAs (Tf(ail)’ caTy (aiT(”)) = A (ai1 b ,amn) .

Let bil,...,bw” €S, f,ge F.If f=g, then, by (2.xiv), we have

Ty (fA(S)(bi1 1o ’bir(f))) =Ty (fAj (Tf(bix)’ Ty (birm)))
= fAf (rf (Tf(bil))’ ce Ty (rf (bi,(f))))
:fA(S)(rf(bil),...,rf(biT(f))).
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If g # f, then we have by (2.xiv), (2.xiii), (2.iv) that

ro(FAby,s b)) = (FY (s (by,), (i, )
= 7'g(fAf (Tf(rf(bil))""’ f(rf(bi,(f)))))
=7y (rp (JA (rs (b)), 76y )
= h(fA (ry(by,), ..oy (b TW)))
= 4 (h(r bn)),'--» (rs(bi,,)))
= Ay (rg (b)) (g b))
= A (r (b,), ..., rg(biT(f))) :

(2.xvi) For every f € F, fA(S)|A = fA, and h is a retraction of A(S). So A
is a subalgebra of A(S).

Indeed, h is an endomorphism since h = 7, or_ for some f # g, and it is
idempotent by (2.v). By (2.xiv), (2.iia), (2.ii3) and (2.v), we have that if ¢ € F'

and Qypyeees @ € A, then
qA(S)(an’ , lf(q)) = qu (Tq(ail)"' , q( ZT(q)))
= q-Aq (ail’ e ,ai’.(q)) = q'Aq (h(ail)’ ey h<a'i-r(q)))
= q*(h(h(a,)), - h(hla,, ) = a (e - a; )

Every algebra C = (C; F€) is a clone extension of itself since it is enough to
put S = C and to accept s to be the identity map in C for every f € F'.

(2.xvii) If B = (B; FB) is an f-clone extension of an algebra A = (4; FA), then
it is a clone extension of the algebra A.

In fact, it is enough to put S =B, A; =B, A, = A for every g € {ry, s to
be an identity, and r, =r for every g E {f}'

(2.xviii) Let for some f,g e F, f # g, we have Te=7T, = id, where id is the
identity map. Then A(S) = A, i.e., A(S) is the trivial clone extension.

In fact, then for every a € S we have h(a) = rf(rg(a)) = r4(a) = a. So
A(S) =

(2xix) If {a;,... a; }n 7,(S) # 0, then
T e{f}’
f.A(S) (ail’ . vai,(,)) = fA(S) (h(ail), e h(aiT(n))

= [A(h(a,,), .. h(a; )
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Indeed, let a; € U Tg(S) = U A, for some k € {1,...,7‘(f)}. So there
ge{f} ge{f}

is ¢ € {f} such that a; € A . Then, by (2.xiii), (2.xiv), (2iia), (2.i3), we

have

A a
=4O (a
vy (re(ag,)s-orplay,)irg(ry(a,, )’Tf(aik+l)""’rf(air(f)))
= fA (Tf(ail)7'-.,/rf(a“l:k_l)’h(a‘l:k)’rf(aik,+l),”"Tf(ai“’(f)))
=fA (h(a;)),-- - h(a;, ), h(R(a,,)), LCRDIEES h(aif(n))
=fA(h(a;,),- -, hlay, ) h(ay,), ha, ), - - hlag )

Obviously, a clone extension of an algebra A depends on the structure of

every .Af. However, in the further considerations, we require something more
from algebras .Af to obtain representation theorems.

i "’airm)

iy ,aik_l,rq(aik),aikﬂ,. . .,aiT(”)

LEMMA 2.4. If p(z; ,...,z; ) is a term of type T such that F(p) = {f} and
a; - a; €5, then
@A(S)(aila U] aim) = SoAf (rf(ail)a R 7Tf(aim)) .
This follows from (2.xiv) by easy induction on the complexity of .

LEMMA 2.5. If o(z, ,...,z; ) is a term of type T such that |F(p)| > 1 and
a; .,aimES, then

i
<,0A(S)(al.1 e ,aim) = goA(h(ail), ., h(aim)) .

P ro O f~ If w = f(xil’. o ,ii(k—l’g(yjl’ e ’yj‘r(g)),xiki-l). o ’mi"'(f)) for Some
. S A,
f,g € F, f # g, then, since g )(bjl""’bj,(g) =g (rg(bjl),...,rg(bjf(g)))
and g*s (rg(0;.);- - ,rg(bjT(y))) € r,(S), so, by (2xiv), (2iia), (2.ii8) and
(2.xix), we have
A(S) A(S)
f (a S, 59 (bjl""’bjf(g))’aikﬂ’“"aif(f))
A A(S
= A (hay,)s - h(ay, )9S, 08, )h(ay,, ), h(eg )
= fA(hay), - hlay, ), g™ (R(by,), . h(bs ) g, hla, )
A
= fA(h(ay,),- - hlay, ), g (A(by,), - - k(b)) hlay, ) Bl )
In general, we proceed by induction on the complexity of ¢. If ¢ = flo e
"’9011,’;))7 then there exists g € F such that g # f, and for some k, k €
{1,...,7(f)}, we have g € F(w, ). If F(p; ) = {9}, then using Lemma 2.4 we

infer as above. If [F(,, )| > 1, then we use the inductional assumption. a

TR
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LEMMA 2.6. If p(z; ,...,z; )=¢(z;,...,z; ) is an identity of type T with

F((,O(’I‘“,...,.sz)) (¢(xj1""’$js)) = {f} for some f € F, then it is
satisfied in A(S) if and only if it is satisfied in A

This follows from Lemma 2.4.

LEMMA 2.7. If p(z, ,...,z; ) = P(z;,-..,7;,) is an identity of type T with
‘F( Ty Ty )| > 1 and |F(¢(le,...,a:js))| > 1, then it is satisfied in
A(S) if and only if it is satisfied in A

This follows from Lemma 2.5.

The above definition of a clone extension of an algebra A is a kind of con-
struction. Now we want to give a little simpler equivalent definition of this notion
which is rather a kind of description.

Let 7: F — N be a type of algebras with 0 ¢ 7(F) and |F| > 2.

DEFINITION 2.8. An algebra B = (B;FP) of type 7: F — N is a clone
extension of an algebra A of type T by means of a family {A }feF of algebras
of type 7 if the following conditions are satisfied:

(2.xx) There exists a concentrating family {r;} ;. of retractions of B.

i — . B
(2.xxi) Ay, f € F and A are subalgebras of B, where Ap= (rf(B), F |’r‘f(B))
and A = (rs(rt(B)); FBlTS(Tt(B))) for fixed s,t € F, s #t.

(2xxii) If f€F, a;,...
then

FAs (a,i1 e ,am”) = fA ("'s (rt(ail)), T (rt(aif(f)))) .

If b, ,...,b, _€B,then

BT M)

185, € r¢(B) and {al vy (f)} Nr,(r,(B)) #0,

fB(bil""’ ZT(”) f-Af( (b .),...,rf(bif(f)))-

By (2.xv), (2.xvi) and (2.ii3), the conditions of the previous definition imply
(2.xx) - (2.xxii) and checking the converse is easy to verify.
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3. Representation theorems

For a variety V of type 7 we denote by Zf(V) the set of all identities of the
form (1.8) belonging to Id(V).

THEOREM 3.1. Let V be a variety of type 7. If an algebra B is an f-clone
extension of an algebra A from V and B satisfies Ef(V), then B belongs to V.

Proof. If ¢ ~ 1 is of the form (1.9) and V |= ¢ = v, then A satisfies
¢ ~ 1 and, by Corollary 2.2, B satisfies ¢ ~ 1. If p =~ 1 is of the form (1.8),
then B satisfies ¢ = 1) by the assumption. Thus B € V. O

THEOREM 3.2. Let V be a variety of type 7. If A is a clone extension of an
algebra A from V' where for every f € F' the algebra A; satisfies Ef(V), then

A belongs to V¢ and consequently, to V°.
Proof. If ¢ &~ 1 is satisfied in V, where |F(y)|,|F ()| > 1, then it is

satisfied in A, and by Lemma 2.7, it is satisfied in A. If ¢ = 1 is satisfied in
V', where F(p) = F(¢) = {f} for some f € F', then it belongs to £;(V), so by

assumption, it is satisfied in Af. By Lemma 2.6, ¢ =~ 1 is satisfied in A. O

For a variety V of type 7 let us consider the following condition.
(3.i) For every f € F', there exists a term g;(x) such that V | q,(z) ~ z.
THEOREM 3.3. Let V be a variety of type T satisfying condition (3.1). If A*

belongs to V¢, then A* is a clone extension of an algebra A from V , where for
every f € F the algebra A, satisfies Ef(V).

Proof. Let A* = (A*; F*") belong to V<. Put r¢(a) = qu‘(a) for every
a € A*. So, by (3.i), conditions (2.iv) and (2.xi) hold. In fact, by (3.i), we have

Ve e af (qf(.’r)) ~ qf(.'l:) for every f € F
Ve k= gs(g,(2) =~ q,(94(2)) for f,g€F;
Vel g¢4(q,(x)) =~ g,(q,(2)) for f,g,s,t€F, f#g, s#t.

Put g, = qf(qg(a:)) for some f # g and h(a) = g, (a) for every a € A*. So h
is idempotent by (2.v). Put A = (4; FA*IA), where A = h(A*). The algebra
A is well defined. In fact, for every f € F

Vel au(f (@0 2n)) ~ Fan (@) an(zn)) -

So, if N € A, then h(fA'(ail,..,,aiT(”)): fA*(h,(ah),...,h(aiT(I)))

» ()
= fA (ail""’ai,m)‘ Consequently, fA* (a, ) € h(A*) = A.

S a;
CREC 16

242



CLONE COMPATIBLE IDENTITIES AND CLONE EXTENSIONS OF ALGEBRAS

We prove that A belongs to V. If V = ¢(z; ,...,z; ) = ¥(z;,...,7, ),
then V¢ |= go(qh(wil), .. "qh(xim)) ~ 'l/)(Qh('rjl)7 . "qh(mj,,)) So,if a,,...,a; ,
bjl’ by € h(A*), then, since h is the identity map on h(A*), we have

cpA(ail, 0 )= cpA(h(ail), R h(aim))
= 9 (hlby,), -, h(bg,)) = ¥ (b, b5 ) -
Thus A belongs to V.

Let .Af = (Af; FA'|Af), where Af = rf(A*). The algebra Af is well
defined for every f € F'. In fact,

W}qu(f(a:l,..., r(f))) (qf(m ) -~-va($,—(f))),

and further we infer as for A and g, . We prove that A, belongs to Vy, for
every f € F. Since 7, is the identity on Tf(A*), so A, satisfies qf(a:) ~ .

Since A; belongs to Ve, thus, by Lemma 1.7, .Af belongs to V; and satisfies
(V).
f

It remains to prove (2.xiii) and (2.xiv). (2.xiv) is satisfied in A*, since A*
belongs to V¢ and

Vel f(zy, ...,mr(f)) zf(qf(:cl) ...,qf(a:T(f))).

We prove (2.xiii). We have h(A;) = r ( (4p) = rg(rf(rf(A*))) =
ro(r¢(A%)) = h(4*) = A. So (2.) holds. Let g€ fa,. e € A
Then a;, =r1(a;,) for k=1,...,7(g). By (2.xiv), we have

gA/ (ail""’ lr(g)) Af (Tf(ah f(ai'r(g)))
A( o (4 ( ),...,rg(rf(aiﬁg))))
(h(ail),..., (aif(g))) =gA(h(ail) h(aif(g))).

So we proved (2.iia). If bi;""’bi,m € A; and {bi1 } NA#0, then

for some 1 <k < 7(f) we have b; € A. Then, since
Ve f(a:l,...,xk_l,qh(:vk),xk+],...,asT(f))
~ f(gn(zy), - v @ (Te_1), @R (Zk), ap (Tpeir)s - - - ’qh(x‘r(f))) )

t ’(f)

A0 (B abi ) = S (b by bl )by oby )
= fAs (r(b,.), .., h(b;, ), h(b; ),h(bik“),w-vh(bz‘,(f)))
= [A(h(by,)o- o Blby,)ih(b ) R(by ) h(B )
- fA(h(bil),.. h(b;, )5 k(b ), k(b ) BB, ) -
Thus, we proved (2.ii3). H
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THEOREM 3.3'. Let V be a variety of type 7 satisfying assumptions of
Lemma 1.1 and condition (3.1). If A* belongs to V¢, then A* is a clone exten-
sion of an algebra A from V, where for every f € F the algebra .Af satisfies
(V).

f

This follows from Theorem 3.3 and Lemma 1.5.

THEOREM 3.4. Let V' be a variety of type T salisfying condition (3.1). If an
algebra A = (Z; FA) belongs to V,, then A is an f-clone extension of an
algebra A belonging to V|, and A satisfies EJ,(V).

Proof. Let A= (Z; FI) belongs to V. Since V; C Ve, so A belongs
to V<. As, in the proof of Theorem 3.3, we put r,(a) = qu(a) for every a € A.
Then, by the argumentation from the proof of Theorem 3.3, we conclude that A

is a clone extension of an algebra A from V', where A € Vg for every g € F'.
The identity g;(z) ~ z is of the form (1.8) and belongs to Id(V), so it belongs

to Id(V;), and consequently , it is satisfied in A. Hence A = Ag. Thus A
satisfies Ef(V). If s, ¢t belong to {f}, then the identity ¢ ,(z) =~ q,(z) is of
the form (1.9) and, by (3.i), belongs to Id(V'). Thus, it belongs to Id(V}), and

consequently, it is satisfied in A. Thus r,(a) = r,(a) for every a € A. Finally,
h=ror,=r,or,=r,or,=r =1, A = A for every s € {f}'. Now the
proof that A = A; is an f-clone extension of A is analogous to that of the end
of Theorem 3.3. O

THEOREM 3.5. Let V satisfy condition (3.1). Then an algebra A belongs to
Vi if and only if A is an f-clone extension of an algebra A belonging to V,

and A satisfies Eq(V).
This follows from Theorems 3.1 and 3.4.

4. Equational bases

Let V be a variety of type 7 satisfying condition (3.i). Let B be an equational
base of V', and B, be an equational base of ¥ (V) for every f € F'. Let B¢ be
a set of identities of type 7 defined as follows:

(b)) For every f € F the identity qf(qf(z)) ~ q;(z) belongs to B“.

(by) For every f,g € F the identity qf(g(:cl,‘.‘,xT(g))) ~ g(qf(zl),...
gy (xT(g))) belongs to B°.

(b3) For every f,g € F the identity g (g4(2)) =~ q, (qf(r)) belongs to B°.
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(by) For every f,g,s,t € F,where [ # g and s # t, the identity qs (qg(x)) ~
q,(g,(z)) belongs to B°.

(bs) If an identity Lp( ...,zim) ~ Pz PETRRSE F ) belongs to B, then the
identity cp(qf(qg m”)) .,.,qf(qg( ,m) )% ( (qg( ;) ,qf(qg( ]n)))
belongs to B° for some f,g€ F', f #g.

(bg) Forevery f € F theidentity flz, ...,a:T(f)) f(qf(zl)""’qf(xr(f)))

belongs to B€.

(by) If an identity ¢(z,,,...,z; ) = ¥(z; ,z; ) belongs to B, then
the identity ©(q;(z; ), qs(z; ) = w(qf(:rjl),--.,qf(w,-n)) belongs
to B€.

(bg) For every f,g € F, f # g and k =1,...,7(f), the identity f(z,,...

"xk—l’qf(qg(l‘k))’xk-{-l’"" r(f)) f(qf(qg(l’l)) “"qf(qg(mk—l))’

qf(qg(mk)),qf(qg(:ck+1)),...,qf(qg( () ))) belongs to B°.

THEOREM 4.1. If V 1is a variety satisfying condition (3.1), then B¢ is an
equational base of V.

Proof. Let us denote by C(V) the class of all clone extensions of alge-
bras from V', where for every f € F the algebra A; satisfies £;(V). Put

= Mod(B°®). Since every identity from B° belongs to Id(W), so B¢ C
Id(-VT'), hence V¢ C V,. To complete the proof, it is enough to show that if
A = (A% FA‘) belongs to V,, then it belongs to C(V'), see Theorem 3.2. Let
A* € V,. As in the proof of Theorem 3.3, we put r;(a) = qu*(a) for every
a € A*. By (b;)~(b,), condition (2.iv) is satisfied. We put h(a) = q;" (q;‘* (a))
for every a € A* and some f,g € F with f # g. Then h is a retraction
of A* by (by) and (b,). We put A = (h(A*); FA'|h(A*)). We prove that
A € V. If an identity ¢(z,,...,z; ) =~ w(le,...,a:j") belongs to B and
Qiyny @y 0Oy belong to h(A*) then since h is an identity on h(A*),

21 J1?

we have by (by) the equahtles

A(ail,... ,ai_m) = @A‘ (h(ail), el h(aim))
=~ (h,(ajl),u.,h(aj")) :wA(ajl,... a; ).

? n

%)

Thus A satisfies B and, consequently, belongs to V. Similarly, using (b,) and
(b;) we show that A, = (rf(A*); FA‘|Tf(A*)) satisfies By, so it satisfies

2(V). By (bg), condition (2.xiv) is satisfied. Similarly as in the proof of The-
orem 3.3, we show that since (bg) and (bg) belong to B¢, so A, is the f-clone

extension of A with respect to hlAf . O

THEOREM 4.1'. IfV is a variety satisfying assumptions of Theorem 3.3, then
B¢ is a equational base of V©.
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This follows from Lemma 1.5 and Theorem 4.1.

COROLLARY 4.2. If a variety V satisfies assumptions of Theorem 4.1, F 1is
finite, V' is finitely based, and ¥ (V) has a finite base for every f € F, then

Ve is finitely based.
COROLLARY 4.2'. If a variety V satisfies assumptions of Theorem 4.1', F is

finate, V' is finitely based, and L (V) has a finite base for every f € F', then
Ve is finitely based.

Let V be a variety of type 7 satisfying assumption of Theorem 3.5. Let B
be an equational base of V', and B, be an equational base of Zf(V). We define

the set B of identities as follows:

(c;) B, C B,

(cy) g,(z) ~ q,(z) belongs to Bf for every g,5 € {f}';

(c3) g, (qg(w)) ~ q,(x) belongs to BY for every g € {f}/;

(cy) qg(s(rl,...,a:T(s))) ~ s(qq( D ..,qq( ))) belongs to Bf for every
ge{fy,seF;

(c5) if oz, ,...,z; ) =~ P(z i1+ T; ) belongs to B, then the identity
¢(g,(z, ),...,qg ) = ¥lg,(z;,),--,q,(z; ) belongs to Bf for

some g € {f¥;
(cg) forevery g € {f} theidentity g(z,.. .,IT(Q)) ~ g(qg(ml), ... ,qg(xr(g)))
belongs to Bf;
(c7) for g € {f} the identities f(z,...,Tp_1,q,(T) Lppyye s Tp(p)) =
F(ag(@))s o qy(h_1)r 0y (€4), 0y (Tpey1)s - -4, (T(4))) belong to BY .
THEOREM 4.3. If a variety V satisfies assumption of Theorem 3.5, B is an

equational base of V', and B, is an equational base of ¥ (V), then Bf is an
equational base of V

Proof. Denote by V/ the variety defined by Bf. Since every identity from
BY belongs to Id(V}), s0 V; C V¥ Denote by C¢(V) the class of all f-clone
extensions of algebras from V satisfying Ef(V). Now, by Theorem 3.1, it is
enough to prove that if an algebra A = (—A—; FZ) belongs to V| then it belongs
to C4(V). But A satisfies Ef.(V) by (c,). We put, for a € A4, r(a) = q,%(a)
for fixed g € {f}'. By (c,), 7 is well defined, and it is idempotent by (csg. We
put A= (T(Z); FAlr(;f) ) , and T(Z) = A. By (c,), r is a retraction, so A
is well defined (the proof of Theorem 3.3).

If w(xil S ,.'I),,.'m) ~~ w(:cjl,. .. ,:Ejn) belongs to li, then by (c;), go(qg(.ril), ..
~~,qg(-’ﬁim)) ~ ¢(qg($jl),--.,qg(mj")) holds in A. So, by (c,) and (c,), for
a; 7""aim.’bj1""’bjn € A we have @A(ailw-waim) = Wz(r(ail)a e vT(av‘,m))
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= pA(r(b;),...,7(b; ) = ¥A(b,,...,b; ). Thus A € V and (2.i) holds. If
g € {f}', then by (c4) and (c,), it is easy to show that (2.iia) holds. Similarly,
by (c,), we prove that (2.ii8) holds for .A. Consequently, A belongs to Cf(V),

what completes the proof. O

COROLLARY 4.4. If a variely V salisfies assumptions of Theorem 3.5, F 1is
finite, V' is finitely based, and Ef(V) is finitely based, then V is finitely based.

5. Examples

ExAMPLE 5.1. Let V' be a variety of bisemilattices, i.e., the variety of algebras
of type 7: {+, -} — N, where 7(+) = 7(-) = 2 and both + and - is idempo-
tent, symmetrical and associative. Put ¢, (z) = = + = and ¢ (z) = = - z. By
Theorem 3.3, an algebra A belongs to V¢ if and only if A is a clone extension
of a bisemilattice B, where the following holds. The algebra B is the +-clone

extension of B with respect to h]A and + is a join semilattice operation

o
in B, . The algebra B, is the --clone extension of B with respect to h|A. , and
- is a meet semilattice operation in B.. By Corollaries 4.2" and 4.4, V_, V. and
V¢ is finitely based if V is finitely based.

In particular, if V' is degenerated variety of bisemilattices (it satisfies z =~ y),
then B is l-element and B = B. = B. Further, for every a,b € A we have
a+b=a-b=c, where c is the only element of B .

EXAMPLE 5.2. Let V be a variety of Boolean algebras. Then we obtain the
similar conclusions as for lattices, where ¢, (z) = z + =z, ¢(z) = z -z and
q,(zr) = (z')'. B is a Boolean algebra, A is a clone extension of B, where B,
B. are described as in Example 5.1, and in B, the operation ’ is an involution,
Y. (V), B(V), £,(V) are finitely based, and V¢ is finitely based since V' is
finitely based.

EXAMPLE 5.3. Let V be a variety of groups with operations - and ~! satisfying
" ~y". Put ¢ (z) = 2" and q_,(z) = (z7!)"!. Then we obtain analogous
results as in Examples 5.1 and 5.2. In particular, V¢ is finitely based. Moreover,
if B belongs to V¢, then it is a clone extension of a group A by means of a
family {A,A_,}, where A = A. In fact, by Corollary 1.10, we have V. =V,
so V. | (z71)"! = 2"*! ~ z, and consequently, 7. and r_, are identities in V.
Now, by (2.xvii) and (2.vi), A = A.

ExaMPLE 5.4. Let 7: {®,®} — N be a type of algebras with 7(®) =
7(®) = 2. Let V be the variety of algebras of type 7 generated by Z, =
({0,1,...,p — 1} @,@), where @ is the addition modulo p, ® is the mul-
tiplication modulo p, and p is prime. Then V is a nontrivial variety of rings
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satisfying (p + 1)z = z = zP. Consequently, assumptions of Theorems 3.3
and 4.1’ are satisfied and V¢ is finitely based.

EXAMPLE 5.5. Let V be a variety of some type 7 satisfying (3.1), where |F| = 2.
Let V. be the variety of type 7 defined by all regular identities from Id(V'). Then
V.. also satisfies (3.i), and we can apply Theorems 3.3’ and 4.1". This observation
we can apply to Examples 5.1, 5.3 and 5.4.

Obviously not every variety satisfies assumptions of Lemma 1.1. However,
if it satisfies condition (3.i), then we can apply Theorem 3.3, Theorem 4.1 and
Corollary 4.2 as in the following example for n > 2.

EXAMPLE 5.6. Let 7: {o,,...,0,} — N be a type of algebras with 7(o,) = 2
fork=1,...,nand 2 <n <w.Let L_ be the variety of n-lattices (see [5]), i.e.,
the variety of type 7 defined by the following identities: zo,z ~ =, o,y =~ yo, x,
(zopy)opzr oy (yo,z) for k=1,...,n,and zo; (zo, (...(zo; ¥)...))
~ z for every permutation 7,,...,%, of indices 1,...,n. By Theorem 3.3 and
Corollary 4.2, the variety L is finitely based, and every algebra from L can
be represented as a clone extension of an algebra from L, .

Some other results concerning clone compatible identities will be published
in the future.
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