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OSCILLATORY PROPERTIES
OF NONLINEAR DIFFERENTIAL SYSTEMS
WITH RETARDED ARGUMENTS

RUDOLF OLACH* — HELENA SAMAJOVA **
(Commaunicated by Milan Medved’)

ABSTRACT. This paper deals with oscillatory properties of n-dimensional non-
linear differential systems with retarded arguments when n > 3 is odd. The
problem of oscillation of all solutions is treated.

1. Introduction

We will consider the systems of nonlinear differential inequalities with re-
tarded arguments of the form
yi(t) — p;(t)y; ., (1) =0, i=1,2,....,n—2,
Yo 1(8) =P Oy, (R, ()] e[y, (h(0)] =0,
v (t) sgn [y, (hy ()] + )]y, (hy (8)]” <0,

where the following conditions are always assumed:

n>3isodd, >0, 8> 0;
p;: [a,00) = [0,00), a € R, i =1,2,...n, are continuous functions and

not identically zero on any subinterval of [a, 00);

o0

[p;(t)dt =00,i=1,2,...,n—1;

a

hy:[a,00) = R, h,: [a,00) = R are continuous nondecreasing functions

and h(t) <t, h,(t) <t on [a,00);
lim A, (t) = oo, lim h,(t) = co.
t—o00 t— 00
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By W we will denote the set of all solutions y(¢) = (y,(¢),...,y,(t)) of the
system (1) which exist on some ray [T},00) C [a,00) and satisfy

sup{ ié ly,(t)]: t> T} >0

forany T'> T, .

The oscillatory problem of two-dimensional differential systems with retarded
arguments was studied by Sevelo and Varech [5] and in the other pa-
pers cited therein. The three-dimensional differential systems with deviating
arguments were treated by Spanikova in [6]. Our interest is focused on
Marusiak’s paper [2] where the author considered n-dimensional nonlinear
differential systems with retarded arguments and investigated their oscillatory
and asymptotic properties. It is to be pointed out that there is no oscillatory
result for the system (1) in the case when n > 3 is odd. It is the reason why our
attention in this paper is concentrated on that problem. In addition, Theorems 1
and 2 extend the result of [2; Theorem 3].

2. Main results

DEFINITION 1. A solution y € W is called oscillatory if each component has
arbitrarily large zeros. A solution y € W is called nonoscillatory (resp. weakly
nonoscillatory) if each component (resp. at least one component) is eventually
of a constant sign.

We define [, =1 and

t
I(t,8pg,---,P) = /pk(x)Ik_l(z,s;pk_l,...,pl)d:c, k=1,...,n-2.

S

LEMMA 1. Suppose that

Y=y - ¥) €W (2)
is a nonoscillatory solution of (1) in the interval [a,00) and
(—1)" iy (t)y, (t) >0 on [ty,00), ty>a, i=2,....n. (3)

Then .

Iyl (hl(t))l Z |yn(h’n(t))|a / pn—l(x)ln—2(x’ hl(t);pn—?""pl) dz (4)

for all large t. ha(t)
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Proof. Let ty, <s<t. It is evident that
t t
yg@=yxw—/ﬁumdx=wu»3/mwwﬂmdw
S 8

The second integral can be calculated by parts. Denote

T

v(z) = /pl(T) dr = I,(z, 8;p,), u(z) = yo(x).

S

Then we have
t

y1(5) = y1(t) - yQ(t)I1(t’3;p1) +/y;(‘r)I1(x75;p1) dz
t

=y, (t) =y, (O, (¢, 8;p,) + /y3(w)p2(w)I1(m,s;p1) dr.

8

Applying further (n — 3) times the method by parts on the integral above we
obtain the following identity
n—2

vy (8) = Y (=1Yy; (DL (t, 8 p;, -, 1)
7=0

4 [ D@l ()]s v (@) a5 ) 2

S

tg<s<t.

In view of (3) and the monotonicity of ¥,(t), we obtain for T > ¢, sufficiently
large,

n—2

yi(s)sgnfy; ()] = 3 (=1)7y,,, (8) sgn 1 D1t sp55 -, 1)

=0

t
+/ 1(.’L' |y h())l n— (.Z'.Spn 29" ")pl)dma
s T<s<t,
t

ly2 (Ry )| > |y (R ()| / pn,1(‘”)In—2(x’ hy(8);Pp_ss---»py) dz,
hl(t) t> T.

The lemma is proved. O
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The next notation will be used:
p;(t) =min{p,(s) : h,(t) <s < t}, t>a, i=1,...,n—1,
Py () =D,y (t)  Dpn(t) Dy (1)
The next lemma follows from [2; Theorem 3].

LEMMA 2. Suppose that 0 < af <1 and

o0

n—1)3 B =
[ Ba@) " 0[P () dt = oo 6
Then every nonoscillatory solution of system (1) has the property
tl_l)r&yk(t)zm k=12,...,n,
and (3) holds.

LEMMA 3. Consider the differential inequality

o' () senfy(r(t)] +p@®)|y(r@)|* <0,  t>a, (6)

where 0 < A < 1, p € C([a,),[0,00)), p # 0, 7 € C([a,),(0,)) s
nondecreasing function, ilim T(t) =00, 7(t) <t for t > a and
— 00

o0

/p(t) dt = 0. (7)
Then every nonoscillatory solution of (6) tends to zero as t — co.

Proof. Suppose that y is a positive solution of (6) and y(T(t)) > 0 for
t >t > a. Then y'(t) <0 for t > t,. So tlim y(t) = L > 0 exists. We show
— 00
that L=0.1If L >0 we get

oo

Mm%wuns—/MQ@h@m*m,

t1
%)

wt) > L+ [py(r)])" ds

and this is a contradiction to condition (7). Thus y(¢) — 0 as t — oc.
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Now assume that y is a negative solution of (6) and y(7(t)) < 0 for t >
t, > t,. Then y'(t) > 0 for t > t,, y(t) is increasing and tlim y(t) =L <0
— 00
exists. We claim that L = 0. If L < 0 we obtain
(o)
A
—y(t) 2 ~y() + [ Py (r(s)[* ds,
t1
A
-y(t,) > -L+ /p(S)]y(T(S))} ds
t1
oo
> —L+ (-L)* /p(S) ds,
t1
which is a contradiction to (7). Thus y(t) — 0 as t — oo. O

LEMMA 4. Assume that 0 < A < 1 and conditions of Lemma 3 are satisfied.
Then the functional inequality

Y& +p@ly(r®)] seny(r(®) <0,  t>a, (8)
cannot have an eventually positive solution and
y'(t) +p®)[y(r(®) [ sgny(r(®) 20,  t>a, (9)

cannot have an eventually negative solution.

Proof. Assume that y is a positive solution of (8) on [t;,00), ¢t; > a.
Lemma 3 implies that
y(t) = 0 as t— 00.

From inequality (8) it follows that there exists ¢, > t; such that y is decreasing
on [t,,00). We have

()] > @], t>t>t,.
From (8)

Then we get
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which contradicts condition (7).
Assume that y is a negative solution of (9) on [t,.00). t; > t,. By Lemuma 3
we have
y(t) =0 as 1 — o00.

Inequality (9) implies that there exists ¢, > ¢, such that y is increasing o1
[t,,00). Then we get

O = e, =t > 1.
From (9) we have
(1) 2 pOly(r))|* = plOP,  t>1,.

Then we obtain
Yy t

/ Jul* /|y d5>/.p(o) ds .

y(ts) ts

Letting t — co we get

0 oo

du
00 > / —/\2/;1)(3) ds,
Jul
y(ts) ts
which contradicts condition (7).
The next lemma is in [2] as Lemma 1. O

LEMMA 5. Let y = (y;,...,y,) € W be a weakly nonoscillatory solution of
(1). Then y is nonoscillatory.

THEOREM 1. Suppose that 0 < af < 1, (5) holds and
[e s} s 3

/pn(s)[ / Do (D), _o(2,hy (8); Py 0, -py) do | ds =00,

hi(s)
Then all solutions of system (1) are oscillatory.

Proof. Assume that the system (1) has a solution y = (y,,...,y,) € " of
which at least one component is eventually of a constant sign. Then by Lemma 3,
y is nonoscillatory. We may suppose that y, () > 0 for t > t; > a. By Lemma 2
the solution y has the property

i - k=1,2,...,n,
tl—lfg)lo yk(t) 0, )&y n
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and (3) holds. Applying Lemma 1 in the nth inequality of the system (1) we
obtain
t B
U (1) +pn(t)l / Py @y (@ hy (5P, py) da |y (R, () <O,
hi(t)
(10)

t > T > t,, where T is sufficiently large. With regard to the fact that 0 <
aff < 1, by Lemma 4, the inequality (10) cannot have a positive solution. This
contradicts the fact that y, (t) >0 for t > T'.

Now assume that y,(t) <0, t > ¢, > a. By Lemma 2 the solution y satis-
fies (3). Applying Lemma 1 in the nth inequality of the system (1) we get

-t 18
hi(t) -

_ t 108

'.I/:z(t) —[)n(t) / Pn_ (x>In_2 (.T, h1 (t);pn~2, e ,pl) dx ‘yn (hn (t)) laﬁ >0,
- ha(t) -
t B
Y () +p, (1) { / P (@), _o (2, hy ()5, s, py) da
hi(t)

Ny (B ()™ sgn[y,, (h,,(£)] >0,

t > T >t,, where T is sufficiently large. Lemma 4 implies that above inequality
cannot have a negative solution, which contradicts y, (t) < 0 for ¢t > T'. The
proof is complete. O

LEMMA 6. Suppose that assumptions (2) and (3) hold. Then

(t . hl(t))n—l

o (i ()] 2 7y,

Py (0)]y, (b, (8)]” (11)
for all large t.
Proof. We may assume that y,(t) > 0 for t > ¢, > a. In view of (4) we get
|l‘/1 (hy(1))] ¢

2 ]yn(h’n(t)) laﬁn——l(t) / In—2 (.I', h]. (t);pn—Q’ co ’pl) dz
ha(t)

t x

= Iyn(hn(t))laﬁn—l(t) / / Pr—a () _5(s, hy ()i P, p)) dsda.
hi(t) hi(t)
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Denote

u(z) =, v(z) = / pn_Z(s)In_3(s, hy(t);p,_5,---,p;) ds
hi(t)
and integrating by parts we obtain

lyl (h1 (t)) \

t
Zlyn(hn(t))iaﬁn 1 [t / p,— 2 n 3 3 h ( )1pn_3a"'ap1) ds

ha(t)
t

- / zp,_o(@) I, _5(z,h(t);Pp_3,---,Py) d:c}

ha(t)

t
:‘yn( n l pn 1 / t_mpn 2 )In—S(I’hl(t);pn—SV'"pl) dx
hi(t)

Z lyn (h’n(t)) laﬁn—l(t)pn—Z(t) / (t - x)In—S (l‘, hl(t);pn—3’ e 7p1) dz
ha(t)

> 2 0, (0P 010 [ S
Calculating the above integral we have
(t— Ry (1)) o
lyl (hl(t))l Z (nl_ 1)| Pn—l(t)lyn(hn(t))l ) t Z T,
where T is sufficiently large. g

THEOREM 2. Suppose that 0 < a3 < 1, (5) holds and

[ 6= e) " P @)pa(s) ds = 0.
Then all solutions of system (1) are oscillatory.

Proof. Assume that the system (1) has a solution y = (y,.-.,¥,) € W
of which at least one component is nonoscillatory. Then by Lemma 5, y is
nonoscillatory. We may suppose that y,(t) > 0 for t > ¢, > a. Due to Lemma 2
the solution y has the property

tl—l)IEoyk(t) 0, k ) 4y y
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and (3) holds.
Applying (11) in the nth inequality of (1) we get

(t = hy(t)) " 1?
[(n— 1)!]5

Y () + P2 (), D)y, (h, ()| <0,  t>T>t,, (12)

where T is sufficiently large. According to the condition 0 < af < 1, by
Lemma 4, the inequality (12) cannot have a positive solution. This is a con-
tradiction with property (3).

Assume that y,(¢) <0, t > t, > a. Then for solution y, (3) holds. Applying
(11) in the nth inequality of (1) we have

(t—hy (1) """

—y, (1) + TR Py ()2, (8)]y, (R (0) | <0,
B (n-1)8
yn(t) + ( ; (}:it)l))q P ()9, (), (h ()| sgny, (,(£)] >0,

t>T >t,,

where T is sufficiently large. By Lemma 4 the above inequality cannot have a
negative solution. This contradicts (3). a
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