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OSCILLATORY AND ASYMPTOTIC BEHAVIOUR
OF A NONLINEAR SECOND ORDER
NEUTRAL DIFFERENTIAL EQUATION

R. N. RATH* — N. Misra** — L. N. PADHY***

(Communicated by Michal Feckan)

ABSTRACT. In this paper, necessary and sufficient conditions for the oscilla-
tion and asymptotic behaviour of solutions of the second order neutral delay

differential equation (NDDE)
[r®) ((®) = POt = 7))'] + a(OG (y(h(1))) = 0

are obtained, where q, h € C’([O, 00), R) such that g(t) >0, r ec®) ([0, 00), (0, 0)),
p € C([0,0),R), G € C(R,R) and 7 € R*. Since the results of this paper hold

when r(t) = 1 and G(u) = u, therefore it extends, generalizes and improves some
known results.

©2007
Mathematical Institute
Slovak Academy of Sciences

1. Introduction

In this paper we find sufficient conditions for every solution of

[r(®) (y(®) — p()y(t —7))'] +a(OG(y(h(1))) =0 (E)
and necessary conditions for every solution of
[r®) (W) — pOy(t = 7)) + )G (y(h()) = f(2) (F)

to oscillate or tend to zero as t — oo, where ¢ € C([0,00),R"), f,h €
C([0,00),R), r € C*([0,00),(0,00)), p € C([0,0),R), G € C(R,R), h(t) < t,
tlﬂgo h(t) = oo, 7 € RT. We need the following assumptions for our use in the
éequcl:
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R. N. RATH — N. MISRA — L. N. PADHY

(H;) There exists F € C ([0, 00),R) such that F'(t) = f(t) and Jim F(t)=0.
(H2) G is non-decreasing, uG(u) > 0 for u # 0.
(Hs) [ q(t)dt = oo.

0
(H4) ‘({ ;% = OQ.
(H5) .({ % < 0.

(Hg) For every sequence (c;) C (0,00), 05 — o0 as i — oo and for every 8 > 0
such that the intervals (o; — 3,0; + 8), i = 1,2, ..., are non overlapping,

oo Tith
Z / q(t)dt = o0.
i=1,7 5

(1) T oty ([ a(s)as) =0

(Hg) Suppose that G is Lipschitzian in every interval [a,b], 0 < a < b.
Remark 1.

(i) Since 7(t) > 0, therefore one and only one of (Hs) and (Hs) holds.
(ii) (He) implies (Hs).
(iii) If (Hs) holds, then (H;) = (Hj).
(iv) (Hy) <= (Hs).
(v) If (Hy) holds, then (H3) = (Hy).

We assume that p(t) lies in one of the following ranges in this work.

(A1) 0<p(t)<p1<1,
(A2) —1<—-p2<p(t) <0,
(Az) —ps<p(t) < —-ps<-—1,
(Ag) 0<p(t) <pa,
(As) 1<p(t) <pa,
(As) pa>p(t) >p3>1,
(A7) —pa <p(t) <0,
where p; (1 =1,...,4) is a positive real number.
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OSCILLATORY AND ASYMPTOTIC BEHAVIOUR OF DIFFERENTIAL EQUATIONS

In recent years, oscillatory and asymptotic behaviour of solutions of NDDEs

(y(t) — p(t)y(t — 7)) + a()G(y(t — o)) = f(t) (1)
and
(y(t) —p@®)y(t — )™ + a()C(y(t — o)) = f(2) 2)

are studied by many authors (see [3], [8]-[14]) for both n odd and even. But most
of the results are concerned with either (A;) or (As) as ranges of the coefficient
function p(t). Second order NDDEs have applications in problems dealing with
vibrating masses attached to an elastic and also appear as the Euler equation, in
some vibrational problems (see Driver [4] and Hale [7]). The second order
and in general even order neutral equations are not as often studied in detail as
the odd order NDDEs (1) and (2). It is well known that behaviour of solutions
of odd order and even order NDDEs are quite different at times. In [1], [2], [5],
[8], [9] the authors have studied the behaviour of solutions of NDDEs of second
order. It scems that [8] is the only result about the oscillatory behaviour of
solutions of second order neutral equation (E), available in the literature. In (8]
the authors consider

(r@®) () = p(t)y(t = 7)) +a(®)G (y(h(1))) = 0 (3)
and prove the following theorem.

THEOREM 1.1. Assume that —1 < p(t) < 0 and r(t) > 0. Further, suppose that
(Hp) and (Hy) hold, and q(t) > 0 fort > ty, and

G—ix227>0 for x#0, (4)
t—7<h(t)<t, h(t) >0, (5)
[ a1+ p(0(s))) ds = . ©)
0

Then every solution of (3) oscillates.
Again, if we put f(t) = 0 in [2, Theorem 1], we get the following result.
THEOREM 1.2. If (Hz2), (Hs), and (Hy) hold, then every solution of

(r(t)2' (1)) + a(t)G (z(h(t))) = 0 (7)

18 either oscillatory or tends to zero as t — oo.
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Finally we note another result ([9, Theorem 2.8] for r(t) = t —7 and f(t) = 0)
which is:

THEOREM 1.3. Suppose that (Hs) holds. Further if

pt)p(t—7) >0  and  —1<-py<p(t)<p1 <1 (8)
where p1 and ps are positive constants,

lu| > 6 = |G(u)| >n where § >0 and n>0. (9)

Then every solution of

(y(t) =)yt —7))" +a(t)G(y(t — o)) =0 (10)
1s oscillatory or tends to zero as t — oo.

In [8] and [9] only one range of p(t) is considered and the results there hold
for G satisfying either (4) or (9). In this paper an attempt is made to extend
p(t) to all possible ranges. Further we do not have any restriction on G. Also
this paper generalises the results of [2] that is from delay differential equation
to neutral delay differential equation. In the literature the conditions assumed
differ from author to author due to the different technique they use and different
equation they consider. Even the conditions assumed by different authors for
similar type of equations are often not comparable. Because of the simplicity of
the hypothesis assumed in this paper we ask for a comparison of our result with
some of the work of [2] and [9]. While considering p(t) in a particular range we
tried to give two results one with (Hy) and another with (Hs). The results with
(H4) allow us to take r(t) = 1 and thus it has the scope to generalize some of the
existing results available in the literature. Last but not least, our Theorem 2.11
answers the problem (10.10.2) of [6, p. 287].

Let T, > 0 and To = min{h(T,), T, — 7}. Suppose ¢ € C([Tp,T,],R). By a
solution of (E) we mean a real valued continuous function y € C® ([T}, c0),R)
such that y(t) = ¢(t) for To < t < T, and for t > Ty, (y(t) — p(t)y(t — 7)) is
differentiable, 7(t)(y(t) — p(t)y(t — 7'))/ is again differentiable and then (E) is
satisfied. Such a solution is said to be oscillatory if it has arbitrarily large zeros,
otherwise it is called non-oscillatory.
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In the sequel, for convenience, when we write a functional equation or inequa-
tion with out specifying its domain of validity, we assume that it holds for all
sufficiently large t.

2. Sufficient conditions

In this section we give the sufficient conditions for every solution of (E) to be
oscillatory or tending to zero.

We need the following Lemma ([6, Lemma 1.5.2]) for our work:
LEMMA 2.1. Let F*, G*, p: [0,00) — R be such that
Fr(t) = G*(t) —p(t)G"(t —c), t=c,

where ¢ > 0. Suppose that p(t) is in one of the ranges given by (A1) — (Ag).
If G*(t) > 0 fort > 0, litminf G*(t) = 0 and 1tlim F*(t) = L € R exists, then
L=0.

Note. If G*(t) < 0, then liminf is replaced by limsup in the above result.

Note. We assume that (Hg) holds in all the results to follow in this work though
explicitly we do not mention it.

LEMMA 2.2. Suppose that p(t) satisfies (A1) or (Ag). If (H3) and (H4) hold and
y(t) is a non-oscillatory solution of (E) for t > T, then setting

z(t) = y(t) — p(t)y(t — 7) (11)

for large t > tg, we conclude that tlim 2(t) = 0.
—00

Proof. Let y(t) be a positive solution of (E) for ¢ > T,. Then setting

r(t)2' (t) = w(t) (12)

for t > t1 > tg + 7 we obtain
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Then tlim w(t) = | where —oo < I < oo. Consider the first case when [ is
— 00
finite. We claim that litm infy(t) = 0. Otherwise y(t) > m > 0 for t > t3 > to,
—00

o0
which implies [ g(s)G(y(h(s))) ds = oo, by (Hs). But integrating (13) from t3
t3

[ee]
to ¢ and then taking limit as ¢ — oo we obtain [ ¢(s)G(y(h(s)))ds < oo, a
t3
contradiction. Thus our claim holds. From (13) we have w(t) > 0 or w(t) < 0.
Again from (12) and the fact that r(t) > 0 it follows that 2’(¢) > 0 or 2’(t) < 0.
Consequently z(t) > 0 or 2(t) < 0. Hence —oo < tlim z2(t) < 00. If —c0 <
tlim z(t) < 0, then y(t) is bounded, which implies tlim z(t) # —oo. Hence
— 00 — 00
tlim 2(t) = 0 by Lemma 2.1. Again if tlim z(t) = oo, then in this case 2/(t) > 0
— 00 —00
and ligglf(y(t)/z(t)) = 0. Now lim (% - %) = 1 where p*(t) =
p(t)z(t — 7)/2(t) and p*(t) lies in the same range as p(t). Hence we get a
contradiction due to Lemma 2.1. Thus tlim z(t) is finite and equal to 0 by

Lemma 2.1. Next consider the second case | = —oco. This implies w < 0 and
z' < 0 and consequently —oo < tlim 2(t) < oo. If tlim 2(t) = —oo, then p(t) can
—00 —00

only be in (A1), but not in (Az2). In that case z(t) < 0 and consequently y(t)
is bounded, a contradiction. Hence tlim z(t) is finite. But next we prove that
—00

this also is not possible. We observe that w(t) < 0 and is decreasing. Hence for
t > to it follows that w(t) < w(tz). From this, we find t3 such that t > t3 > t
implies 2/(t) < w(tz)/r(t). Integrating from t3 to ¢ then taking limit ¢ — oo, we
obtain z(t) — —oo by (Hy4), a contradiction. The case for y(t) < 0 is similar.
Thus the lemma is proved. O

Remark 2. We don’t need (Hy4) in the proof of the above lemma for the first
case that is when [ is finite.

LEMMA 2.3. Suppose that p(t) satisfies (A1) or (Az2). If (Hs) and (H7) hold and
y(t) be a non-oscillatory solution of (E) for t > T, then setting z(t) as in (11)
we conclude that tlim z(t) = 0.

Proof. Using Remarks 1(iii) we observe that (H3) holds. Next we proceed as
in Lemma 2.2 and see that the proof for the first case when [ is finite is similar.
In the second case also that is when | = —oo, we proceed on similar lines and
prove that tli'rgo 2(t) = a is finite. Next we claim lig iolgf y(t) = 0. Otherwise,
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y(t) > m >0 for t > t4 > t3. Hence from (12) we obtain

w(t) —w(ty) = —/q(s)G(y(h(s))) ds < —=G(m) /q(s) ds.
This further implies

r(£)2'(t) = w(ts) < —G(m) / a(s)ds.

tq

G

¢
Then we get 2/(t) < — T((Tt';) [q(s)ds for t > t5 > t4.
ta

Integrating this inequality between ¢4 and ¢ we obtain

2(t) < 2(ts) — G(m) / ?(117) ( /q(s) ds> du.

tq tg
Then taking limit as ¢ — oo, and using (H7) we see that z(t) tends to —o0, a
contradiction. Hence our claim holds. Then Lemma 2.1 yields tlim 2(t) =a =0.
— 00

Thus the lemma is proved. O

LEMMA 2.4. Suppose that p(t) satisfies (As). If (H3) and (Hy) hold and y(t)
be a non-oscillatory solution of (E) for t > T,, then setting z(t) as in (11), we
conclude that tlim z(t) =0 or tlim z(t) = —o0.

Proof. We proceed as in Lemma 2.2 for the first case, that is when tlim w(t) is
oo

finite, to prove litm infy(t) = 0 and tlim 2(t) = a where —00 < a < 00. If a > 0,
— 00 —00
then by (Aj) it follows that litm infy(t) > 0, a contradiction. Again if a < 0 but

finite, then by Lemma 2.1 we get a = 0, a contradiction. Hence tlim z(t) = —o0
—00
or 0.
Next consider the second case, i.e tlim w(t) = —oo. In this case 2’(t) < 0 and
—00

tlim z(t) = a where a is finite or —oc. Suppose that a is not —oo. Then we see
—00

that (H7) holds by Remark 1(v). Using (H7) we proceed as in Lemma 2.3 to prove
z(t) = —o0 if litm inf y(t) # 0, which is a contradiction. Hence litm inf y(t) = 0.

Then by Lemma 2.1 we get tlim z(t) = 0. Since z(t) is monotonic decreasing
— 00
therefore z(¢t) > 0. This implies litm inf y(t) > 0, a contradiction. Hence the only
— 00

possibility left out is tlim z(t) = —oo. Thus the lemma is proved. O
—00
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LEMMA 2.5. Suppose that p(t) satisfies (As). If (Hs) and (Hy7) hold and y(t)
be a non-oscillatory solution of (E) for t > T, then setting z(t) as in (11), we
conclude that tlim z(t) =0 or tlirgo 2(t) = —o0.

Proof. The proof is similar to that of Lemma 2.4 if we use Remarks 1(iii)
and 2. 0

THEOREM 2.6. Suppse that (H3) and (Hy) hold. If p(t) is in the range (A1) or
(As), then every solution of (E) oscillates or tends to zero ast — oo.

Proof. If y(¢) is eventually a positive solution for large t, then setting z(t) and

w(t) as in (11) and (12), respectively, we obtain tlim z(t) = 0 by Lemma 2.2.
—00

Hence, if p(t) is in (A1), then we have

0= tlim z(t) = limsup[y(t) — p(t)y(t — 7)]
— t—o0
> lim sup y(t) + lim inf (—p1y(t — 7))
t—oo -0

> (1 = p1) limsupy(t) .
t—oo

Thus limsupy(t) = 0. Hence tlim y(t) = 0. Again, if p(t) is in (Ay), then
t—o0 -

tlim y(t) = 0 follows from the fact that y(t) < z(t). If y(t) < 0 for t > to,

then one may proceed as above and prove tlim y(t) = 0. Hence the theorem is
—00

proved. O

Remark 3. If in the above theorem we take r(t) = 1, then we get a result which
improves Theorem 1.3.

Ezample 1. The NDDE

(e_2t <y(t) - %y(t — ln3)> ) + %ys(t —In2)=0 (14)

satisfies all the conditions of Theorem 2.6. Hence all non-oscillatory solutions
of (14) tend to zero as t — oo. In particular y(t) = e is such a solution.
Here G(u) = u? is superlinear which satisfies the general superlinear condition

?du/G(u) < 00.
k
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Remark 4. Theorem 2.6 is an extension and generalisation of Theorem 1.1
under (Az) in view of the fact that (Hs) <= (6). We do not require (4) or
(5) for Theorem 2.6 though Theorem 1.1 requires all these conditions. Further
Theorem 1.1 does not hold when G is sublinear whereas Theorem 2.6 holds for
all types of G.

COROLLARY 2.7. Suppse that (Hs) and (H7) hold. If p(t) is in the range (A1)
or (A2), then every solution of (E) oscillates or tends to zero as t — oo.

Proof. The proof is similar to that of Theorem 2.6, and the difference here is
that Lemma 2.3 is to be applied in place of Lemma 2.2. g

Remark 5. If we put p(t) = 0 in the above result, then Theorem 1.2 follows
from Corollary 2.7.

THEOREM 2.8. Suppose that p(t) satisfies (Ag). If (H3) and (Hy) hold, then
every bounded solution of (E) oscillates or tends to zero as t — oo.

Proof. From Lemma 2.4, it follows that if y(t) is an eventually positive bounded
solution of (E), then z(t) is bounded. Hence by Lemma 2.4 we observe that
tlim 2(t) = —o0 is not possible. Hence

0= lim 2(t) = liminf[y(t) — p(t)y(t — 7)] < (1 — p3) limsup y(t).

t—oo t—oo t—00

Hence tlim y(t) = 0 and the proof for the case y(t) < 0 is similar. O

COROLLARY 2.9. Suppose that p(t) satisfies (Ag). If (Hs) and (Hy) hold, then
every bounded solution of (E) oscillates or tends to zero as t — co.

Proof. The proof is similar to that of Theorem 2.8 and Lemma 2.5 is to be
applied here in place of Lemma 2.4. O

THEOREM 2.10. Suppose that (Hy), (Hg) hold and p(t) satisfies (As). Then
every unbounded solution of (E) oscillates or tends to 0o as t — oo and every
bounded solution of (E) oscillates or tends to zero as t — oo.

Proof. Let y(t) be a positive bounded solution of (E) for ¢ > t. Then setting
2(t) and w(t) as in (11) and (12) respectively and applying Lemma 2.4 we get
tlim 2(t) = 0. If limsupy(t) = «, with & > 0, then there exists a sequence
— 00 t—00

(tn) such that y(t,) > M > 0 for n > Ny > 0. From the continuity of y it
follows that there exists d, > 0 with liminfd, > 0 such that y(¢t) > M for

n—oo
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t € (tn — Onytn + 0,). Then choosing n large enough such that 6, > § > 0 for
n > N > Nj, we obtain

Jawcume)a=>" [ ancre))
T n=Ny 5. 4o
0o tn+dn+o
>G(M) Y q(t) dt
7L_Ntn—5n+0
0o tn+o+o
>G(M) Y q(t)dt
n=Ny 510

From the given hypothesis (Hg), it follows that
/q(t)G(y(h(t))) dt = cc.
T2

Since tlim z(t) = 0 therefore from the proof of Lemma 2.4 it is clear that
— 00

flim w(t) exists. Hence integrating (13) we get
L— OO

/q(t)G(y(h(t))) dt < o0,
T,

a contradiction. Hence hm sup y(t) = 0, which implies hm y(t) — 0. If y(t) <0

for large ¢ and bounded, then we proceed as above to show that llm y(t) =0.

Next let y(¢) be an unbounded positive solution of (E) for large ¢. Then we

apply Lemma 2.4 and obtain tl—ljgo 2(t) =0or tlggo 2(t) = —oo. If tl_l{go z(t) 0,
then as in the above we prove tli’rglo y(t) =0. If thlrolo 2(t) = —oo, then from (Aj)
we get y(t — 1) > —2z(t)/ps4 and this implies thl?o y(t) = co. The proof for the
case when y(t) < 0 for t > tq is similar. O
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THEOREM 2.11. Suppose that (Ha) holds and p(t) satisfies (A7). Again as-
sume that h(t) = t — o, o is a nonnegative constant. If p = max{7,o} and

(Hio) [ ¢*(t)dt = oo, where ¢*(t) = min{q(t),q(t - 7)},
P
(Hy1) foru >0, v > 0, there exists 6 > 0 such that
G(u) + G(v) > 6G(u +v),
(Hi2) G(—u) = —-G(u)
(Hy3) foru >0, v >0, G(u)G(v) > G(uv),
then every solution of (E) oscillates or tends to zero as t — oo.

Remark 6. (H;jo) implies (Hs).

Remark 7. The prototype of G satisfying (Hz), (Hii)-(Hyz) is G(u) =
(B+ [u*)|u|* sgnu, where A >0, p >0, 3 > 1.

Proof of Theorem 2.11. Let y(t) be a positive solution of (E) for ¢t > t,.

Then setting 2(t) and w(t) as in (11) and (12) respectively, we arrive at (13).

Then tlim w(t) = I where —0o < I < co. If we consider the first case | # —oo,
—00

then consequently since 7(t) > 0, we obtain 2’(t) > 0 or 2’(¢t) < 0. This implies
tlim z(t) = a where —o0o < a < co. We see that z(t) > 0 because of (A7).
—00

Hence a < 0 is not possible. If a = 0, then we are happy to have our necessary
conclusion that tlim y(t) = 0 because y(t) < z(t). If a > 0, then 2(t) > a >0
—00

for t > to > t1. Then using (H;;) and (Hy3), we obtain for t > t3 > to

0=w'(t)+q(t)G(y(t — o)) +G(—p(t — 0))[w'(t = 7) + q(t = 7)G(y(t — 7 — 0))]
> w'(t) + Gpa)w'(t — 7) + 0¢* (1) [G(2(t — 0))]
> w'(t) + G(psy)w' (t — 7) + G(a)dq * ().

Integrating from t3 to t and then taking limit as ¢ — oo we arrive at a contra-

diction due to (Hjp). Next consider the second case | = —oco. Then w(t) < 0
and consequently 2’ < 0. Because of (A7) we have tlim z(t) = a where a > 0

and is finite. Then as in Lemma 2.2 we use (H4) and obtain 2(¢) — —o0, a
contradiction. The proof for the case when y(t) < 0 for ¢t > to is similar. It
may be noted that (Hi2) is needed for the case y(t) < 0. Thus the theorem is
proved. a

Remark 8. In [6, p. 287], the authors have proposed the following open problem.

(10.10.2): Extend the results of Section 10.4 to equations where the
coefficient function p(t) lies in different ranges.
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The results of that section deal with (E) where G(u) = u and r(¢) = 1. The
ranges of p(t) they have considered in that section is (A;), (A2), (As). Hence
our Theorem 2.11 answers that problem.

3. Necessary conditions

In this section we prove that either (Hs) or (Hy) ale necessary for every
solution of (F) to be oscillatory or tending to zero.

THEOREM 3.1. Let (Hy), (Hz), and (Ho) hold. Suppose that p(t) is in (Az) and
h(t) =t — o where o is a positive constant. Then every solution of (F) oscillates

or tends to zero as t — oo implies (Hs) or (Hy) holds.

Proof. Suppose it is not true that (Hs) or (Hy) holds. Then by Remark 1 we
have (Hs) holds and

/q(t) dt < oo (16
0
holds. From (H;) and (Hs) and (16) we find T" > 0 such that for ¢t > T
7 1—po 1—po 7 ds 1
s F < — <z,
k‘/q(s)ds <5 |F(t)] T and / ) <3
t

t
where k = max{G(l), k1}, kq is the Lipschitz constant. We take

X = {u € BC([T,00),R) : 22 <u(t) < 1}.
Define S on X as
e =)~ 35 (JatG ) au) as

t s

F(s) qe
st ds, t>T+p,

Sy(T + p), T<t<T+p.

Sy(t) = 4 dpatl

B}

where p = max{7,o}. Then we apply Banach contraction principle ([6, p. 30]

and show S(X) C X and [|Sy1 — Sy2|| < pllyr — yel| where - (19p2 + 1) 20
< 1. Thus S is a contraction, admitting a fixed point yo which is the required
positive solution with litrllirgf yo(t) > (1 —p2)/10 O

Remark 9. One may easily develop a similar theorem when p(t) is in (A1).
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Remark 10. For the ranges 1 < ps < p(t) < py and —pg < p(t) < —p3 < —1
also we can find a positive solution of (F) which does not tend to zero, as we
have done in Theorem 3.1. Here we have to define the contraction mapping S
as

Ko+ st It ([ a@G (b)) du) ds

Sy(t) = 1 T F(s) K (p3,pa)
u(t) +WJ oy ds + S t2T+r,
Sy(T + ), T<t<T+r,

where K(ps,p4) is a constant depending on p3 and pj.

Remark 11. In Theorem 3.1, if we take f(¢t) = 0 (which is admissible), then
we conclude that the conditions (Hs) or (Hy) is necessary for all solutions of (E)
to oscillate or tend to zero under the assumptions (Hz) and (Hy).
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