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ABSTRACT. In this paper we consider an enlargement of the notion of the
probabilistic normed space. For this new class of probabilistic normed spaces
we give some topological properties. By using properties of the probabilistic
norm we prove some differential and integral properties of functions with values
into probabilistic normed spaces. As special cases, results for deterministic and
random functions can be obtained.
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1. Introduction

In [16] A. N. Sherstnev endowed a set having an algebraic structure of
linear space with a probabilistic norm. He used the K. Menger’s idea from
[12], where the probabilistic concept of distance was proposed. The number
d(p, q), the distance between two points p, q, was replaced by a probabilistic
distribution function F}, ;. These ideas led to a large development of probabilis-
tic analysis. Applications to systems having hysteresis, mixture processes, the
measuring error were also given. For an extensive view of this subject we refer
3] 4], [7]-[8] and [15].

In [1] C. Alsina, B. Schweizer and A. Sklar gave a new defini-
tion of probabilistic normed spaces which is based on a characterization of
normed spaces by means of a betweenness relation and includes the definition
of A.N. Sherstnev as a special case. Another results in relating with these
spaces were obtained in [5], [9]. In the second section of this paper we introduce
a new class of probabilistic normed spaces which also includes the probabilistic
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IOAN GOLET

normed spaces defined by A. N. Sherstnev as a special case. We have gen-
cralized the axiom which give a connection between the distribution functions
of a vector and its product by a real number.

The third section is devoted to the study of functions with values into such
2 probabilistic normed space. By using the properties of the probabilistic norm
we analyze some differential and integral properties of such functions.

Let R denote the set of real numbers, Ry,  {z € R: « >0} and I  0,1],
the closed unit interval. A mapping F': R — [ is called a distribut on function if
it is non-decreasing, left continuous with inf F = 0 and sup F© 1. D% denotes
the set of all distribution functions for which F(0) = 0. Let F, G be in DT.
then we write FF < G if F(t) < G(t) for all t € R . If a € Ry, then H, will be
the clement of Dt defined by H,(t) = 0if t <a and H,(t) 1ift>a. It s
obvious that Hy > F, for all F € D*. The et Dt will be endowed with the
natural topology defined by the modified Lévy metric dy, ([15]).

A t-norm T is a two place function T': I x I — I which is associative, commu-
tative, non decreasing in cach place and such that T'(a,1) = a, for all a € [0, 1].

A triangle function T is a binary operation on DT which is commutative,
associative, non decreasing in each place and for which Hjy is the identity, that
is, 7(F, Hy) — F for every F € D*. T-norms and triangle functions have been
very important in writing the appropriate piobabilistic triangle inequality.

2. On probabilistic normed spaces

Let ¢ be a function defined on the real field R into itself, with the followir g
properties:
(a) p(—t) = p(t) for every t € R;
(b) »(1) = 1;
(c) ¢ is strictly increasing and continuous on [0, c0),
©(0) — 0 and lim ¢(a) — co.
x—00

Examples of such functions are: ¢(«) lal; () P, p € (0,00 ;
2n

pla) ﬁj—h, ne NT.
DEFINITION 1. Let L be a linear space, 7 a triangle function and let F be a
mapping from L into D*. If the following conditions are satisfied:

(1) F, Hp,ifand only if z  6;

(2) For(t) — Fr(ﬁ) foreveiy t >0, a € Rand z € L;

(3) Fypyy > 7(Fy, Fy), whenever z,y € L;
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ON FUNCTIONS WITH VALUES IN PROBABILISTIC NORMED SPACES

then F is called a probabilistic o-norm on L and the triple (L, F,7) is called
a probabilistic ¢-normed space (of Sherstnev type). The pair (L,F) is said to
be probabilistic p-seminormed space if the mapping F: L — D™ satisfies the
conditions (1) and (2). We have made the conventions: F (&) =1, for t > 0,
F»(2) =0 and F(z) is denoted by F.

If (1) (2) are satisfied and the probabilistic triangle inequality (3) is formu-
lated under a t-norm 7'

(4) Fryy(ts +t2) > T(Fy(t1), Fy(tz)) for all z,y € L and t;,t, € Ry,
then (L, F,T) is called a Menger p-normed space.

PRroOPOSITION 1. IfT is a left continuous t-norm and Tr is the triangle function
defined by 7r(F,G)(t) = sup T(F(t1),G(t2)), t > 0, then (L,F,7r) is a
t1+ta<t

probabilistic p-normed space if, and only if, (L,F,T) is a Menger p-normed
space.

If we define F™(x,y) = Fy_y, then a probabilistic ¢-normed space (L, F, T)
becomes a probabilistic metric space (L, F™,7) under the same triangle func-
tion 7. In what follows we will consider probabilistic ¢-normed spaces under a
continuous triangle function 7 > 7r, , where T),(a,b) = Max{a+b—1,0}. This
condition ensures the existence of a linear topology on L.

By a p-normed space we mean a pair (L, || - ||), where L is a linear space,
|1 is a real valued mapping defined on L such that the following conditions are
satisfied:

(5) ||z|| = 0 for all z € L, ||z|| = 0 if and only if z = 6;

(6) ||l - z|| = ¢()||lz||, whenever z € L, @ € R and ¢ is a function with the
above properties;

(7) llz+yll < llzll + [lyl for all z,y € L.

Remark 1. For p(a) = |af’, 0 < p < 1, one obtains a p-normed space
([11], [2]), for ¢(a) = |a| one obtains an ordinary normed space.

Ezample 1. Let (L,|| - ||) be a p-normed space. It is easy to check that it
can be, in a natural way, made a probabilistic ¢-normed space (L, F,T), by
setting F(t) = Ho(t — ||z||) for every z € L, t € Ry, p(a) = |afP and T = Min.
Moreover, we have Foz(t) = Ho, o))z )(t) and (L, F,T), is a probabilistic normed
space if, and only if, p = 1. This example shows us that probabilistic ¢-normed
spaces include, in a natural way, ¢-normed spaces (p-normed spaces). This fact
is not possible in the case of probabilistic normed spaces.
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Fxample 2. We will show that, by starting from a ¢-normed space, for particular
dilatation or contraction functions ¢ and for different distribution functions G,
different probabilistic ¢-normed spaces can be obtained. Let G € D™ be different
from Hy, let (L,|| - ||) be a p-normed space. We define F: L — D* by Fy — Hy
and if  # 6 by

Fo(t) — G<ﬁ) (t € R,).

The triple (L, F, 7r) becomes a probabili tic g-normed space under the t-norm
T — Min and ¢(a) — |a|P, p € (0,00). This is called a simple probabilis-
tic p-normed space generated by the distribution function G and the p-normed
¢pace (L, -]]). This example shows us that probabilistic p-normed spaces have
a large statistical disposal. So, different processes of measurement for vectorial
amounts can be set in a statistical framework by using an appropriate proba-
bilistic ¢-normed space.

Lzxample 3. Now, we consider an example of probabilistic ¢-normed space hav-
ing, as a basc space, a set of random variables with values in a p normed space,
p e (0,1].

Let (X, - ||) be a p-normed space. We suppose that (2, IC, P) is a complete
probability measure space and (X, ) is the measurable space, where B is the
o-algebra of Borel subsets of the p-normed space (X, | - ||). We denote by L a
linear subspace of random variables defined on (2, K, P) with values in (X, B)
and we will identify the random variables which are equal with the probability
one. Forallz € L, t € R, and t > 0 we define

F.(t) = P{we: |z(w)] <t}).

The triple (L, F,T,,), where F,(t) = F,(t), is a probabilistic ¢ normed space
with ¢(a) = |a|P. We verify only the conditions (2) and (3) of the Definition 1,
the condition (1) is obviously satisfied. Fuy(t) = P({w € Q: |az(w)| < t})
PlweQ: |aff|lzw)] <t}) =P({weQ: [z(w)] < r.flg}) F.(-). For
x,y € L, and t1,t; € Ry — {0} we define the sets:

A-{oe: LWl u),

B —{weQ: |yw) <t}

C—{we: [|[z(w)+yW)] < ti1+ta}.
The tiiangle inequality of a p-normed space implies that AN B C C. By the
properties of the probability measure P we have

P(C)>P(ANB)>P(A)+ P(B)-P(ANnB) > P(A)+ P(B) — 1.

Taking into account that P(A) = Fy(t1), P(B) = Fy(t1) and P(C) — Fpqy(t1 + t2),
it follows that the inequality (4) is satisfied for T' = T;,,. By the Proposition 1
the condition (4) is equivalent with (3).
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ON FUNCTIONS WITH VALUES IN PROBABILISTIC NORMED SPACES

The following theorem give a topological structure of a probabilistic ¢-normed
space.

THEOREM 1. Let (L, F,T) be a Menger @-normed space under a continuous
t-norm T such that T > T,,, then:
(a) V=A{V(e,\): e>0, Ae (0,1)}, V(e,\) ={z € L: Fyle) >1-\}
is a complete system of neighbourhoods of null vector for a linear topology
on L generated by the p-norm F.
(b) The family of subsets of L: U = {U(g,\): € >0, A€ (0,1)},
Ule,\)={(z,y) e Lx L: Fy_y(e) >1—- A}
is a complete system of neighbourhoods for a uniformity on L.

Proof. We will prove only the point (a), the proof of (b) is similar to that of
(a) and we will omit it.

Let V(ek, Ak), k = 1,2 be in V, consider € = min{e1, €2} and A = min{A;, A2},
then V(g,\) C V(e1, A1) NV (ea, A2).

Let @ € R such that 0 < |a] < 1 and z € aV(e, ), then z = ay, where
y € V(g, ) and we have

Fy(e) = Fay(e) = Fy(5Gy) 2 Fyle) > 1 - A

This shows us that z € V (e, A), hence aV (e, ) C V (e, A).

Let us show that, for every V C V and = € L there exists o € R, « # 0, such
that az € V. If V € V, then there exist £ > 0, A € (0,1) such that V = V(s A).
Let x be arbitrarily fixed in L and o € R, a # 0, then Fi,.(¢) ( )

Since, hm F, (<,:( )) = 1 it follows that, there exists a € R such that Fax( )

F, (np( )) >1 A, hence ax € V.

Let us prove that, for every V' € V there exists Vy € V such that Vo +V, C V.
IfV =V(e,A) and z € V (e, A), then there exists n > 0 such that F,(¢) > 1—-n >
1-\ If Vo =V(5,%) and x,y € Vo, by the triangle inequality (4) we have

Fz+y(s)2T<Fz (—;—)Fy (§>) sz(l—g,l—g> S1-n>1-A

The above inequalities show us that Vo + Vo C V.
Now, we show that V € V and @ € R, a # 0, imply aV € V. Let us
remark that aV = aV(e,A) = {az : F;(e) >1—A} and Fy(e) > 1 -\ <

F, (f;((‘;)s) = Fpzo(p(a)e) > 1 — A This shows us that aV = V(p(a)e, A, A),
hence aV € V.

The above statements show us that V is a base for a system of neighborhoods
of the null vector in the linear space L. It is easy to see that the uniformity

generated by U and the topology generated by V are compatible. ]
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PROPOSITION 2. Let {Zn}nen be a sequence in L and let (L, F,T) be a Menger
p-normed space under a continuous t-norm T, then:

(a) {zn} converges to x in the topology generated by the probabilistic p-norm
F on L if, and only if, F, _,(t), converges to Hy(t) for every t > 0;

(b) {zn} is a Cauchy sequence in the uniformity generated by the probabilistic
p-norm F on L if, and only if, Fy, _s, (t) converges to Ho(t) for allt > 0.

3. Functions with values in probabilistic normed spaces

Let (£2, K, P) be a complete probability measure space, i.e., {2 is a nonempty
set, K is a o-algebra on 2 and P is a complete probability measure on K. Let
(X, B) be a measurable space, where (X, || - ||) is a separable Banach space and
B is the o-algebra of the Borel subsets of (X, || - ||).

A mapping z: Q — X is said to be a random variable with values in X if
7 Y(B) € K for all B € B ([2], [14]). Let X be the set of all random variables
(equal in probability) and let F be the probabilistic norm on X defined by

Ft)=P{weQ: |zw)] <t}).

It is known that (X, F,7r_) is a complete probabilistic normed space of Sher-
stnev type. Furthermore, the (&, A)-topology on X induced by the probabilistic
norm F is equivalent to the topology of the convergence in probability on X.

A mapping f is said to be a random function defined on the subset A of real
line with values in a separable Banach space X if, for every t € A the mapping
f(t,): Q@ = X is a X-valued random variable. Two X-valued random functions
f and g are said to be equivalent if f(t,w) and g(¢,w) are equal almost surely
for every t € A.

Random functions have had a special importance in the probability theory
as well as in its applications. Regarding time series as random functions their
predictability have increased and random functions have given important new
tools in solving economics and engineering problems. Now, let f be a X-valued
random function defined on A C R, then one can define the mapping fon A
with values in the random normed space (X, F, Tm~) by A >t — f(t), where
[f())(w) = f(t,w). Conversely, for every function f: A — (X, F,T) one can
define the X-valued random function on A by f(t,w) = [f(®)](w), forevery t € A
and w € Q. Furthermore the correspondence f — f is one to one and onto. By
this correspondence results obtained for functions with values in a probabilistic
p-normed space can be applied to the study of random functions with values in

a separable Banach space.
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ON FUNCTIONS WITH VALUES IN PROBABILISTIC NORMED SPACES

These considerations have determined us to approach the study of functions
with values into a probabilistic ¢-normed space.

PROPOSITION 3. Let f be a function and let (fr)nen be a sequence of functions
defined on a non-empty subset A of real line with values in a Menger p-normed
spaces (L, F,T). Then we have:

(a) The function f is continuous in tg € A, if and only if, for every e > 0 and
A € (0,1) there is 6(e, A) > 0 such that for all t € A with |t —to| < (g, N)

Frw)-st0)(€) > 1= A.

(b) The sequence { fn}nen converges on the set A to the function f if and only
if for every e >0, A € (0,1) and t € A there is an integer N (e, A, t) such
that, for allm > N (e, \,t) we have

Fr.-r(e) > 1= A

The above statements are valid because the family {Vi(e,\) : Vy(e,\) =
{y e L: Foyle) >1-A}, >0, A€ (0,1)} is a complete system of
neighbourhoods for the point = in the topology generated by the Menger p-norm
F of (L,F,T).

DEFINITION 2. A sequence {fn}nen of functions defined on a set A C R with
values in a Menger @-normed space (L, F,T) is called a Cauchy sequence if
for every ¢ > 0 and A € (0,1) there is an integer N(e,\) > 0 such that
Ff ()—fm@y(€) > 1= Aforallt € Aand n,m > N(e, \).

THEOREM 2. A sequence {fn}nen of functions defined on the set A C R with
values in a complete Menger p-normed space (L, F,T) is uniformly convergent
on A if and only if { fn}nen ts a Chauchy sequence on A.

In what follows we will use the probabilistic p-norm to introduce the funda-
mental concepts of differential and integral calculus for functions with values in
a probabilistic ¢-normed space.

Some particular results show us that these concepts assure a natural frame
for the study of random functions.

DEFINITION 3. Let f be a function defined on a set A C R with values in
a probabilistic p-normed space (L,F,T) and let to € I C A, where I is an
open interval. The function f is said to be differentiable in the point tq if there
exists an element zo € L such that, for every € > 0 and X € (0,1) there exists
d(e, A) > 0 such that

Ff(t)—f(tQ) —xo(g) >1-—A
t—to
for all t € I, t # to, with |t —to| < d(¢,\). The element zo € L is called the
derivative of f in the point to and it is denoted by f'(to). If the function f is
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differentiable in each point t € A, then the function f is said to be differentiable
on the set A.

PROPOSITION 4. If the function f: A — (L,F,T) is differentiable in ty € A,
then the derivative f'(to) is unique.

Proof. Let us consider ¢ > 0, A € (0,1) and xo, yo € L such that f'(to) = xo
and f'(to) = yo. By Definition 3 it results that there exists d(e, A) > 0 and
n € (0,1) such that

€ n A
Ff(tz—f(t ) 2o (—) >1l—-o>1-—
Ho-flol

2 2 2

and \
13 n

F@:{%ﬁ—yo(a)”‘a“‘i

for every t € A, t # to, and |t — to] < §(¢, A). Then we have :

€ €
Fro—yo(e) 2T (Ff(t{ét;p 2o (5) ,Ff(tl:{o(tg) v <§>>

n.
> 1——,1—->>1— Y
_Tm< 9 5) < n>1 A

If A\ — 0, it results that Fy, ,(e) = 1 for every € > 0. Hence Fg,_,, = Hy and
Zo = Yo. O

PROPOSITION 5. If the function f: A — (L, F,T) is differentiable in ty € A,
then it is continuous in the point to.

Now, let f be a function defined on a interval [a,b] and let A be a division
of the interval [a,b] given by a =ty < t; < --- < t, = b. Let us denote, by

v(A) = o Jhax 1(ti+1 —t;), the norm of the division A and let u = (ui)o<i<n—1,
SitsSsn—

u; € [ti,tiva]-
Now, we define:

n—1

oa(fiu) =Y (tip1 — t:) f(wi).

1=0

DEFINITION 4. A function f: [a,b] — (L, F,T) is said to be Riemann integrable
on [a, b] if there exist o € L such that for every ¢ > 0 and A € (0,1) there exists
d(g, A) > 0 such that, if v(A) < (e, ), then we have

Fop(fu)—zo(€) > 1= A
for every u = (u;)o<i<n—1. The element zo € L is called the Riemann integral

b
of the function f on the interval [a,b] and it is denoted by zo = [ f(¢) dt.
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PROPOSITION 6. If the function f: [a,b] — (L, F,T) is integrable on [a,b], then
b
J £(t)dt is unique.

The proof is similar to that of Proposition 4 and we omitted it. One can
similarly prove that the other known properties of integrals are valid.

The following theorem assures us that a large class of functions defined on
a interval [a,b] C R, with values in a Menger p-normed space (L, F,T) are
integrable.

We say that a continuous t-norm T is of Hadzié type if the family {T™},en,
where T!(t) = t, T%(t) = T(t,t) and T"+1(t) = T(T™(t),t), is equicontinuous at
t=1.

THEOREM 3. Let (L, F,T) be a complete Menger -normed space under a con-
tinuous t-norm T of Hadzié type. If f is a continuous function defined on [a,b]
with values in (L, F,T), then f is Riemann integrable on [a, b].

Proof Let A’: a=t)h <ty <---<th=band A" : a=ty <t] <...
.- < t. = b be two divisions of [a,b]. We will show that, for every & > 0 and
X € (0,1) there exists 6(g,\) > 0 such that, if max{v(A’),v(A")} < é(, N),
then

Foui(f)=ogn (fu)(€) > 1= A

If the t-norm T is continuous and of Hadzi¢ type, then for every A € (0, 1) there
exists 7 € (0,1) such that T"(1 —n) > 1— X for all n > 1. Since f is continuous
on [a,b], it results that, for every € > 0 and n > 0 previously considered, there
exists d1(g,\) > 0 and m; € (0, 1) such that

&
Ff(t’)—f(t”) (m) >1l—-m>1-—1n

for every t',t" € [a,b] with |t' —t”| < 61(, A). Let us consider (e, \) = 41(e, \)
and the division A of [a,b] given by the union of the divisions A’ and A”. We
assume that A: ap =1t <ty <--- <t, =b, u; € [t;,t;,,]for0<i<n—-1and
u € [t},t],,] for 0 < j < m —i. Let us denote ux = uj for [tx,tx+1] C [t],t]4]
and U = u;»’ for [tk,tk+1] C [t;’,t;’ﬂ] forany0<i<n-1,0<j7<m-1and
0<k<p-1.
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Then we have

FO'AI (tu)—ogm (f,u'”) (E)

:Fn—l m—1
. 0(t2+1—t£)f(u2)— _EO (t41—t5) f(u})
= Ji=

€)

p—1

=F, £ 'Z(tk+1 —tx)

T (=) ()~ f (@) |b—a =
k=1

> T(T(---T( Friuo)-f o) (553)» Freun)—fan) (555)
e —
(p—1)times
s Fry o)1) (553)) ) 2 TP (1 =m) > TP (1 =m) > 1=\

for every two divisions A’,; A” of the interval [a,b] with max{v(d’),v(d")} <
(e, A) and for every choice of points u; € [t;,t;,,] and u} € [t],t], ], where
0<i<n—-land0<j<m-—1.

Now, let {A,},>1 be a sequence of divisions of the interval [a,b] such that
lim v(A,) = 0. Then, for any §; > 0 there exists ng € N such that, for

n',n” > ng, max{v(A,),v(A;)} < é. If we choose this §; such that ; < (e, A),
then we have

Fo‘An/ (frup)—oa_u (f’ux)(g) >1—\

This show us that the sequence {oa,(f,u)}nen is a Cauchy sequence in the
RN-space (L,F,T). This being complete, it results that there exists zo =
b

lim oa, (f,u) = [ f(t)dt. This completes the proof of the theorem. O
n—oo a

Remark 2. We know that every continuous function defined on [0, 1] with values
in a complete metric linear space (L, d) is Riemann integrable if and only if (L, d)
is a locally convex topological linear space ([14]). We remark that, if the t-norm
T is not of Hadzi¢ type, then there exists a Menger p-normed spaces (L, F,T)
which, endowed with the (e, A)-topology generated by the Menger ¢-norm F, is
not locally convex. These shows us that the above theorem offers the largest class
of Menger p-normed spaces (L, F, T) which have the property: every continuous
function f: [a,b] — (L, F,T) is Riemann integrable.

Remark 3. The condition as the t-norm T to be of Hadzié¢ type is also a
necessary condition of the Theorem 3 ([8], [14]).
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ON FUNCTIONS WITH VALUES IN PROBABILISTIC NORMED SPACES

Remark 4. If (L, F,T) is a random normed space under a t-norm 7" which
is not of Hadzi¢ type, there are continuous functions which are not integrable.
So, an open problem is to find which classes of functions are integrable in which
classes of probabilistic normed spaces, especially, for T}, and product t-norm T,
which are not of Hadzi¢ type.

(2]

(3]

4

[10]
(11]
(12]

(13]

(14]

[15]
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