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Fixed point property on symmetric

products of chainable continua

ALEJANDRO ILLANES

Abstract. We prove that the third symmetric product of a chainable continuum
has the fixed point property.

Keywords: chainable continuum, fixed point property, symmetric product, uni-
versal map

Classification: Primary 54B20; Secondary 54F15

1. Introduction

A continuum is a nondegenerate compact connected metric space. Given a
continuum X and a positive integer n, the nth-symmetric product of X is defined
as

F,(X)={AC X : Ais nonempty and A has at most n points}.

The hyperspace F,,(X) is considered with the Hausdorff metric H.

Given € > 0, an e-chain in the continuum X is a finite family of open subsets
Ui, ..., Uy of X such that diameter(U;) < ¢, for each ¢ € {1,...,n}, and U;NU; #
() if and only if |i — j] < 1. A continuum X is said to be chainable provided that,
for each € > 0, there exists an e-chain which covers X.

A map is a continuous function. A continuum X has the fized point property,
provided that, for each map f : X — X there exists p € X such that f(p) = p.
A map between continua f : X — Y is said to be universal, provided that for
each map g : X — Y, there exists a point p € X such that g(p) = f(p). The
induced map fy, : Fp(X) — F,(Y) is the map defined as f,,(4) = f(A) (the image
of A under f).

Symmetric products were introduced by K. Borsuk and S. Ulam in [2], where
they asked if every symmetric product of a continuum with the fixed point
property must have the fixed point property. J. Oledzki ([8]) constructed a 2-
dimensional continuum to answer this question in the negative. On the other
hand, the author and G. Higuera have recently constructed a continuum X such
that X does not have, but F5(X) has the fixed point property.

In [6, Exercise 22.25], it is asked to show that the second symmetric product
of a chainable continuum has the fixed point property and in [7, p. 77] it is asked
if, for each n > 3, the n-th symmetric product of a chainable continuum has the



616 A.Illanes

fixed point property. Some other related questions on this topic can be found in
[5] and [7]. A detailed study on the hyperspaces F,([0,1]) can be found in [1].

Let N be the set of positive integers. Given n € N, consider the following
property Q(n) that may be or may not be true:

Q(n): For every map f : [ 1] — [0,1] such that f(0) = 0 and f(1) = 1, the
induced map f, : F, ([0, 1]) — F,([0,1]) is universal.

In this paper we prove the following.

Theorem 3. Let n € N. If Q(n) holds, then the n-th symmetric product of
every chainable continuum has the fixed point property.

Theorem 4. Q(3) holds.

Corollary 5. The third symmetric product of each chainable continuum has the
fixed point property.

2. An auxiliary construction

Given r,n € N, we consider the uniform partition P, of [0, 1] given by
z{é cked{0,...,7}}.

Define F,,(P.) = {A € F,([0,1]) : A C P.}. That is, F,,(P,) is the family of
nonempty subsets of P, with at most n points. Given A, B € F,,(FP,), notice that
the inequality H(A, B) < 1 means that, for each elemen kot

. . r ’
Il or 221 belongs to A.
ks T

% belongs to B and for each element % € B either %,
Let

A:{(Al,...,As,tl,...,ts)SSGN,Al,...,ASGFH(PT),tl,...,tSE[O,l],
1
t14+---+ts=1 and H(A;,Aj) <= forevery i,j€{l,...,s}}.
T

Given an element (A, ..., As t1,...,ts) € A, where s > 2, and i € {1,...,s},
we define A(Z) = (Al, e ,Aifl, Ai+1, ceey AS) and t(l) = (tl, . ,tifl, ti+1, . ,ts).

In this section we define a convex structure on the set A and we prove some of
its properties.

Given a nonempty subset B of P, a block of B is a nonempty subset D of B
such that, if z,y € D and « < y, then [z,y] N P. C D and D is maximal with this
property. We can see the blocks in the following way: let G be the graph in which
the points of B are the vertices and the edges are the pairs of adjacent (those at
distance ;) points of B. Then a block of B are those vertices that belong to a
component of G.

Note that the blocks of B are pairwise disjoint and every point of B belongs
to a block of B, so the blocks of B form a partition of B. Given x € B, let
C(z, B) be the block of B containing x and let m(x, B) (resp., M (x, B)) be the
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minimum (resp., maximum) of C(x, B). Hence C(z, B) = [m(z, B), M (z, B)|NP,
and B = J{C(z, B) : x € B}.

Lemma 1. Let s € N and A;,...,As € F,(P,) be such that H(A;, A;) < % for
every i,j € {1,...,s}. Let A= A;U...UA; and let D be a block of A. Then
(a) DNA; #0 foreachi € {1,...,s},
(b) diameter(D) < 32,
(c) {C(a,A) :ae€ A} ={C(a,A):a € Aj}, for every i,j € {1,...,s}.

PrROOF: (a) Let i € {1,...,s}. Let p € D. Then there exists j € {1,...,s} such
that p € A;. Since H(A;, 4;) < %, there exists ¢ € A; such that |p — ¢q| < %, we
may assume that p < ¢. Then ¢ € {p,p+ 1}. Thus [p,q]N P, = {p,q} C A. Since
D is a block of A,q € D. We have shown that D N A; # () and that, for each
p € D there exists ¢ € A; such that [p—¢| < 1.

(b) Let m = min D and M = max D. Then D = [m, M]NP, and diameter(D) =
M-—m. If M—m > 37", then we consider the intervals [m—%, m—l—%], [m—|—%, m—|—%],
[m+ %, m+ %], cym— 3";1 ,m+ @] Since m + 37” < M and all the elements
m + %,m + %, cee,m+ 37" belong to D, by the fact we proved in the para-
graph above, each one of these intervals contains an element of A;. This is a
contradiction since A; has at most n elements. Therefore, M —m < 37"

(c) Giveni € {1,..., s}, by (a) each block of A contains an element of A;. Then
a, :a € A;; coincides with the set of blocks of A. 1S proves (c).
C(a, A A incides with th f blocks of A. Thi O

Lemma 2 is devoted to define a convex structure on A.

Lemma 2. There exists a function o : A — F,([0,1]) such that for every
(A1,...,As t1,. .., ts) € A, the following properties hold:
(a) the function defined by o(A1,...,As,u1 ..., us) from the set {(uy, ..., us)
€10,1]° s ug + - - - + us = 1} into F, ([0, 1]) is continuous,
(b) for each A € F,(P,), 0(A,1) = A,
(c) if ie{l,...,s} and t; =0, then o(Ay,...,As,t1,...,ts) = a(A(3), (1)),
(d) if «:{1,...,8} — {1,...,s} is bijective, then o(A1,...,As,t1,...,ts) =
o(Aaqys - Aa(s)sta(i)s - - - ta(s)) (generalized commutativity ),
(e) if A=A U...UA; and i € {1,...,s}, then o(Ay,..., A, t1,...,ts) Is
contained in the union of, and intersects each one of the intervals of the
family {[m(a, A), M (a, A)] : a € A;} = {[m(a, A),M(a,A)] : a € A},
(f) if i € {1,..., s}, then H(A;,0(A1, ..., Ag t1,... 1)) < 32,
(g) lfAl :A27 thena(Al,. ..,As,tl,. ..,ts):O'(AQ,.. .,As,t1+t2,t3,.. .,ts),
that is, if some A; coincide, then they can be grouped.

PRrROOF: We define o by induction on s.
If (A,1) € A, define

(2.1) o(A,1) = A.

Clearly, properties (a)—(g) hold for the case s = 1.
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If (A1, Ag, t1,t2) € A and A1 = Aa, let
(2.2) o(Ay, A, ty,t2) = Aj.
If (A1, Ag, t1,t2) € A and Ay # Ag, let A= A; U A and

{(1 = 2t1)a+ 2tym(a, A) : a € As},

if t; €[0,1],
{(2t1 = Da+ (2 —2t1)m(a, A) : a € A1}

if t€[3,1].

(23) O'(Al,AQ,tl,tQ) =

We check that properties (a)—(g) hold for s = 2.

In (23), if tl = O, then tQ =1 and O'(Al,AQ,tl,tQ) = AQ; if tl = 1, then tQ =0
and o(A;, Ag, t1,t2) = Aj. These equalities, (2.1) and (2.2) imply property (c).
If t; = 1, the first line in the definition gives the set {m(a, A) : a € A2} and the
second line gives {m(a, A) : a € A;}. By Lemma 1(c), both sets coincide, so o is
well defined. Clearly, o depends continuously on (¢1,t2).

Properties (d) and (g) follow from the equality ¢; + to = 1.

Now we prove (e). In the case that A1 = A, we have that A = A; =
0(A1, A2, t1,t2). Then U{[m(a,A),M(a,A)] : a € A1} N P, = A. Hence (e)
holds. So, we take (A1, Ag,t1,t2) € A with Ay # Ay, let A = A; U A and take
i € {1,2}. By Lemma 1(c), we may assume that ¢ = 1.

Let B = 0(Ay, Az, t1,t2). Take p € B. If p = (1 — 2¢1)a + 2tym(a, A), for some
a € Az, by Lemma 1(c), there exists a point € A; such that C(x, A) = C(a, A).
Thus p belongs to the interval [m(x, A), M(z, A)]. In the case that p = (2t; —
1)b + (2 — 2t1)m(b, A), for some b € Ay, we obtain that p € [m(b, A), M (b, A)].
We have shown that B C (J{[m(a,A), M(a,A)] : a € A1}. Now, take w €
A;. By Lemma 1(a), there exists a point y € Ay N C(w, A). Thus C(w, A) =
C(y,A). If t1 € [0,3], then the point u = (1 — 2t1)y + 2t1m(y, A) belongs to
BN [m(w, A), M(w, A)], and if t; € [3,1], then the point v = (2¢; — L)w + (2 —
2t1)m(w, A) belongs to B N [m(w, A), M(w, A)]. Hence B intersect each one of
the intervals of the form [m(w, A), M (w, A)], where w € A. This completes the
proof of (e).

Finally, we prove that (e) implies (f). Let i € {1,2} and A = A; U A,.
Given a point z € (A1, Aa,t1,t2), by (e), there exists a € A; such that x €
[m(a, A), M(a, A)]. By Lemma 1(b), |z — a| < 22. Similarly, for each point
b € A;, there exists y € o(A41, Aa,t1,t2) such that |b — y| < 37” Therefore,
H(Ai,O'(Al,Ag,tl,tg)) S STn

Now, suppose that s > 2, suppose also that we have defined o for all the
elements in A with length at most 2s and that properties (a)—(g) are satisfied for
these elements. We define o for elements of A with length 2(s+1) in the following
way. Take (A1,..., Ast1,t1,...,ts11) € A. Let A= A1 U...UAs11. We consider
two cases.
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Case 1. The set {A;,..., As11} has less than s + 1 elements.

In this case let {A1,...,As11} = {Bi1,...,Bi}, where k < s and B; # By, if
i # j. For each j € {1,...,k}, let u; be the sum of all the elements ¢; such that
ie{l,...,s+1} and A; = B;. Then define

(24) O'(Al,...,AS+1,t1,...,tS+1):O'(Bl,...,Bk,ul...,uk).

Notice that o(Ay,..., Ast1,t1,...,ts11) is well defined since we are assuming
that the property (d) holds for the integer k.

Case 2. The sets Ay, ..., As41 are pairwise different.

For each j € {1,...,s+ 1}, let R; = U{Ar : k € {1,...,s +1} — {j}}. Fix
ie€{l,...,s+ 1} such that t;, = min{t; : j € {1,...,s + 1}}. Let u = (s + 1)t;.
Then 0 <u < 1.

Subcase 2.1. u < 1.

For each j € {1,...,s+ 1}, let z; = 2-(t; — ;). Since 1 —t; = t; + -+ +
tji—1 +tjg1 + -+ tsp1 > st;, we haveu —t; <1 -1 andt —t; <1 —wu. Hence
0 <=z; <1. Notice that z; =0 and z1 + -+ + T541 = (1 —(s+1t;) =1.

Given w € o(A(i),z(i)), by property (e ( ) for the mteger s, there exists a,, €
R; C A with the property that w € [m(aw, R;), M (aw, R;)]- Then define

(2.5) o(A1,..., Asi1,t1, -y tsr1) = {(1—w)w+um(ay, A) : w € o(A%), (7))}

In order to see that o is well defined for this case, we need to show that it
depends neither on the choice of ¢ nor on the choice of the numbers a,. So,
suppose that 1 < i < k < s+ 1and t;, = ¢, = min{t; : j € {1,...,s + 1}}.
Then v = (s + 1)t; = (s + 1)t and the points x1,...,2541 do not depend on
the choice of ¢ or k. Notice that x; = xx = 0. In the case that i < k, we
define W = (Al, ceey Aifl, Ai+1, ceey Akfl, AkJrl, ey AS+1) and we define Y =
(14 ooy Tim1, XLy ooy The1, Thetls - - - Ls11), Dy property (c) for the integer s,
o(A(i),z(1)) = c(WY) = o(A(k),x(k)). And in the case that i = k, clearly,
o(A(i),z(i)) = o(A(k),z(k)). Given w € o(A(3),x(7)), let aw € R; and by, € Ry,
be such that w € [m(ay, Ri), M (aw, Ri)] and w € [m(by, Ri), M (by, Ri)]. We
may assume that m(ay, R;) < m(by, Ri). Then m(by, Ri) belongs to both sets
[m(aw, Ri), M (ay, R;)] N A and [m(by, Ry), M (by, Ri)] N A which are contained
in A. Moreover, since R;, R, C A, each one of the sets [m(aw, R;), M (aw, R;)|NA
and [m(by, Ri), M (b, Ri)] N A is contained in block of A and they intersect each
other. Hence, we have that they are contained in the same block of A. Thus
C(ayw, A) = C(by, A) and m(ay, A) = m(by, A). This implies that the definition
of o(A1,..., Asi1,t1,...,tst1) ((2.5)) does not depend either on the choice of i
nor on the choice of the elements a,, which were taken for each w € o(A(%), z(3)).
Thus o(A1,...,Ast1,t1,...,tst1) is well defined.

Subcase 2.2. u = 1.
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In this case t; = SJ%l By the minimality of ¢; and the fact that t;+...+ts41 =

1, we have (t1,...,ts41) = (S%, ol S+1) Then define
(2.6) o(Ar, ..., Ay by, teyr) = {m(a, A) 1 a € Ar}.
This completes the definition of o.
We show that o(A1,..., Asy1,t1,...,ts+1) depends continuously on the vari-

ables (t1,...,ts41). Fix elements A1, ..., Asp1 € F,(P,) such that H(A;, 4;) < 1
for every i,j € {1,...,s+1}. In the case that {A;,..., As41} has less than s+ 1
elements, the continuity follows from the property (a) in the induction hypothe-
sis. Thus suppose that the sets Aq,... ,AS+1 are pairwise different. Notice that
the number u = (s —|— 1) min{t; : j € {1,...,s+ 1}} depends continuously on
(t1,...,tsy1). Let {( ). ,tili)l) | be a sequence of elements of [0, 1]571 such
that tgk) +-- -—|—t§ﬁ_)1 =1 and lim(¢ (k), e ,tili)l) (t (0), e 7ti(-)|21)' We may assume
that there exists ¢ € {1,...,s+ 1} such that tl(-k) = mln{tg-k) cjed{l,...,s+1}},

for every k € N. Thus tEO) = min{tg-o) cjed{l,...,s+1}}.

0)

First we consider the case that uy = (s—|—1)t§ < 1. Since the numbers uy, = (s+

1) min{tgk) :j7€{1,...,s+1}} tend to ug, we may assume that ug < 1 for every

k € N. Thus we apply definition (2.5) to compute (A1, ..., Asi1, tgk), . ,tii)l)

and o(Aq, ... 7A5+1,t§0), ... ,tg(i)l) For each k € NU {0} and each j € {1,...,s+
1}, let azgk) = L (/™ — M) Then lim 3:5 ) = (O) . By the property (a) for the

1—up V77
integer s, we have that lim o(A(i),z*) (1)) = U(A( ), 2 (4)). Thus, we assume
that H(o(A(i), 2" (i), o(A(i), 2 (i))) < L, for each k € N.

Given w € o(A(i), (9 (i)) and k € N, let wy, be the element of o(A(7), 2 (4))
which is closest to w, then limw, = w and |w — wg| < % Let Gy, 0w, € R;
be such that w € [m(aw, Ri), M(aw, R;)] and wi € [m(aw,, Ri), M(ay,, R;)]-
Since the elements m(ay, R;), M (ay, Ri), m(aw,, Ri), M (ay, , R;) belong to Py,
if [m(aw, Ri), M (aw, R;)] N [Mm(aw,, Ri), M (aw,, R;)] = 0, the distance from each
element of [m(ay, R;), M(ay, R;)] to each element of [m(ay, , Ri), M(aw,, R;)]
is at least 1. This contradicts the fact that |w — wi| < 1. We have shown
that [m(aw,Rl),M(aw,Rl)] N [m(ay,, Ri), M(ay,,R;)] # 0. Since both sets
[m(aw, Ri), M (ay, R;)] N P and [m(aw, , R:), M (ayw,, R;)] N P, are blocks of R;,
they must coincide. Thus C(aw, R;) = C(aw,, Ri), m(aw, Ri) = m(ay,, R:),
C(aw, A) = Clay,,A) and m(ay, A) = m(ay, , A). Thus

[(1 — wo)w + ugm(aw, A) — (1 — ug)wg, + upm(ay,, A))

< (1 —wo)w — (1 — ug)wi| + |uo — ugl-
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Similarly, for each wy, € o(A(i),z*) (i), there exists w € o(A(3), (") (i)) such
that

[(1 — wo)w + ugm(aw, A) — (1 — ug)wg, + upm(ay,, A))]

< (1 —up)w — (1 — ug)wg| + |uo — ukl.
Since lim |(1 — uwg)w — (1 — ug)wi| + |uo — ug| = 0, we conclude that

1imU(A1,...,AS+1,t§k),... t(k)) (Al,...,AS+1, (0),... t(o) )

s bs41 »Vs+1
Now consider the case that ug = (s + 1)t E ) = 1. In this case (t (0), e 7tg—)|21)
k k
(m,...,m). Thus lim(¢ g )7"'7t.(9+)1) = (m=7?11) and uy = (s + 1)¢; P

tends to 1. Since the formula (2.6) is clearly continuous in the variables
t1,...,ts+1, we may assume that up < 1 for each £k € N. So we compute

U(Al,...,A5+1,t§k),...,tglj_)1) with (2.5). For each k¥ € N and for each j €
{1, s+ 1) det 2l = Lot — V) Fixig € {1,... s+ 1} - {3},

Let k € N. For each w € o(A(i),z® (i), fix a, € R; such that w €
[m(aw, R;i), M(aw, R;)]. We show that

(%) {m(aw, A) : w e a(A(i), 2% (i)} = {m(a, A) : a € A, }.

Givenw € o(A(i), 2" (7)), a,, € A; for somel € {1,...,s+1}. By Lemma 1(c),
there exists a € A;, such that m(ay,,A) = m(a,A). On the other hand,
given a € A;,, by property (e) for the integer s, there exists an element w €
a(A(i), 2 (i) N [m(a, Ri), M(a, R;)]. Since a € R; and a and w are in the
block [m(a, R;), M(a,R;)] N R; of R;, we obtain that m(a, R;) = m(ay, R;).
Since [m(a, R;), M(a, R;)] N R; is contained in a block of A, we conclude that
m(a, A) = m(ay, A). This completes the proof of (x).

Notice that o(44,..., A5+1,t( ), . ,t§+)1) is computed by using (2.5). So,

limU(Al, RN A5+1,t§k), N ,tilj_)l)

=1im{(1 — up)w + urm(a,, A) : w € o(A(i), 2% (i)}

={m(a,A) :a e A} (by property (x))

={m(a,A) :a € A1} (by Lemma 1(c))

= (A, A, 80,89 (by (2.6)).

This completes the proof that o(Ay,..., Asy1,t1,...,ts+1) depends continu-
ously on (t1,...,ts+1). Therefore, property (a) holds for the integer s + 1.

Property (b) holds by definition (2.1).
We prove property (c) for s + 1. Let (Ai,...,Ast1,t1,---,ts41) € A and

A=A U...UAg1. Suppose that [ € {1,...,s+4 1} is such that t;, = 0. We
consider two cases.
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Case 1. The set {A;,..., As11} has less than s + 1 elements.

Let {Al,...,AS+1} = {Bl,...,Bk}, where k S s and Bl }é Bj, if 4 }é ]
For each j € {1,...,k}, let u; be the sum of all the elements ¢; such that i €
{1,...,s+ 1} and A; = B;. We may assume that A; = Bj. We consider two
subcases.

Subcase 1.1. A; # By, for each j # [.

In this subcase uy = 0. Using (2.4) and property (c) for k£ and properties (d)
and (g) for s, we obtain

U(Al,...,A5+1,t1,...,t5+1) :U(Bl,...,Bk,ul...,uk)
za(Bl,...,Bk_l,ul...,uk_l) = U(A(l),t(l)).

Subcase 1.2. There exists j # [ such that A; = A; = By,.

We have {Al, .. '7As+1} = {Bl, N ,Bk} = {Al, .. .,Al_l,AH_l, .. .,AS_H}, Uk
is the sum of all the elements ¢; such that ¢ € {1,...,s+ 1} and A; = By and
uy, is also the sum of all the elements ¢; such that ¢ € {1,...,s+ 1} — {i} and
A; = By. Using (2.4) and properties (d) and (g) for s, we obtain that

O'(Al,...,A5+1,t1,...,t5+1) ZU(Bl,...7Bk,U1...,uk) = U(A(l),t(l))

Case 2. The sets A1, ..., Asy1 are pairwise different.

In this case, t; = min{t; : j € {1,...,s+1}}and u = (s+1)t;, = 0 < L
For each j € {1,...,s+ 1}, z; = 1-(t; — t;) = t;. Applying (2.5), we have
o(A1,. ., Ast1,t1, ..y tsp1) = o(A(l),z(1)) = o(A(1),t(1)). This completes the
proof of (c).

We prove (d). Let (A1,...,Ast1,t1,-.-,ts+1) € A, let a2 {1,...,s+ 1} —
{1,...,s+1} be a permutation and A = A;U...UAsp1 = Ay U...UAys41)-
In the case that the set {A;,..., Asy1} has less than s + 1 elements, property
(d) follows easily from property (d) applied to the number s. Thus suppose that
the sets Aj,..., As41 are pairwise different. Let ¢ € {1,...,s+ 1} be such that
tay = min{t; : j € {1,...,s +1}} = min{ty;) : j € {1,...,s +1}}. Let
u = (s + 1)ty First, we analyze the case that u < 1. Given j € {1,...,s+ 1},

ﬁ(tj — ta(i)) and I; = ﬁ(ta(j) — ta(i)) = :Ea(j)- Since

let x5 =
{1,...,a0() =L a(@)+1,...,s+1} ={a(l),...,a(i = 1),a(i+1),...,a(s+ 1)},
by property (d) for s, the set

o(A(a(2)), z(a(2)))

= U(Alv ceey Aa(i)—lvAoz(i)-i—lv R AS+15 T1y--- 7xa(i)—17xa(i)+la e ,$5+1)
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is the set

o(Aa(rys > Aali=1)s Aa(it1)s s Aa(s41)s Ta(1)s > Ta(i=1)s Ta(it1)s - - - > Ta(s+1))-
Given w € o(A(a(i)), z(a(i))), let

Ay € Ra(l) = Al u...u Aa(i)fl U Aa(i)+1 u...u A5+1
= Aa(l) U...u Aa(i—l) U Aa(i-i—l) U...u Aa(s+1)

be such that w € [m(aw, Ra(i)), M (aw, Rag))]- By (2.5), we have
0(A1,.. o, Ast1,t1, - s tsr1) = {(1 — w)w 4+ um(ay, A) 1w € o(A(a(i)), z(a(i)))}

and this set is also equal to o(Ay1), .-+, Aa(st1)s ta(1)s - - - La(s+1))-
On the other hand, in the case that v =1, t; = ?11 = tq(y) for each j €
{1,...,54 1}. In this case we apply (2.6) and Lemma 1(c) to obtain that

(A1, ..., Ayt tsp1) = {mfa, A) ta € Ay}
={m(a,A):ac€ Aa(l)} = U(Aa(l), .. .,Aa(erl),ta(l), e ,ta(erl)).

This completes the proof of (d).

We prove (e). Let (Ai1,...,Asi1,t1,...58s41) € A, A = Aj U ... U A
and ip € {1,...,s+ 1}. In the case that the set {A1,..., 4541} has less than
s + 1 elements, property (e) follows easily from (2.4) and property (e) in the
induction hypothesis. Thus suppose that the sets Ay, ..., Asy1 are pairwise dif-
ferent. Let ¢ € {1,...,s + 1} be such that ¢, = min{¢t; : j € {1,...,s + 1}}.
By Lemma 1(c), the intervals described in property (e) are independent of the
choice of ig, thus we may assume that ¢ # ig. Let u = (s + 1)¢;. In the case
that w = 1, property (e) follows immediatly from (2.6) and Lemma 1(a). So,
suppose that v < 1. For each j € {1,...,s + 1}, let z; = ﬁ(tj —t;). No-
tice that (see (2.5)) each element p of o(A1,..., Asy1,t1,...,ts4+1) IS a convex
combination of an element w € [m(ay, R;), M(ay, R;)] C [m(ay, A), M (ay, A)]
and m(ay, A). Thus p € [m(aw, A), M(ay,, A)]. Since a,, € R; C A, this inter-
val is of the form [m(a, A), M (a, A)] for some a € A;, (by Lemma 1(c)). Thus
o(A1,..., Ast1,t1, ..., tsq1) is contained in the union of these intervals. In order
to see that o(Ay, ..., Asy1,t1,...,ts+1) intersects each one of these intervals, let
x € A;, C R;. By property (e) in the induction hypothesis, there exists an element
w € o(A®3), z(i))N[m(x, R;), M (z, R;)]. Then the element (1 —u)w+um(x, A) be-
longs to the set o (A1, ..., Asy1,t1,. .. ts+1)N[m(z, A), M(x, A)]. This completes
the proof of (e).

The proof that (e) implies (f) is similar to the proof where we showed the same
implication for s = 2. Thus (f) also holds.

Finally, property (g) follows from definition (2.4) and properties (d) and (g) in
the induction hypothesis. This completes the proof of the lemma. (|
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3. Main results

PROOF OF THEOREM 3: Let n € N. Suppose that @Q(n) holds. Let X be a
chainable continuum and suppose that there exists a map g : F,,(X) — F,(X)
without fixed points. Thus there exists € > 0 such that H(A, g(A4)) > (3n + 4)e
for each A € F,(X). Let § = {Uy,...,U,} be an e-chain such that r > 1,
X =UpU...UU,, there exists a point pg € Uy — clx (U1 U...UU,), there exists
a point gy € Up — clx(Up U ... UU,_1) and clx (U;) Neclx (U;) # 0 if and only if
li—jl < 1.

Let d be a metric for X. For two nonempty closed subsets A and B of X, let
dist(A4, B) = min{d(a,b) : a € Aand b € B}. Let n = min{dist(clx (U;), clx (U;)) :
i,7 € {0,...,r} and i+ 1 < j}. Since g is uniformly continuous, there is § > 0
with ¢ < ; min{dist({po}, clx (U1 U...UU,)),dist({go}, clx (UoU...UU;_1)), o= }
and, if A, B € F,,(X) and H(A, B) < §, then H(g(A),g(B)) <n.

Let & be a (min{2, M})-chain covering X such that & refines §. Let
5 = {Vo,...,Vin} be a subchain of & such that pgp € Vo — (V1 U ... U V),
q0 € Vin — (Vo U...UV,,—1). Then m > 3 and #ﬂ < 0. For each i € {0,...,m},
choose an element j(i) € {0,...,r} such that V; C Uj(;) and choose a point
pi € Vi— (U{Ve : k € {0,...,m} — {i}}), where p,, = qo. Notice that, if
i, € {0,...,m} and |i — j| < 1, then p;,p; belong to a set of the form Vj, so
d(pi,p;) < g. We use the points po, ..., pm to define a function P : F,(P,) —
F,(X) as follows.

For each A= {%,... %} ¢ F,,(Py), where ay,...,as € {0,...,m}, let

(3.1) P(A) ={pays---,Pa.} € Fn(X).

Notice that, if A, B € F,,(P,,) and H(A, B) < L, then H(P(A),P(B)) < $.
For each = € g(P(A)), choose an index e(z) € {0,...,r} such that

(3.2) HAS Ue(x).
Define ®o : Fn(Pm) - Fn(Pr) by

33) po4) = {22 2 e g(P(a)).

We are going to extend ¢ to a continuous function ¢ from F,([0,1]) into
itself. It is known that F,([0,1]) is an AR ([3, Korollar 2]). However, we need an
extension of ¢g which will have a property derived from property (f) of Lemma 2,
so we use the convex structure defined in the previous section and a Dugundji-type
construction.

Define, for each E € F,(Py,),

(3.4) p(E) = ¢o(E).
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Given A € F,([0,1]) — F,,(Py,), define
(3.5) B(A) = {E € F,([0,1]) : H(A, E)

1 1
< min {§(min{H(A, G): G € Fo(Pn)}), m—m}}
Let 20 = {2, : o € A} be a locally finite refinement of the open cover {B(A) :
A € F,([0,1]) = F,(Py,)}, of the set F,,([0,1]) — F,(Pp,). Let P ={Ty: v € A}
be a partition of the unity subordinated to 20.
For each a € A, choose an element C, € 2J,, also choose an element A, €
F,(P,,) such that

(3.6) H(Cy, A) = min{H (Cn, A) : A € Fy(Pp)}.

Since for each element ¢ of [0,1] there exists an element s of P, such that

t —s| < 5=, we have that H(C,, Ay) < 5=
2m 2m
Given E € F,([0,1])) — F,(Pn), let aq1(E),...,ar,(E) be the elements in A

such that ¥, (E) > 0. Then define
(37) QD(E) = U(@O(AQI(E))v ceey (po(AakE(E)), \Ijal(E)(E)a e ,\I/akE(E) (E)),

where ¢ was previously defined on F,,(P,,) and o is as in Lemma 2.
We check that ¢ is well defined. In order to do this, we need to verify that

(‘PO(Aal(E))v B SDO(AakE(E))v WQI(E) (E)v EN) \I]QkE(E) (E)) € A,

that is, we need to show that, ifi,j € {1,...,kg}, then H(po(Aq,(2)); Po(Aa,(E)))
< 1 Since U, (5)(E) > 0, there exists D € F,([0,1]) — F,,(Pn) such that
E e Qﬁai(E) C %(D) Since Oozi(E) S Qﬁai(E) C %(D), H(E,Cai(E)) < %
(see (3.5)). Thus H(E, A, (p)) < 1=. Similarly, H(E, Ay, (5)) < 1. Hence,
H(Ay, (B), Aa;m) < % Since, for each two points t,s € P, the in-

equality |t — s| < % implies |t — s| < ﬁ; and Ay, (g); Ao, (5) C Pm, we ob-
tain that H (A, (g), Aa,(E) < ﬁ As we noticed after (3.1), this implies that
H(P(An, (1)), P(Aa, (5)) < 8. By the choice of 6, H(g(P(Au, (1)), 9(P(Aa (5))))
< n. Let u = @ € vo(Aa,(m)), with € g(P(Aq4,(g))). Then there exists
y € g(P(Aq,(p))) such that d(x,y) < 1. Since z € U,y and y € Uy, (see
(3.2)), by the choice of 1, |e(xz) — e(y)] < 1. Thus v = @ € o(Aq,(p)) and
lu —v| < L. Similarly, for each v € po(Aq,(k)), there exists u € @o(Aq,(x)) such
that |u — v| < L. Therefore, H(o(Aa,(p)); P0(Aa,r))) < . We have shown
that

(‘PO(Aal(E))v B SDO(AakE(E))v WQI(E) (E)v EN) \IJO%E(E) (E)) €A

Combining this with property (d) of Lemma 2, we obtain that ¢ is well defined
and it does not depend on the way we order the indexes a1 (E),..., ok, (E).
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We see that ¢ is continuous. Let E € F,([0,1]) — F,,(Py,). Let 4 be an open
neighborhood of E in F,([0,1]) such that ${N F,(P,) = 0 and Y intersects only
finitely many sets, 20g,,...,2g,, of the family 20. Notice that for each D € U,
{a1(D),...,ax, (D)} C{pf1,...,0:}. By properties (c) and (d) of Lemma 2,

(D) = o(po(Aay(p)); - - - 0(Aay, (D)) Yar (D) (D), - - -, Y, (0) (D))
(900(A51)7 ) QDO(ABz)v \1151 (D)v SRR \I]Bz (D))
Hence, property (a) of Lemma 2 implies that ¢ is continuous on 4. Therefore,

 is continuous at E for each E € F,,([0,1]) — F,(Pp,).
Now, take E € F,,(P,,). Let

g
g

B = {D € F,([0,1)): HD,E) < ﬁ}

Given D € 8 — {E}, D € F,([0,1]) — F,(Pp). If i € {1,...,kp}, there exists
G € F,([0,1]) = F,,(Pp) such that D € 20,,,(py C B(G). Thus, by (3.5),

H(D,G) < %(min{H(G,L) L€ Fo(Py)}) < %( (E,Q))
< %(H(E,D) +H(D,G)) < % + ;( (D, G)).

Hence H(D,G) < 1, H(E,G) < g and min{H(G,L) : L € F,(Pn)} < &
Since C,, s(D) € QUQI H(Cai(D),G) < # Thus H(E,Cai(p)) < H(E,G) +
H(G,Cyo;p)) < 7. Therefore ((3.6)) H(Aa;(p),Ca;(p)) < 1= Hence
H(Aup), E) < 5. S ince A,,(py and E belong to F,(P,,), this implies that

Aa,(py = E. From (3.7), for each D € B — {E},

(3.
(D) = o(po(E),. .., 20(E), Ya,(0)(D), ..., Yo, (p)(D)) = ¢o(E)

(see properties (g) and (b) in Lemma 2). This implies that ¢ is continuous at E.
This completes the proof that ¢ is continuous.

Define f : [0,1] — [0, 1] as the piecewise linear extension of the function defined
on P, by

(3.8) fiy =24

Since pg € Up —clx (U1 U...UU,) and qo € U, — clx(UgU...UU,_1), f(0) =0
and f(1) = 1. Let f, : F,([0,1])) — F,([0,1]) be the induced map. Given
1€ {0, Lo, — 1}, ‘/z C Uj(i) and ‘/iJrl C Uj(i—i—l)- Since ‘/z N ‘/iJrl 7£ @, |](Z) —
j(i+1)] < 1. This proves that

() JIESR (st

1
<_
m >|_r
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Since we are assuming that Q(n) is true, there exists an element D € F,,([0,1])
such that f,(D) = ¢(D).
We consider two cases.

Case 1. D ¢ F,(Pp,).

Let Do = Aq, (p)- By property (f) of Lemma 2 and (3.7), H(¢o (Do), ¢(D)) <
31 For each x € D, choose k(z) € {0, .. m 1} such that z € [ k=) k(w)ﬂ] Let
Dy ={¥®) ¢ 0,1]: 2 € D} and D, :{ 41 ¢ [0,1] : ¢ € D}. Then Dy, Dy €
F,(Py) and H(D,Dy), H(D,D3) < . Let G € F,([0,1]) — F,(Py,) be such that
W,,(py C B(G). Then H(D,G), H(Cy,(p),G) < 1&=. Thus H(D1,G) < &
and H(Aq, (), Cay(p)) < H(D1,Cq (p)) < g=. Hence H(Dg, D) < 20 Since
Dy,Dy € Fo(Py), H(Dy,D1) < 2. Given - € Dy, there exists £ € D; such
that [ — L| < 2 By (%), [f(L) — f(L)| < 2. Similarly, Given L € Dy,
there exists -~ € Dy such that |f(#)—f(%)| < 2. Thus H(fa(Do), fn(D1)) < 2
Given x € D, since z € [%, k(?fl] and |f(km ) — (k(m)+l)| < 1. we have
that |f(2&)) — f(z)] < L. This implies that H(fu(D), fu(D1)) < L. Since
p(D) = fu(D),

H(po(Do), fn(Do)) < H(po(Do), p(D)) + H(p(D), fo(D1))
+H(Jo(D1), fu(Do) < 52

Thus H(¢o(Dy), fn(Dp)) < 3243,

Since Dy € F,(Pp), we can put Dy = {2 ..., %} Then f,(Do)
{@,. ICH )} (see (3.8)) and P(Dg) = {pays---,Pa.} (see (3.1)). Given z
g(P(Dy)), e<f> € ¢0(Dyo) ((33)). So, there exists v € f,,(Dp) such that |£2) —y| <
3143 Then there exists i € {0,...,s} such that v = f(%) = @ ((3.8)). Thus
le(z)—j(a;)] < 3n+3. Recall that x € Uy ((3.2)) and pa, € Vi, C Uj(q,). Hence
d(x,pa;) < (3n + 4)e. We have shown that, for each € g(P(Dy)), there exists
Da; € P(Do) such that d(x,p,;) < (3n + 4)e. Similarly, for each p,, € P(Dy)
there exists © € g(P(Dy)) such that d(x,ps;) < (3n + 4)e. This proves that
H(P(Dy),g(P(Dy))) < (3n+ 4)e. Contrary to the choice of .

Case 2. D € F,(Pp,).

m

In this case, H(po(D), fo(D)) = 0 < 2243, Thus we can repeat the argument
in the paragraph above with D instead Dy to obtain a contradiction.

We have obtained a contradiction from assuming that F,,(X) does not have
the fixed point property. Thus Theorem 3 is proved. O

PROOF OF THEOREM 4: Let B = {A € F5([0,1]) : AN{0,1} AP} and € ={A €
F5([0,1]) : {0,1} C A}. Using Theorem 6 in [2], it is easy to show that there exists
a homeomorphism & : F3([0,1]) — D3, where D? is the unit ball, centered at the
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origin, in the Euclidean space R3, such that h(B) is the unit sphere S? C D3 and
h(€) is the equator E which results of intersecting S? with the plane z = 0 in R3.

Suppose that Q(3) does not hold, then there exists a map f : [0,1] — [0, 1]
such that f(0) = 0 and f(1) = 1, and there exists a map g : F5([0,1]) — F5([0,1])
such that g(A) # f3(A) for each A € F3([0,1]), where f3 is the induced map of f
from F3([0, 1]) into itself.

Notice that f3(B) C B and f3(€) C €. Let G = hogoh™! and F = ho fsoh™!.
Then G, F : D3 — D3, F|S?%: 8% — §2 and G(p) # F(p) for each p € D3. Define
¢ : D3 — S? by ¢(p) is the only point in the intersection of S? and the convex
ray which starts in G(p) and passes through F(p). Then ¢ is continuous and
¢(p) = F(p) for each p € S%.

Consider the map K : §% x [0,1] — S? given by K(p,t) = ¢(tp). Then, for
each p € S?, K(p,1) = F(p) and K(p,0) = (0). Thus F|S? is homotopic to a
constant map.

Let A:[0,1] x [0,1] — [0,1] be given by A(x,t) = tx + (1 —t)f(x). Then X is
continuous, A(0,¢) = 0 and A(1,¢) = 1 for each t € [0,1]. Let A : S? x [0,1] — S
be given by A(p,t) = h(A(h~1(p) x {t})). Then A is continuous, A(p,0) = F(p)
and A(p,1) = p, for each p € S2. Thus F|S? is homotopic to the identity map
defined on S2. This is impossible since S? is not contractible. Hence Q(3) holds
and Theorem 4 is proved. O

Question 6. Does Q(n) hold for each n > 4?
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