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Abstract. This paper deals with the periodic boundary value problem for nonlinear
impulsive functional differential equation
z'(t) = f(t,z(t), z(a1(t)),...,z(an(t))) for a.e. t € [0,T],
Ax(tk) = Ik(x(tk)), k= 1, cee, My
z(0) = z(T).
We first present a survey and then obtain new sufficient conditions for the existence of at

least one solution by using Mawhin’s continuation theorem. Examples are presented to
illustrate the main results.

Keywords: periodic boundary value problem, impulsive differential equation, fixed-point
theorem, growth condition
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1. INTRODUCTION

In the past twenty years, there has been many papers concerned with the solvabil-
ity of periodic boundary value problems for first order impulsive differential equations
(IPBVPs for short) [1]-[4], [6]-[23]. We address some of the related ones.

Using fixed point theorems and the lower and upper solution methods, in [16],
a pioneering paper concerning the solvability of periodic boundary value problems,

* The author is supported by the Science Foundation of Hunan Province (06JJ5008) and
the Natural Sciences Foundation of Guangdong province (No:7004569).
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Nieto studied the following IPBVP

' (t) + Ax(t) = F(t,z(t)) for a.e. t € [0,T],
(1) o(tf) — x(te) = In(x(te)), k=1,....p,
2(0) = =(T),

where A #0, J =[0,T],0 =19 < t1 <...<t, <tpr1 =T. He transformed (1) into
the integral equation

o(t) = /0 g(t, $)F(s,2(s)) ds + 3 glt, o) I (a(t)),

k=1

where
1 e M=) 0<s<t<T,
9(t:) = T =7 { AT+ <t < s < T.
Then it was showed that IPBVP(1) has at least one solution. The main assumptions
in [16] are one of the following:
(Hy) F is bounded and I, (k=1,...,p) are bounded;
(H2) There exists I, > 0 such that |Ik( ) — I(y)| < lg|lz —y| and thereis [ >0

such that |F(t,z) — F(t,y)| <z — y| holds for all t € J and (z,y) € R?;

(H3) There exist o € [0,1), ax € [0,1) (k = 1,...,p) and ak, b, b € R, a €
PC(J) such that

[F(t2)| < a(t) +blz|®, |[x(2)] < ap +byl2|™, k=1,....p,

hold for all t € J and z € R.
In [17], Nieto considered the following IPBVP

Z'(t) + F(t,z(t)) = 0 for a.e. ¢t € [0, 1],
(2) o(ty) — o(te) = In(z(te)), k=1,2,.
2(0) = =(T),

where 0 =ty <t < ... <ty <tpy1 =T, F is an impulsive Caratheodory function,
Ij; is continuous. At this time, IPBVP(2) cannot be transformed into an integral
equation. He proved the following theorem.
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Theorem A ([17]). Suppose there exist constants r > 0 and k > 0 such that

F(t
(u’ u) > k>0 forae. teJand forevery |u| > r;
I
lim k(u):O fork=1,...,p.
u—0 u

Then IPBVP(2) has at least one solution.

In the paper [13], the author proved that if there is r > 0, k > 0, ¢;,k; € R, and
¢ € L'(J) such that

F(t t

(t,u) >k+& for a.e. t € J, |u| >,
u u

Lk ()] < cx + kilz|, |2 > 7 k=1,...,p,

P
ij <1- efkT,
k=1

then IPBVP(2) has at least one solution.
In [4], Franco and Nieto studied the IPBVP
' (t) = f(t,x(t)) forae. teJ,
3) o(ty) — o(te) = In(@(te)), k=1,2,....p,
x(0) = z(T).
Using upper and lower solutions method and the monotone technique, they proved
IPBVP(3) has at least one solution under the existence assumptions of lower solu-

tion v and upper solution § and the following condition:
(H4) Iy are continuous and nondecreasing and f satisfies

f(t7u) - f(t,’U) > —M(’U,—U)
for a.e. t € J and all (u,v) € R? with a(t) < v < u < B(t), where

M = min{M,, Mg} and M, and Mz satisfy

_ / e Mo [ f(s, B(s)) — B'(s)] ds = B(T) — B(0)

tp

and

[Tl (s ae) ~ ' (9)] ds > a(0) - H(T)

tp
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In recent papers, Liu and Ge [15], Tang and Chen [21], Li, Lin, Jiang and Zhang [9],
and Liu, Bai and Ge [14] studied the existence of periodic solutions of the follow-

ing IPBVP with linear impulse effects
@ ' (t) + a®)x(t) + F(t,z(t — 7(¢t))) = 0 for a.e. t € R,
z(th) — x(ty) = bex(ty), k=1,2,....

Using a fixed point theorem in cones in Banach spaces, they proved that the equa-
tion (4) has at least three positive periodic solutions under some assumptions imposed
on F' and by, and at least one periodic solution under some other assumption.

In a recent paper [10], Li and Shen studied the problem

2'(t) = f(t,x(t),x(0(t))) for a.e. t € [0,T],
(5) Ax(ty) = I(z(tr)), k=1,...,m,
x(0) = z(T).
They proposed the following definition.

Definition 1. We say that the functions «, 5 € X are lower and upper solution
of IPBVP(5) if there exist M, N > 0 and 0 < Lj < 1 such that

{O/(t) < [t at),a(0(t))) —a(t), t €[0,T7,
Aa(ty) < Iy(afty)) — Lrar, k=1,...,p,

where
0, o(0) < a(T),
0= { M2 B0 0(0) ~ a(7)). a(0) > a(T)
{ 0, a(0) < o(T),
ak = t
7:(0(0) = (1)), a(0) > o(T),
and
{ﬂ’(t) > f(t,8(1), B(O(1)) — b(t), t €[0,T],
Aﬁ(tk) < Ik(ﬁ(tk)) — Lkbk, k = 1,. s D,
where
0, B(0) < B(T),
b(t) =
W A ROO L 50y — o). pi0) > (7).
0, B(0) < B(T),
br = ti
=(B(0) — B(T)), B(0) > B(T),

respectively. Then they proved the following theorem.
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Theorem B ([10]). Suppose that the following conditions hold:
(Hs) a and (3 are lower and upper solutions for (5) with oo < 3;
(He) g(t,x,y)—g(t,u,v)—M(z—u)—N(y—v) foreveryt € [0,T],a < u < & < S,
a(0(1)) < v(8(1)) < y(6()) < BO(L);
(H7) I € C(R,R) satisfies I;(z) — Ix(y) > —Li(x —y) for B(tr) < y(tx) <
x(ty) < alty), 0 < Lk <1, k=1,...,p;
(Ho) N [T T (1= L)eM=0 ae < TT (1 - Ly).
k=1

t<tp<T
Then there exist monotone sequences {@,(t)} and {B,(t)} with ag(t) = @(t) and

Bo(t) = (B)(t), where a(t) and (B)(t) are as follows

a(t), a(0) < a(T),
a(t) =
D7 ot + £@0) - ar), a(0) > a(@),
and
(B, 5(0) < A(T),
At) = t
B() — =(5(T) ~ BO), (0) > H(T),

such that lim @,(t) = v(t) and lim (3,(t) = o(t) uniformly hold on [0,1], where
~(t) and o(t) are minimal and maximal solutions of IPBVP(5), respectively.

Yang and Shen in [23], [11], [7], by introducing the concept of lower and upper
solutions of IPBVP(5), proved that the method of lower and upper solutions coupled
with a monotone iterative technique also works.

In a recent paper [19], Nieto and Rodriguez-Lopez studied the problem

' (t) = f(t,x(t), [Wrzk](t)) for ae. t € J,
o(tf) — o(te) = Ie([nae](tr)), & =1,2,....p,
£(0) = 2(T),

where the functional dependence is not necessarily a Lipschitz function (this pa-
per may be the first paper concerning the IPBVP(5) with non-Lipschitz functions).
The new maximum principle obtained improves and extends previous results; the
uniqueness of solution between a lower and an upper solution for a particular non-
linear problem was presented in this paper. The conditions for the existence of
extremal solutions in an interval delimited by a lower and an upper solution were
also established.

Recently, Chen, Tisdell, and Yuan [1] obtained some new results concerning the
existence of solutions to the impulsive first-order, nonlinear ordinary differential
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equation with periodic boundary conditions. The ideas in [1] involve differential
inequalities and Schaefer’s fixed-point theorem.

In the recent paper [12], the author considered the following BVP
2 (1) + a(t)z(t) = f(t2(t), 201 (1)), ., w(an(®)) for ac. t €
w(ty) -

2(0) = =(T),

S~—
a
PN
~
ol
S~—
I
=
Py
8
—~
~
ol
S~—
S~—
o=
I
—
\’l\.')
=

by using Schaefer’s fixed-point theorem, but the assumptions imposed on [ are
either I (x )(Zx—l—lk( )) <0 forall z € R or I(z)(2x + I (x)) > 0 for all z € R; and
fo s) # 0 is supposed.

To the best of our knowledge, there was no paper concerned with the existence
of solutions of periodic boundary value problems for first order impulsive functional
differential equations under the assumptions that f or I are superlinear.

In this paper, we are concerned with the periodic boundary value problems for

nonlinear impulsive functional differential equations

a'(t) = f(t,2(t), (041(15)) -, @(ay(t))) for a.e. t € [0,T7,
(6) Ax(ty) = Ix(x(ty)), k=1,...,m,

(
2(0) = =(T),

where 7' > 0, 0 < t; < ... < t,, < T are constants, o € C*([0,7T],[0,T]) for all
k=1,...,n, and its inverse function denoted by S, f is an impulsive Caratheodory
function, while I are continuous functions.

The purpose of this paper is to establish further existence results to solutions
of IPBVP(6) by using Mawhin’s continuation theorem. We do not use Green’ func-
tions, nor Schaefer’s fixed-point theorem, nor fixed point theorems in cones in Banach
spaces, nor upper and lower solution methods, nor monotone iterative techniques,
and these are the places where the novelty of this paper lies.

The remainder of this paper is divided as follows: In Section 2, we present prelim-
inary notations and results, the main results in this paper will be given in Section 3,
and in Section 4, we give some examples to illustrate the main theorems; these
examples cannot be solved by known results, cf. the remarks in Section 4.
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2. PRELIMINARY RESULTS

Let u: J=[0,T] = R,and 0 =t < t1 < ... <tm <tms1 =T;for k=0,...,m,
define the function ug: (tx,tk+1] — R by ur(t) = u(t). We will use the following
Banach spaces

u: J — R, up € COtg,try1], k=0,...,m, there exist the limits
li t), li t) =u(0
im u(t), lim u(t) = u(0)

t—th

X =

and
Y =X xR™

with the norms

[#]] = sup |x(t)]
t€[0,T

for x € X and

Iyl = maoc{ ol max {Jo[}}

for y = {u,21,...,xm} €Y.
A function F' is an impulsive Caratheodory function if
* F(e,up,u1,...,u,) € X for each u = (ug, ..., u,) € R
x F(t,e,... ) is continuous for a.e. t € J;
* for each r > 0 there is h, € L'(J) so that

|F(t, up, w1y ..., upn)| < hy(t) for a.e. t € J\ {t1,...,tm}

for every u satisfying ||(uo, w1, ..., us)| > r.

By a solution of IPBVP(6) we mean a function u € X satisfying all the equations
in (6).

Now, we define the linear operator L: D(L) C X — Y and the nonlinear operator
N: X =Y by

Lx(t) = . for x € D(L),

Ax(ty,)
where D(L) = {u € X, u}, € C°(tg,tp41], k=0,1,...,m, }inéu(t) = u(0), z(0) =
z(T)} and

Nz(t) = } for v € X.
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Since f and I} are continuous, it is easy to prove the following:
(i) KerL = {z(t) =¢, t € [0,T], c € R}.

(ii) ImL:{(y(t),al,..., eY/ ds—i—Zak—O}

(iii) L is a Fredholm operator of index zero.

(iv) There exist projections P: X — X and Q: Y — Y such that Ker L = Im P,
Ker@ = Im L. Furthermore, let 2 C X be an open bounded subset with
QN D(L) # 0, then N is L-compact on .

(v) € D(L) is a solution of IPBVP(6) if and only if z is a solution of the operator
equation Lz = Nz in D(L).

We omit the details of the proofs. The projections P: X — X and Q: Y — Y,
the isomorphism A: KerL — Y/Im L and the generalized inverse K,: ImL —

D(L) NIm P are defined as follows:

Pz(t) =z(0) for z € X,

Q(y(t),al,...,am)—<%/0T )ds + = Zak, >

A) = (c,0,...,0), ce€ [R,

The following abstract existence lemma is used in this paper, whose proof can be
found in [5].

Lemma 2.1 ([5]). Let L be a Fredholm operator of index zero and let N be
L-compact on ). Assume that the following conditions are satisfied:

(i) Lz # ANz for every (x,A) € [(D(L) \ Ker L) N 99 x (0,1);
(ii) Nz ¢ Im L for every x € Ker L N 99Q;

(iii) deg(AQN|kerr, 2N KerL,0) # 0, where A: Ker L — Y/Im L is an isomor-
phism.
Then the equation Lz = Nz has at least one solution in D(L) N .
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3. MAIN RESULTS

We make the following assumptions which should be used in the main results.

(A1) Iig(x)2rx + Ix(z)) <Oforallz e Rand k=1,...,m
(Ag) lx(z)20forallz e Rand k=1,...,m

(C1) There exist impulsive Caratheodory functions h: [0,7] x R"*1 — R, r € X,

and g;: [0,7] x R — R such that

(i) f(t,zo,...,xn) = h(t,xo,...,xn) + Y. gi(t,x;) + r(t) holds for all (¢,zo,..

i=0
) [0 T] x Rnt1,
(if) There exist constants ¢ > 0 and 8 > 0 such that

h(t,xo,...,xn)x0 < —6|x0|qJrl
holds for all (¢, o, ...,z,) € [0,T] x R* L,

(iii) lm sup |gi(t, :c)|/|x|qfn [0,00) for i =0,...,n
)

|z| =00 tefo, T

el

(C2) There exist impulsive Caratheodory functions h: [0,7] x R"™ — R, r € X,

and ¢;: [0,7] x R — R so that

(i) f(t,zo,...,zn) = h(t,xz0,...,20n) + > gi(t,x;) + 7(t) holds for all (¢, zo,...

i=0
x,) € [0,T] x R+,
(if) There exist constants ¢ > 0 and 8 > 0 such that

h(t,xo, ..., xn)x0 =2 [3|fc0|q+1

holds for all (t,xq,...,z,) € [0,T] x R*1,
(iii) lm sup |gi(t,2z)|/|z|? =7 €[0,00) for i =0,...,n

lz|—00 tefo,T]

(E) There exists a constant My > 0 such that

T
C(%/o flt, ey . 0)dt + = ka >

for all |¢| > My or

T
C(%/o flt, ey . 0)dt + = ka >

for all |¢| > M.
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Theorem 3.1. Suppose that (E), (A2) and (Cz) hold. Then IPBVP(6) has at
least one solution if

n
(7) ro+ )il BIL < 6,
k=1
where B is the inverse function of ag, k=1,...,n.

Proof. Toapply Lemma 2.1, we define an open bounded subset 2 of X centered
at the origin such that (i), (ii) and (iii) of Lemma 2.1 hold. It is based upon three
steps to obtain . The proof of this theorem is divided into four steps.

Step 1. Set Q; = {x € D(L): Lr = Nz, A € (0,1)}. We prove that €; is
bounded. Suppose z € ;. Then

() = Mt z(t), x(ar(t)), ..., z(an(t))), t € [0,T], t #tx, k=1,...,m,
(8) A:L‘(tk):AIk (E(tk)), k:].,...,m,
z(0) = z(T).
We do the following two substeps.
Substep 1.1. Prove that there is a constant M > 0 so that fOT lz(s)|7 ds < M

for each z € Q.
Multiplying both sides of the equation (8) by x(t) and integrating it from 0 to T,

we get
L@ - L) - LS (@) - @)y
2 2 2 k k

It follows from (As) that

(@(t))? = (@(t)* = (2(ty) — =ty (@(t]
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It follows from (Cs) that

T
6AMMW®

T T
< —/0 go(s, z( ds—Z/ gi(s, x(a;(s))x(s )ds—/o r(s)z(s)ds
<AmwmeMM+;Amwmmwmwm+évwwwm

Choose ¢ > 0 such that

9) (ro+e) + D (ri + )L < B,

k=1

For such ¢ > 0, there is § > 0 so that for every i =0,1,...,n,
(10) lgi(t, )| < (r; +¢€)|z|? uniformly for ¢ € [0,7] and |z| > .

Let, for ¢« = 1,..., n, Ay = {t: t € [0,T)], |x(o(t))] < 0}, Aoy = {t: ¢t €
(t,

T At 5Y, gsi = ; cand Ay = {t € (0,7, |z(t)] < oY,
0.7] fales(0)] > 0}, ga = _max |gu(t.2)], and Ay = {¢ € 0.7, [a(t)] < o)

Ay ={t €[0,T], |x(t)| > 6}. Then we get

T

atl gg
5Amw+d
</WMM@W@W+/wwmwwﬂm

+Z/|mwm Dlle(s W+Z/Imw%UWUW

+£VMMﬂ®
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T n T
<(ro+2) / 2()|7 ds + 3 (e + ) / (0 (5)) ] (s)] ds

0 k=1

+f ) lle(s)] ds + kznoga,i / " o(s)]ds
T
< (ro+e) / [2(s) [ ds
+an1 et o) </T (s (5))] 1 dS)Q/(qH) </0T - ds>1/(q+1)

T q/(q+1) T 1/(g+1) n T
+ (/ |r(s)|(atD)/a ds) (/ lz(s)|9T! ds) + Zéa,i/ |z(s)| ds
0 0 0

i=0
T
= (ro+ 5)/ |:C(s)|q'|r1 ds
0

n i (T) q/(q+1) T 1/(g+1)
3 () ( / |x<u>|q+1|ﬁ,g<u>|du) ( | e ds)
« 0

k=1 k(O)

T q/(q+1) T 1/(q+1)
+ </ |r(8)|(q+1)/q ds) (/ |x(s)|q+1 ds>
0 0

n T 1/(g+1)
+ Z 55,iTQ/(q+1) (/ lz(s)|7H! ds)
0

=0

T
<o+e) [ oo s
0
n T a/(q+1) s T 1/(q+1)
Xt N ([ atwran) ([t as)
0 0

k=1

T q/(q+1) T 1/(q+1)
+ </ |r(8)|(q+1)/q ds) (/ |x(s)|q+1 ds>
0 0

n T 1/(g+1)
S s ([ et as)
0

=0

n T
= (o e+ St + MHIL ) [ oot a
k=1 0

T q/(q+1) T 1/(g+1)
+ (/ |r(s)|(atD/a ds) (/ lz(s)|9T! ds)
0 0

n T 1/(q+1)
©3 gy 70/ ( | ds) |
0

=0
It follows from (9) that there is a constant M > 0 so that f (s)]9T1 ds < M.
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Substep 1.2. Prove that there is a constant M; > 0 so that ||z]|. < M; for each

T e 0.

It follows from Substep 1.1 that there is £ € [0,T] so that |z(&)| < (M/T)"/ 4+,
Now, we consider two cases.

Case 1. If t < £, multiplying both sides of equation (8) by x(¢) and integrating it
from ¢ to &, we get, using (Az), that

N

VAN
N~ N

VA
N =

N

DN | =

VA
N =

<

L@ -1 S 1)) - )y

t<tp <€

3
i\ / F(5,2(5), 20 (8)), . . 2(an(5)))(s) ds
(M/T)?/(atD) — / f(s,2(s),x(1(s)), ..., z(an(s)))z(s) ds
(M/T)2/ (1) _ (/ h(s, 2(s), 2(1(5)), . . ., 2(an(s)))(s) ds
3 3
—l—/t go(s, z( ds—l—Z/ gi(s,x(a;(s))xz(s )ds—l—/t r(s)m(s)ds)
3
(M/T)Q/(‘I'H)—/t go(s,xz(s))x(s)ds
3
—Z/ gi(s, x(a; (s ()ds—/t r(s)x(s)ds
T
(MyT)/ 4D 4 / lg0(s, ()] 2(s)] ds
n T T
+3 | ats.statolia@las + [ rs)lato]ds

(AT ¢ [((ro+s>+2<m+s>||ﬁ,;|zé<1+q>) | ety as

k=1

T q/(q+1) T 1/(q+1)
([ ireemas) ™ ([Catrtas) ]
0 0

T 1/(q+1)
+ (n 4+ 1)o7/ (0D (/ |lz(s)]9T! ds)
0

1 n
E(M/T)Q/(q“) + K ro +¢) Z i+ €)|3, |q/<1+Q>)
k=

_|_

T q/(q+1)
n (/ ir(s) @1/ ds) Ml/(q+1>} (n -+ 1)3T9/(@+1) 1/ (1)
0

= MQ.
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One sees that
()<2M2 : M3 for t €]0,&].

This implies #2(0) < Ms. Hence, 2?(T) = 2%(0) < M. For t € [¢,T] we have
SO = 5@~ 5 3 (@) ~ (i)

E<tp <t

T
i\ / £(5,2(), 2(01(5)), - .-, 2(n (5)))(5) .

[\

Similarly to the above discussion, we get that there is My > 0 so that 2%(t) < My
for t € [¢,T]. Altogether this implies that there is M; > 0 such that |x(t)| < M.
Thus ||z||ec < M.
It follows that €7 is bounded.
Step 2. Let
={zeKerL, Nz €ImL}.

We prove s is bounded. Suppose that x € Q9. Then x(t) = ¢ € R and

T m
/ fteoe,. . 0)dt+ > Tn1k(c,0,...,0) = 0.
0 k=1

It follows from (E) that |c¢| < M
Step 3. If the first case in (E) holds, let

Qs ={zeKerL, \Az+ (1 -NQNz=0, X €[0,1]},
where A: Ker L — Im @ is the linear isomorphism given by A(c) = ¢ for all ¢ € R,

A € [0,1]. Now we show that €3 is bounded. Suppose z,(t) = ¢, € Q3 and |¢,| — ©
as n tends to infinity. Then

1 T
AA(cn)+(1—A)<T/ F(tyCnsnyer oy cn)dt + — Zln 1k (€n,s ,...,o)):o.
0

Consequently,

1 T
Acﬁ:—a—A)cn(T/ ften, ... cn)dt + = Zlnlkcn, ,...,0)).
0

If A\ = 1, then ¢, = 0. If A\ € [0,1) and |¢,| > Mo, then Ac? < 0, which is a
contradiction. Hence, |¢,,| < Mp. So Q3 is bounded.
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If the second case in (E) holds, let
Qy={zeKerL, ANz—(1-XNQNz=0, A€]0,1]}.

Similarly as above, we get €23 is bounded.
In the following, we shall show that all the conditions of Lemma 2.1 are satisfied.
Let © be a non-empty open bounded subset of X centered at zero such that Q D
3 __
J € centered at zero. By Lemma 2.1, L is a Fredholm operator of index zero and
i=1
N is L-compact on €. By the definition of 2, we have
(a) Lz # ANz for x € (D(L) \ Ker L) N 9Q and A € (0, 1);
(b) Nx ¢ Im L for x € Ker L N 0N2.
Step 4. We prove (c): deg(QN |ker 1, 2N Ker L, 0) # 0.
In fact, let H(z,\) = ANz £ (1 — \)QNz. According to the definition of Q, we
know H(z, A) # 0 for x € 9Q N Ker L, thus by the homotopy property of the degree,
deg(QN|Ker L,QNKer L,0) = deg(H(-,0),2NKer L,0)
= deg(H(-,1),2NKer L,0)
= deg(I,2NKer L,0) # 0, since 0 € Q.
Thus by Lemma 2.1, Lx = Nz has at least one solution in D(L) N Q, which is a
solution of IPBVP(6). The proof is complete. O

Theorem 3.2. Suppose that (E), (A1), and (Cy1) hold. Then IPBVP(6) has at
least one solution if

(11) ro+ Yl G LY < 6.
k=1

Proof. The proof is similar to that of Theorem 3.1. Consider the system (8).
It follows from (A;) that

(2(t)? = (@(t)* = (@(tf) — a(ty) (@ (t]) + x(t;)

r) + Ae(2(t))
2u(15) + In(2(t7 ) < 0.

Hence, one sees that

/ h(s,x(s),x(al(s)),...,x(an(s)))x(s)ds—i—/ g0(s, 2(s))(s) ds
0 0
+Z/o gi(s, z(a;(s))x(s) ds +/O r(s)z(s)ds > 0.

i=1
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All steps in the remainder of the proof are similar to those of Theorem 3.1 and are
omitted.

Now, we suppose the following:
(Ag) Iy(z) <Oforallz € Rand k=1,...,m.
(Ay) Iy(z) >0forallz e Rand k=1,...,m.

(C3) There exist impulsive Caratheodory functions h: [0,7] x R"™ — R, r € X,
and g;: [0,7] x R — R such that

n

(i) f(t,xo,...,xn) = h(t,xg,...,xn) + Y. gi(t,x;) + r(t) holds for all (¢, xo,...
i=0
T,) € [0,T] x R* 1L,
(ii) There exist constants ¢ > 0 and 3 > 0 such that

h(t,zo,...,xn) < —fB|zol?

holds for all (t,xg,...,z,) € [0,T] x R*1,

(iii) lm sup |gi(t,z)|/|z|? =71 € [0,00) for i =0,...,n.
lz|—00 tefo,T]

(C4) There exist impulsive Caratheodory functions h: [0,7] x R"*1 — R, r € X,
and g;: [0,7] x R — R such that

n

(1) ft,xo,...,zn) = h(t,z0,...,2n) + D gi(t,x;) + r(t) holds for all (¢,zo,...
i=0
z,) € [0,T] x R+,
(ii) There exist constants ¢ > 0 and 8 > 0 such that

h(t,xo, ..., xn) = Blxo|?

holds for all (¢, xq,...,z,) € [0,7] x R*T1,
(i) lim sup |gi(t,x)|/|z|¢ =r; € [0,00) fori=0,...,n.

|| =00 te[0,T]

(E;) There exist functions R,p; € X such that
f (o, wa)] <Y pi()]ail + R(D).
k=

0
(E2) There exist constants aj > 0 such that |Ir(x)| < ag|z| for all z € R and

m
kE=1,...,m, with } ap <1
k=1
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Theorem 3.3. Assume that (E), (E1), (E2), (C3), and (Ag) hold. Furthermore,
suppose that

(12) ro+ 3 el Bl < 5.

k=1
Then IPBVP(6) has at least one solution.

Proof. Suppose A € (0,1) and consider problem (8). Integrating the first
equation of (8), we get

x(T) — z(0) — )\ka($(tk)) = )\/ flt,z(s),x(a1(s)), ..., x(an(s)))ds.
k=1 0

Since Ij(x) < 0 due to (Ag), we get

T
/0 [h(t, x(s), z(a1(s)), - ., z(an(s))) + go(t, 2(s))

(Cs) implies that

5 / s < [ lanlta(s) + 3 gl alon(s) +r(s)ds

Similarly as in the proof of Theorem 3.1, choose € > 0 such that

n
(13) (ro+¢)+ > _(re + )G LD < .
k=1
For such ¢ > 0 there exists § > 0 such that for every i =0,1,...,n,
(14) lgi(t, )| < (r; +¢€)|z|? uniformly for ¢ € [0,7] and |z| > .

Let, for i 1,....my, Ay = {t: t € [0,7)], |x(ai(t))] < 0}, Ay = {t: t €

0,T A (t §Y, g5 = i(t,z)], and Ay = {t € [0,T), |z(t)| < &},
[0, T, |z(ei(t))] > 0}, ge, te[O,HTl]a,)|§c|<6|g(x)| and Ay = {t € [0,T], |z(¢)| < 6}

(©))]
Ay ={t €[0,T], |z(t)| > d}. Then we get

543



8 / ()| ds
< /A ool ()| ds + /A laolt,2(5)) s

+;/Au |9i(s,x(ai(s)))|d8+;/Aw |9i(s,x(ai(s)))|ds+/0 Ir(s)| ds

n T n T

<3t (+o / ()75 + 301+ / (0 (5))[7 ds + Tl
a; (T)

/ (|7 dBi(w)| + Tr]

i(0)

n T n
< Zga,i+(ro+e)/ a(s)[7ds + 3 (i + )
i=0 0

i=1

n T n T
< 295,¢+(T0+5)/0 Iw(S)querZ(m+€)H6£Hoo/0 |z(w)|* du + T||r]].
i=0 i=1

It follows from (13) that there is M > 0 such that fOT |z(s)|?ds < M. Hence, there
exists & € [0, T)] such that |x(¢)| < (M/T)Y4. So (E;) and (E3) imply that

[z(8)] < |2(E)] + > (I (2(tx))| + }/5 '(s)ds

t<tp<EorE<tp<t

m T
<(M/TY7+ 3" apallos + / 12/(s)|ds

k=1

m T
< (M/T)VI+ ) a2 oo +/0 |f(s,2(s), z(a1(s)), ..., z(an(s)))|ds

k=1

m T
<OUT S anlelloe + [ po(s)la(e)]ds
k=1 0

+3 / pi(8) i 0 (5))|7 ds -+ / IR(s)| ds

m T
< (M/T)M 4" apfllos + Hpolloo/0 |lz(s)|* ds
k=1

n T T
3 il 8o / j4(s)] ds + / IR(s) ds
k=1

m
< (M/T)Y0 4y oo + [Ipolloc M
k=1

n T
+ 5" [pilloc | BlooM + / IR(s)| ds.
k=1
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Then we get

m
l2lloo < (M/T)V4+ ) anl|z]oo + llpolloc
k=1

n T
+ 5 [pilloell Bl M + / IR(s)) ds.
k=1

m
Since ) ai < 1, one sees that there is a constant M7 > 0 such that ||zl < M.

k=1
So Q7 is bounded.
The remaining steps of the proof are similar to those of the proof of Theorem 3.1
and are omitted. O

Theorem 3.4. Assume that (E), (E1), (E2), (C4), and (A4) hold. Furthermore,
suppose (12) holds. Then IPBVP(6) has at least one solution.

Proof. The proof is similar to those of Theorem 3.3 and Theorem 3.1 and is
omitted. O

4. EXAMPLES

In this section we give examples which cannot be solved by the results in known
papers, to illustrate the main results.

Example 4.1. Consider the following IPBVP

2q+1
()= > ara®(t) +r(t) for ae. t € [0,T],
k=0

(15) Ax(ty) = blz(t)]®, k=1,...m,
2(0) = «(T),
where ¢ > 1 is a positive integer, 7" > 0, by, > 0 for all k =1,...,m, ager1 > 0, and

ap € Rforallk=0,1,...,2¢g+ 1, r € X. Corresponding to Theorem 3.1, we get
Ii(z) = by,
2q+1
f(taxo) = Z a’kxlg + 7“(15)7
k=0

h(t,z0) = azgrazp"",

2q
go(t, o) = Zakmg +r(t).
k=0

5945



On the other hand, one sees that

c(/OTf(t,c,c,...,c)dt+§:1k(c))

U (zqf%c et )dt—kZbkc}
[ 2qz+:1akc +/ t)dt+l;bkc3}

Since ¢ > 1 and agq41 > 0, we get that there exists a constant M > 0 such that

c</0Tf(t,c,c,...,c)dt+k§;1k(c)> >0

for each |c| > M. Hence, (E), (A2), (Cz2) hold. It follows from Theorem 3.1 that
IPBVP(15) has at least one solution.

Remark 4.1. Since the upper and lower solutions and monotone iterative tech-
niques are not used in IPBVP(15), the results in [1], [4], [7], [10]-[12], [16]-[17], [23]
cannot solve IPBVP(15). The theorems in [20] cannot solve IPBVP(15), since the I,
in IPBVP(15) are superlinear.

Example 4.2. Consider the following IPBVP

2q 2q 1
(1) = zo (t)+k2=:10kx2 (Et)—i—r(t) for a.e. t € [0,T],

(16) Ac(ty) = bila(t)l, k=1,...,m,
z(0) = z(T),
where ¢ > 2 is a positive integer, T' > 0, by < O forall k =1,...,m, azy < 0, and

ap,c, € Rforall k=0,1,...,2q, r € X. Corresponding to Theorem 3.3, we get
Ix(z) = bilz],
q 2q
f(t o, ..., @) = Zakxlg + Z ekl +7(t)
k=0 k=1

h(t,xo) = agqmgq,
2q—1

t xo E akxo,

gi(taxi) = Cixzq 1=1,...,2q,

[

1
ai(t) = ~t i=1,....2
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On the other hand, one sees that

T m
c</0 f(t,c,c,...,c)dt—l—;fk(c))
T s 29 2q m
= c|:/ (Z ajck +ch02q+r(t)> dt+2bk|c|}
0 N\k=0 k=1 k=1

2q 2q T m
= c{TZakck +TZCkCQQ+/ T(t) dt—l—Zbk|C|].
k=0 k=1 0 k=1

2q
It is easy to see that ¢ > 2 and agq + D ¢x < 0 imply that there exists a constant
k=1

M > 0 such that

c(/OTf(t,c,c,...,c)dt—I—ki;];&a)) <0

2q

for each |¢| > M; ¢ > 2 and agq + Y, ¢, > 0 imply that there exists a constant
k=1

M > 0 such that

c</0Tf(t,c,c,...,c)dt+gfk(c)> >0

for each |c¢| > M.

It is easy to see that (E), (E1), (Ez2), (Cs), (Ag) hold. It follows from Theorem 3.3
that IPBVP(16) has at least one solution if

2q 2q
E ]f|Ck| < —agq, G2q+ E ce >0
k=1 k=1

or

2q 2q
Zk|ck| < —agg, agq—l-ZCk < 0.
k=1 k=1

Remark 4.2. IPBVP(16) cannot be solved by the theorems in [19], [12], [1].
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